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Abstract. Resorting to the discrete zero-curvature equation and the Lenard recursion
equations, a hierarchy of integrable semi-discrete nonlinear evolution equations is de-
rived from a 3 x 3 matrix spectral problem with three potentials. Based on the charac-
teristic polynomial of the Lax matrix for the hierarchy, a trigonal curve is introduced,
and the properties of the corresponding three-sheeted Riemann surface are studied, in-
cluding the genus, three kinds of Abelian differentials, Riemann theta functions. The
asymptotic properties of the Baker-Akhiezer function and fundamental meromorphic
functions defined on the trigonal curve are analyzed with the established theory of trig-
onal curves. As a result, finite genus solutions of the whole integrable semi-discrete
nonlinear evolution hierarchy are obtained.
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1. Introduction

Finite genus solutions of soliton equations have been a concerning topic over the past
few decades, which reveal the inherent structure mechanism of solitons and describe the
quasi-periodic behavior of nonlinear phenomena. Since the early 1970s, various methods
have been developed to solve soliton equations, such as the inverse scattering method,
Darboux transformation, Riemann-Hilbert approach and algebro-geometric methods —
cf. [1,6,16-19,27,29,30,40] and references therein. Among these methods, the algebro-
geometric method is a powerful tool to construct finite genus solutions of soliton equations
associated with 2 x 2 matrix spectral problems based on the theory of hyperelliptic curves.
It has been successfully applied to the KdV, nonlinear Schrédinger, mKdV, sine-Gordon, Toda
lattice, and Ablowitz-Ladik equations and others [2,3,5,8,9,12,14,15,24,28,31,34,36].
The main tools used in this method include the theory of hyperelliptic curves, Riemann
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theta functions, Abel differentials, Abel map, and Abel-Jacobi inversion. When consid-
ering higher-order matrix spectral problems, the corresponding algebraic curve becomes
non-hyperelliptic, which brings great complexity. Consequently, the investigations of fi-
nite genus solutions of soliton equations associated with 3 x 3 matrix spectral problem
are relatively rare compared with 2 x 2 case. Nonetheless, some progress has been made
in [4,7,13,32,33,35,37-39], certain finite genus solutions of the Boussinesq equation re-
lated to a third-order differential operator were found as special solutions of the Kadomtsev-
Petviashvili equation or by the reduction theory of Riemann theta functions. Dickson et
al. [10,11] proposed a framework to yield finite genus solutions of the entire Boussinesq
hierarchy based on the classical Burchnall-Chaundy polynomial, the Baker-Akhiezer func-
tion and the theory of trigonal curves. Based on this, Geng et al. [20] further developed
an effective way to introduce algebraic curves associated with higher order matrix spectral
problems and applied it to construct finite genus solutions of soliton equation hierarchies re-
lated to 3 x 3 matrix spectral problems, such as the modified Boussinesq, Kaup-Kupershmidt,
coupled mKdV hierarchies [20,21,23,26,41].

In this paper, our main purpose is to derive an integrable hierarchy of semi-discrete
nonlinear evolution equations associated with 3 x 3 matrix spectral problem and construct
its finite genus solutions based on the theory of trigonal curves. The first member in the
hierarchy is the discrete 3-field system

Unt = _(1 - unvn)[un+2(1 - un+1vn+1) - un+1Wn];
vn,t = (1 - unvn)[vn—z(l - un—lvn—l) - Vn—IWn—l]’ (1-1)

Whpte = Wn[un+2vn (1 - un+1vn+1) —Up+1Vn—1 (1 - unvn)],

where u, = u(n,t), u,, = d,u,, n € Z,t € R. The same notation is used for v(n, t) and
w(n, t). System (1.1) is reduced to

Up e = un+2(unvn - 1)(1 - un+1vn+1);

(1.2)
vn,t = vn—2(1 - unvn)(l - un—lvn—l)

for w, = 0. In Ref. [22], finite genus solutions of the entire discrete integrable hierarchy
of (1.2) are constructed. Due to the addition of one potential function, the properties of
the trigonal curve corresponding to system (1.1) at origin become more complicated than
the ones for (1.2). Therefore, constructing finite genus solutions to the hierarchy of (1.1)
requires more effort. In particular, we need to introduce three Abelian differentials of
the third kind to characterize the Baker-Akhiezer function and the meromorphic functions
involved.

This paper is organized as follows. In Section 2, we construct the discrete integrable
hierarchy from a 3 x 3 matrix spectral problem with three potentials by resorting to the
Lenard recursion equations and zero-curvature equations. Section 3 introduces the sta-
tionary Baker-Akhiezer function )5, two meromorphic functions ¢ 3 and ¢,3 carrying the
data of the divisor and a trigonal curve of genus m—1 with two infinite points and three zero
points. The analytic properties of ¢35, ¢o3 and 5 are studied by using the theory of trigo-
nal curves. In Section 4, we present the explicit Riemann theta function representations of



82 Y. Xu, M. Jia, X. Geng and Y. Zhai

the stationary Baker-Akhiezer function, the meromorphic functions, and in particular, that
of the solutions u(n), v(n) and w(n) for the entire stationary discrete hierarchy. Section 5
extends the algebro-geometric analysis of Sections 3 and 4 to the time-dependent case.
Finally, finite genus solutions for the entire discrete hierarchy are obtained.

2. Discrete Integrable Hierarchy

In this section, we construct a discrete integrable hierarchy by using the zero-curvature
and Lenard equations. Assume that u = u(n, t),v =v(n,t),w = w(n, t) are potentials with
(n,t) € Z x R satisfying uvw # 0. The shift operator E, its inverse, difference operators A
and A,, are defined as follows:

Ef(n)=f(n+1), E7Hf(n)=f(n—1),
Af(M)=Ff(n+1)—f(n), Ap=p Ef(n),
j=0

where f(n) is a lattice function, n € Z is a lattice variable, and m is an arbitrary positive
integer. We usually write f = f(n), f* = E*!f for notational convenience.
Consider the 3 x 3 matrix spectral problem with three potentials

Y 0 A
Ey=Uy, Y=y, U=[1 w
Y3 v 0

where A is a constant spectral parameter. We first introduce the sequences §;, ¢; and ¢; by

, (2.1

= & O

A

Kg=Jg, & =(a;b;¢.,d;8)", j=0,
ng:Jgj+ls éj:(a]5i)]5 )s& é) JZO, (22)
Kg,j:Jg,j+1, g’j:(dpb]’ )’d ) j—

with the conditions

g]l(uvw) =0 — g)|(uvw) O_g]l(uvw) =0 jZl-

The starting points of the sequences are

uy~ 1 0
—u 0 0
§o= -V NS 0 , =01,
uw (I1—uv)—uvw" —AIl(W+uv_) 1
1 0 0

where A;AT! = AT'A; = 1. The initial conditions mean to identify constants of summa-
tion as zero. Additionally, two matrix operators K and J are defined by
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(uAw + Eu)E E?>—wE 0 uE®> 0
—E" 1y 0 w —E! - 0
K= wWAWE 0 0 wAE 0 |,
0 —v uE 0 A
(Aw+Euv )E—uv E™Y v(E—w)E u(w —E7!) AA; O
0 1 0 0 u
0 0 —E 0 —VvE
J= —AA, —vTE? u 0 0
0 -V uE 0 A
(Aw+Euwv )E—uv E' v(E—w)E u(w —EY) AA; 0

Then g, g; and ¢; are uniquely determined by the recursion equation (2.2) up to a term in
KerJ, which we always assume to be zero. For example, the first several members read as

( dl —uv-
—ué; — (st +utw)s u
g1=|—vé —E2(vs+ww)st |, $ = v ,
al uv- s +uv w
\ —uv w —Ajuv s 0
[(E2 —1)7! (—WA(d(“)L +w) + ué, — v+bf+)
uAw+ut —uvT +udit —ué,
&= v__+v_(d0_—é1) S
d
\ uv—
where
G =—(1+EHuwv " ss —utvws—uv Tw s +uv Ay s+ (wv T )Pw,
dy=—(v s +vw) v uTut+uttst Fwut)s —v T TTusT s s
—vTTT WV AW A w Jus s — (uwv s )?

L _ o\ — 2
— v u(u v w +2vwut+ww s —(uvw),

d, =(E*—1)"" (uél_ —uw & +v (wiﬁ - Z)I”L) +uvTd] —utvdy T - Awdf)

with s =uv —1.
To obtain a discrete integrable hierarchy, let us first focus on the stationary discrete
zero-curvature equation

Viin, AVip AVyg
(EV)U —UV = O, V= V21 V22 V23 5 (23)
Va1 AVay AVgg
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which is equivalent to

EVi, +VEV ;3 — AV, =0,

AMEVy] — Voy) + WEV), =0,

UEVi, + EVi3 —AV,3 =0,

AEV3; + (WE —1)V3, — vV, =0,

UEV3o + AVas —vV3 =0, (2.4)
EVyo — Vi1 +VEVys —wWVy —uVa; =0,

U(EVoy —Va3) + EVopg — Vi3 —wVp3 =0,

V(EV33 — Vi) + EVay — V31 =0,

AEVy + WAV — Vg —uV3y =0.

Each entry of the Lax matrix V, denoted by V;; = Vj;(a, b, c,d, e), is assumed to have the fol-
lowing polynomial dependence on the spectral parameter A and lattice functions a, b, c,d, e:

Vll = d, V12 =a, VlS = b,
V21 :a++Vb+, V22 :d++WCl+, V23 :ua++ b+, (25)
Va1 =v a +¢c —wc¢, V3p=c, Vas =e.

Substituting (2.5) into (2.4) yields
(wwt +uNatt —uwa™ + b —wbT +udtT —A(b+ue) =0,
—v a +wc—c —vd+AlcT +vet)=0,
wA(wat +dT)+Ala™ —a+vtbtT —uc) =0, (2.6)
Ae+uct—vb=0,

Awat +utvatt—wTa +v(dbTT —wbT) +uw c—uc” +d*t—d =0.
Expand a, b, c,d and e into Laurent series in A, i.e.
a=>a27, b=Y b7, c=> AT, d=DdAT, e=> e
j=0 j=0 j=0 j=0 j=0
Then the Egs. (2.6) is equivalent to the recurrence equation
KGjZJGj+1, JG():O, ]20,

where G; = (a;, bj,¢j,d}, e; T Since the equation JG, = 0 has a solution — viz.

Go = ap&; + Po&; +710&j>
the vector G; can be expressed as

Gi=ao8i+Po&j+rodj+ar18j—1+L1gi-1+ 11§11
+oFa;80+ B8+ 1o, 120, 2.7)
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where a;, §; and y; are arbitrary constants. Thus, the stationary zero-curvature equation
(2.3) is solved. Using Eq. (2.7), we define the Lax matrix

(q) (q) (q)
VipT AV AV
v@ = (A1), = Vz(f) Vz(g) Vz(:,?) )

v v v .
Vigq) — Vij(a(q), b D (D 3@ )y
where
(a9, pD D @ e(q))T - i G]-Aq_j, q>0.
j=0
Assuming that V@ satisfies the stationary zero curvature equation
(EVOYyU—uv@ =0, (2.9)

one obtains the stationary hierarchy
KGy=JGg11 =0.

Next, we turn to the time-dependent case. Let v satisfy the discrete spectral problem (2.1)
and the auxiliary problem
) 450 550
Vit AV, AV
P, =VOy, VO=§O O go (2.10)
HOEPEY (OREPE ()
Vs AVgy AV

where
7 = vy (@, b0, e, 30, 0,
@, 5", &M G )T — Z GAT (2.11)
j=0

. S5~ T o= 3 =T .
with G; =(d;, bj,¢;,d;,€;)" determined by

The constants {@&;} in (2.12) are independent of {a;}. Then the compatibility of Egs. (2.1)
and (2.10) yields the discrete zero-curvature equation, U, = (EV)YU — UV, which is
equivalent to the discrete integrable hierarchy

(e, ve ,w ) =X,, r>0 (2.13)

with the vector fields N _
X;=P(KG;))=2(IGj1), j=0,
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where & is the projective map (v1,7% 73,74, 7>)" = (r1, 721", The first nontrivial
member in the hierarchy (2.13) is as follows:

U, =—ao(l— uv)(u++(1 —utvh)— u+w),
Ve, = @o(1— uv)(v__(l —uv)— v_w_),

we, = GowA(1 —u)utvT,

which is exactly Eq. (1.1) while @y =1, t, =t.

3. Stationary Baker-Akhiezer Function

In this section, we first introduce the corresponding trigonal curve ¢;,_; with the help
of the Lax matrix V(@ for the discrete integrable hierarchy. Then the stationary Baker-
Akhiezer function and the fundamental meromorphic functions on .%;,,_; are studied.

It can be directly checked that yI—V (9 also satisfies the stationary zero-curvature equa-
tion (2.9). Hence, the characteristic polynomial of Lax matrix V@, Z, (A,y) = det(yI —
v(@), is independent of the variable n with the expansion

det(yI —V@) = y* —R,(M)y* +5,,(A)y — T,,(}),

where R,,,S,, and T,, are constant coefficient polynomials of A. According to the g-th
stationary zero curvature equation (2.9), we can set d, = p and wa;r = o, where p and o
are two constants satisfying po(p + o) # 0. Then one obtains from (2.5) and (2.8) that

Ry =tr (VD) = VO 1 VD £ VD = qgA9*! 4 (@ + 270)AI + -+ 2p + 0,

(@) (@) (q) (q) (@) (@)
Vi1 AV12 Voo Vo3 Vi1 AV13

Sm(l) =

(@) (@) (@) (@) (@) (@)
Vo Vo AV3y" AVgg Vs AVgg
= (20070 = B3) AT + -+ p*+ po, (3.1)
(@) (@) (@)
Vin AV AV
() =det(V®) = V@ v@ D | =2 (~aepZA¥ +-).
(@) (@) (@)
Vi AVgy™ AV
This immediately leads to a trigonal curve of degree m by the equation
Hm1: Fn(Ay) =y’ —Rpy*+Spy =T =0, (3.2)

where m = 3q + 2 as ayffy # 0. For ¢ > 1, these curves are non-hyperelliptic. In what
follows, we always assume a3, 7 O for the rest of the paper. By (3.1) and (3.2), the
trigonal curve J7,_; can be compacted by joining two different infinite points P, and the
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double branch point P.,,. The compactification of the curve J¢;,_; is still denoted by the
same symbol for convenience. The discriminant of the curve (3.2) is

A(A) =483 —R%S2 +4R> T, — 18RS, T,, —27T?
=—4alB2A%*5 + ... — p20%(p + 0)2.

Thus, by the Riemann-Hurwitz formula the genus of J#;,_; is 3q + 1. The trigonal curve
Hm—1 becomes a three-sheeted compact Riemann surface of genus m — 1 if it is nonsingu-
lar and irreducible. Points P on ¢,,_; are denoted as P = (A, y) satisfying &,,(1,y) =0
together with P, and P,,. In addition, one infers from Eq. (3.2) that #;,_, has three dif-
ferent points at A = 0, which are denoted by P, , P, and P, . Introducing local coordinates
q, : P = (A—2A¢) near the point Qy = (A¢, o) € H;n—1, Where Q is neither a branch point
nor a infinite point; Cpool : P — A7 ! near Peo; Cpooz : P — A7Y2 pear Peoys Cp, i P A
near Py, for j =1,2,3 and similar at other branch points of %,,_;. ’
In the following, we introduce the stationary Baker-Akhiezer function (P, n, ng)

Ep(P,n,ng) = U(u(n), v(n), w(n); A(P))y(Bn,n),

V@ (u(n), v(n), w(n); A(P))y(Pn,ng) = y(P)p(Bn,ny), (3.3)
Y3(Bng,ng) =1,P € Xy 1\{Peo,>Peo,}, M,ng EZ.

The fundamental meromorphic functions are defined by

Y1(Bn,ng)

¢$13(Pn) = m, pPpex, ,, nny€Z, (3.4)
Y,(Pn,ng)

¢23(p, n)= m, € X1, N,ng€Z. (3.5)

Through some straightforward algebraic calculations, one obtains from Egs. (3.3)-(3.5)
that

ﬁ (v(ng13(Pn)+1), n=ng+1,

n’=n,
Y3(Bn,ng) =14 1, n=n,, (3.6)
ng—1 _
[T (v(n)p1s(Bn)+1)"", n<ng—1,
n’=n

and
YV (A,n) + Cp(A,n)
VA, n) +An(A,n)
AF,,_1(A,n)
2V 20, — y (Cn(h ) + V(A R, (A)) 4+ Dy, )
Y2V = y (A1) + VL, R (D)) + B (A, )

N By (o) ’ 3.7)

¢13(Bn) =




88 Y. Xu, M. Jia, X. Geng and Y. Zhai

YV (A, n) + (2, n)

VO n) + (2, )
Hm_l(k, n)

¢o3(Pn) =

Y2V =y (€u(n) + VLA, )R (A)) + Dn(A, )
YD) =y (A1) + VL, R (D)) + Br(2,1)

_A’Em—l (A', Tl)
where

_ v @y,(@) (@y,(@)
Ap = V12 V31 _V11 V32 ’

_ @ (@D, (@ (@)q,(@) @ (v,(@+,(@) (@)+,(@)
B, = AV31 (VIZ Va3 = Vi3'Vgy )"')‘Vsz (sz Va3 = Va3 Vg, )’

_ (@)y,(@) (@)y,(@)
Cm = A(VIB Voo = Vip Va3 )’

_ (@ (/@ (@) (@y,(q) @ (1/(@)y,(q) (@y,(q)
D =Vyy (Vll Voo _Avlz Vor )+7LV13 (Vn Vo = Vi Vs )’

_ (9)y,(q) (9)y,(q)
Ly = Ay Vay = Vop Va7,

_ (@) (,(@+,(@) (@)y,(q) (q) (@)q,(@) (@),(@)
B _M/gl (V11 Vag = Vi3 Vo )+AV32 ()‘Vzl Vas = Va3 Vo )’

_ /@y, (9)y,(q)
Cm = Vo3 Va1 —szl V.

33 >
_ (@ (/@) (@)y,(q) @ (1,(@+,(q) (@y,(q)
Dm = Vo (Vn Voo _M/lz Vor )+V23 (sz Vay _M/zl Vay )’

_ 2@ (@) L @@ (1@ _ @ @ (1,@)>
Em—l_lvm (Vsz) + V31 Vs (Vll — V5 )_V12 (V31 ) >
_ (@) (@ (@)y,(@) () () @) @
Fp1 = (V12 ) Vos Vi Vi3 (AVSB —Vy )_)‘(Vm ) Vo'

_ @\ ,(@ | (@, @ @ @ @ (,@)?
Hpy = (VZI ) V13 +V21 V23 (M/SS _V11 )_V:ﬂ (st) :

; (3.8)

(3.9)

(3.10)

(3.11)

There are some interrelationships among above polynomials A, B, Cin, D> @ins B> Gms

Dos Em—1,Fn—1,Hmn—1,Rm, Sm, T, for example

AVDF,_ =vPp, — (vl(g))z S—(C)? = VOC R,
MFps = (VD) Ty + Cy,

VOE, = VOB, — (V) 8, — (4 = VAR,
CoEn = (Vg(g))z T, +A,B,,

VOH, =09, — (vP)’s, - 62— vi4,R,,

2
AyHpy = (Vi) T+ 60,

(3.12)

(3.13)

(3.14)
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@ _ @ @)? 2 @
AVPE 1 =V B — (VD) 5, — 2 — VP el R, 515)
—AG,E, = (V(q)) T+ el By

From Egs. (3.11), one infers that E,,_,F,,_;,H,,—; are polynomials with respect to A of
degree m — 1. Therefore, they can be represented in the form

m—1
Epea(A,m) = a2Bo(v" () | [ (2 —p(m),

j=1

m—1
Frea (A1) = —a2Bou(n) [ [ (2 - v;(m), (3.16)

j=1
m—1

Hyq (Aon) = —a2Bou* (m)(1 —u(n)v(m) | | (A —&;(m),
j=1

where {u;}" i 11y }] 1,{§J}] , are zeros of E,,_4,F,,_1,H,,_;, respectively. Define

Am(u;(n),n)
v (u,(n), n)

(), n))

5(n) = (u;(n), y(0;(n))) = (uj(n),

B

|
( C(v;(n), )
fe

ﬁ‘;](n) = (Vj(n): y(ﬁ\)](n))) ’ V(q)(v (n) Tl)

Gm(&;(n),n) .
(q) j=1,...,m—1.
Vo7 (&5(n),n)

)

éj(n) = (gj(n)) .)/(éj(n)))

..........

{gj(n)}]zl ..... m—1 C %m—l'
Next, we will give the asymptotic expansions for ¢35 and ¢,3 near Pos, Poo,, P, Po,
and Py,. A direct calculation from Egs. (3.3) yields

(v(n)¢13(R n)+ 1)¢T3(P, n) = A¢y3(Pn),
(v $13(Bn) + 1)1 (B 1) = d13(Bn) + w(n)as(Pn) +u(n).

(3.17)

Lemma 3.1. (D) Let { = A~! and { = A7Y/2 be the local coordinates near P, and Pe,,
respectively. Then

—u(n) +0(0) as P — Py,

¢13(P,n);0 ()C +0(1) as P Pu, (3.18a)
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—ut()(1—u(mv(n))S + 0% as P— Py,

1
—+0() as P —Pe,.

¢o3(Bn) =
0 v—(n)

(ID) Let { = A be the local coordinates near Py , Py,, and Py,. We have

rK(n)+ o(g) as P— Py,
1
$13(Bn) 50 1 ) +0() as P-P,

x (M) +0(%) as P—Py,

k(mw (M t+0(1) as P— Py,

] 1=u(n)v(n) .
$23(Pn) o 1 w(n) +0(@l) as P—P,
x(n)+0(2) as P— Py,

where k(n) and y(n) satisfy the equations
k) (v(Wx(n) +1) =w (Wx(n), x*(n)=w(n)yx () +u(n).
Moreover; the divisors of ¢15 and ¢35 are given by

(¢13(Bn)) = Doy 1 (s 1 a P = Dy 1 ()i y (1) (P

Proof. Inserting the following two sets of ansatz:

$13(P 1) ;OZKL]-(n)cf, $23(P 1) Cfole,j(n)cf, PPy,

j=0 j=1

$13(Bn) gio Z Kz,j(n)gj, $23(Bn) ngZXz,j(n)gj, P— Py,

j=-1 j=0

(3.18b)

(3.19)

(3.20)
(3.21)

(3.22)

into Egs. (3.17), respectively, and comparing the coefficients of the same powers of { yield

Kio=—U Ky3=—u""sTs—uTws,

211 = us, X12= sts (u++(w+ +utv)+ u+++s++) + (u+)2vws,

k k
+ + _ + +
VZ K1,iK) i TR 0 = X1k+15 VZ Kig—iX1; T X1k =Kokt Wi k=2,
i=0 i>1
and

1 1, — o v
K2,—1=v—_, K2,0=v—_ Aj W™ +u"v )_v_— >

(3.23)
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1 1 _ _ v
X20="=, X1=—_—\w tuv ——|,
v v v
- =vkr (1+ )+ AvT
V X222V Kyg VK20 1V K21,
k k
+ +
VZ Ko,iKok—i t Ky = Xojt1,  V Z KoiXok—i T Xop =Kok +Wxop k=2
i=0 =1

This proves (3.18). Similarly, we can prove (3.19). The relations (3.18) and (3.19) imply
that ¢135(P,n) has a simple zero P;, and a simple pole P,,. Additionally, it follows from
(3.8), (3.16) that {¥{(n),..., ¥,_1(n)} and {,(n),...,0,,—1(n)} are m—1 zeros and m—1
poles of ¢3, respectively. This proves (3.20) and (3.21) hold for the same reason. O

Lemma 3.2.  (I) Near Poo, € Hpy, In terms of the local coordinate { = A7 j=1,2,
we have

0(1) as P— Py,
Pn,ny) = - 3.24
WalBmno) =1 V() (014 0(7)) as P — Po,. (3.24)
v=(ng) 2
(II) Near po]- € Hm_1, ] =1,2,3, in terms of the local coordinate { = A, we have
o(1) as PPy,
Y3(Bn,ng) = { T(n,ne){"™(1+0(L)) as P— Py, (3.25)
1+0(0) as P— Py,
where ( )
n—1 u(nv(n’)—1
IT[vt(®) - - as n>ny+1,
n’=ng V(Tl )W(n )
F(“} nO) = { 1 as n= nO’
-1
ng—1 u(nv(n)—1
I1 v+(n’)( ) as n<ny—1.
n'=n v(n )w(n’)
The divisor (y5(P,n,ny)) of Y3(P, n,ny) is given by
(¥3(.10,110)) = D, (0,001 () — Dt (201,130l ()
+(n— no)(@p02 — @pwz ). (3.26)

Proof. From Lemma 3.1, we obtain (3.24) and (3.25). Using the relations (3.3)-(3.5)
and (3.7), one computes

A(1—uv) _ El_,(P)

1+ Pn)= 2,
v$13(Pn) A+vwd L (Bn)+Ave (B n) P-im) Epq(P)

o(1). (3.27)

Then, the meromorphic function 1+v¢;3 on #7,_1\{Peo, > Poo,» Po, > Po,> Po, } has m—1 zeros
f7,...,0% _, and m—1 poles fi,...,fl,,—;. Hence, we get (3.26) by using (3.6), (3.24),
(3.25) and (3.27). O
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4. Finite Genus Solutions of Stationary Discrete Integrable Hierarchy

In this section, we construct the Riemann theta function representations of ¢i3, ¢o3
and 15, from which finite genus solutions of the stationary discrete integrable hierarchy
are obtained.

Let us equip the Riemann surface .#,,_; with canonical basis of cycles a,...,a,,_1,
bq,..., b, satisfying the following intersection numbers:

ajobr=08j, ajoaq,=0, bjob,=0, jk=1,....m—1,

where 6;; stands for the Kronecker symbol. For the present, we will choose our holomorphic
differential basis as the following set:

@ (P) = 3y (4.1)

1 Al1da, 1<1<2q+1,
2—2yR,, + S, | yAI72972dA, 2¢+2<1<m-—1.

Define period matrices A and B as

which are invertible [25]. Set C =A™!, T = A"!B. Taking the linear combinations

w; = Cﬂd)l, j=1,...,m—1,
=1

we obtain a canonical basis of holomorphic differentials w = (ws,..., w;,_;), normalized
by the conditions

ij:5jk’ J“’J:Tﬂo jk=1,...,m-1.
ag bk

The matrix 7 is called the period matrix of the Riemann surface .#;,_;, which is symmetric
and has a positive-definite imaginary part.

The Abelian differential of the third kind on #;,_;\{Q;,Q,} is denoted by cog’l),Qz. It
satisfies the relations

B _ (-
“a S, (('+oM)d  as P—Q,

B _ —1
“ua: (5o (—=¢t+01)dl as P—Q,.
Here wgl) Q, 18 normal if the normalized condition holds

3 _ — _
J le,Qz_O’ k=1,....m—1.
ak
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The relation of the normal Abelian differential of the third kind and the canonical holomor-
phic differential basis is given by

1 @ Q
Sy wQqu:f wr, k=1,....m—1.

by Q2
Theorem 4.1. If {®q,...,®,_1} is a holomorphic differential basis, then the normalized
Abelian differentials of the thlrd kind co(g) cofug) P, and wgz) p__ can be constructed by
277 002
m—1
LO =P y—o—p)—apr®ly )
= + Z:7 Wi,
©Poy Pocy AZmy(A,Y) 1221: ;o
3) yp—Y) Y=y 4, (2)~
— + . 2
(,()POOI,PO1 Agmy(a' y) Z (4 )
-1
NC) _ ¥y —aAtt! —0=p) 4, 3) ~
= + N .,
P02 Pooy Aﬁm’y(l,y) Z Z] g
where constants {z( )} iy {z(z)} Land {2(3)} ! are determined by the normalized condi-

tions

© - 3 _ ®3) _ _
J P03P002_f P Pl_J POZPOOZ_O’ k—1,2,...,m—1.
A ax ay

Proof. Recalling (4.1) that the Abelian differentials A3, is holomorphic on 27,7\
{Poo,>Poo,} and has simple poles at Py, and P, A~1&, is holomorphic on 7,4\
{Poo,>Poo,} and has simple poles at P, , P, and P, A1 Wyq+2 is holomorphic on 7,1\
{POOI,POOZ,PO3} and has simple poles at Py and P,,. Moreover, the Abelian differential
AT 19 y2d7t has simple poles at Po, , Py ,Py,. Taking the linear combination of these
Abehan dlfferentlals and considering the definition of Abelian differentials of the third kind

yield (4.2). O
It follows from Theorem 4.1 that
(3) ﬁ(l)dg as P _>P001,
w =
Pog:Pooy (0 (—C_l + 0’(1)) d{ as P — P,

C_ +0’(1) d{ as P — P,
o(1)dc as P — P,

NC) {ﬁ(l)d@' as P — Py,

(3)
Pooy,Poy §—>0

©Po, Poo, Cf - +0’(1))d§ as P — P,

o(1)d¢ as P— Py,
ﬁ(l)d@' as PPy,

P03 09y C’ —0
C_ +0’(1) d{ as P— Py,
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(—=¢'+0Q))d¢ as PPy,

cog;q’) Py (S 0(1)d¢ as P—Py,
1 1 {—
o(1)dc as P— Py,
o(1)dc as P—Pp,
Oy = | (T HOWNL a5 PRy,
o(1)d¢ as P—P,.

Then we have

P
w® @1 (Po,; Poo,) + O(8) as P — Po,,
P03 009 C—»O —In& + wooz(pog, 002)+ 0l) as P— Py,

w(S) 1n§+w°°1(P001’p01)+ﬁ(§) as p_)Poo > (4.3)
Pooy»Poy {—)0 ooz(P0015P01) +0(0 as P — Pooz, .
(3) _ w1 (poz, ooz)-i-ﬁ(C) as p_>poo ,
% POz 2 {—0 lnC + Q)OOZ(POZ, 002) + ﬁ(g) as P — P0025
w1 (Py,, Poo,) + 0(Z) as P— Py,
f g’i) Poo _0 02(P03) ooz)+ o(g) as P— Py,
Qo 3’ 2 {— 0,
In{+ w™(Py,,Peo,) + O() as P—Py,
_lnC+w01(Pool,P01)+ﬁ(§) as P—)PO )
3
J co(oll Po, C:O 02(P001,P01)+ o(g) as P— Py, (4.4)
Qo 03(P001,P01)+0’(C) as P— Py,
P Q)OI(POZA’POOZ)-"_@(C) as P_>P015
3
f wg’oz,Pooz cio In¢ + woz(Poz,Pooz) +0() as P—Py,
Qo CUOS(POZ)POOZ) +0(0) as P — p03)

where Q is an appropriately chosen base point on #7,_1\{Peo,;Poo,,Po,> Po,>Po,} and
w1, 1=1,2, 0%, j=1,2,3, are integration constants depending on the base points Q.
The b-periods of o is denoted by

Po,,Poo,
3) _ (1,03 (3) @_ 1 RO _
Q()—(Ul ,---,Um_1), U =o=| wp p (P) k=1..m-1. (4.5)
271 by 27

Let 7,,_; be the period lattice {z € C™! |2 =N + M+, N,M € Z™1}. The complex
torus #,_1 = C™" '/, _; is called Jacobian variety of .#;,_;. The Abel map .¢f : H#,_1 —
.1 is defined by

P P
A (P)=((P),..., T 1(P)) = U wl,...,f wm_l)(mod Trn1)-

Qo Qo
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A direct linear extension to the divisor group Div(#,,_;)

E:4 (Z lkpk) = Z L (P).

Noting the nonspecial divisors

m—1 m—1 m—
Do) = Z B(n), Dagy= D W), Degy = Z& (n),
=1 k=1 - k=1

we define Abel-Jacobi coordinates

where pM(n), p@(n) and p®(n) can be linearized in the following text.
Let 6(z) denote the Riemann theta function associated with #,,_,, i.e.

0(x)= Y. exp{2mi(N,z)+mi(N,N7)},
Nezm-1

where z = (21,...,2,_1) € C" LN = (Ny,...,N,,_;) € Z™}, the angle brackets denote
the Euclidean inner product

m—1 m—1
(N,z)= > Njzj, (N,NT)= > 73NNy
j=1 j.k=1

For the sake of brevity, we define the function g : #,,_; x 0™ 1.#,,_; — C™ ! by
z(Ba(n) =A—d(P)+pP(n), Pe A,
z(B () =A—d(P)+pP(n), Pe Ay, (4.6)
z(REM) =A—2(P)+pP(n), Pe Ay,

A

where i = {{y,...,0m_1} € 0" A1, ¥ = {¥1,..., Vpq} € ™LA, and § =
(&,....6,,1} € o™, _,. Here 0™ 1, denotes the (m — 1)-th symmetric power
of A1, A =(Ayq,...,A,_;) is the vector of Riemann constants depending on the base
point Q, by following expression:

1 m—1 p
AJZE(H%‘)—ZJ wiP)| wj j=L..,m—1
i=1Jq Qo
i#]
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Lemma 4.1. Assume that the curve K,,_; is nonsingular. Let (n,n,) € Z2, then

pM(n) = pP(ng) + (n—np) (A (Poo,) — A (Py)), (4.7)
p@ ()= pP(ng) + (n—np) (A (Poo,) — H(Py,)), (4.8)
p® ) = p®(ng) + (n—ng) (H(Peo,) — A (Py)). (4.9)

Proof. Applying Abel’s theorem to (3.26) proves (4.7) and applying it to (3.20) and
(3.21) results in

PP () + .4 (Pos,) = pP(n) + .#(Py,), (4.10)
p () +.4(Py,) = pP(n) + . (Pos, ). (4.11)
Substituting (4.7) into (4.10) and (4.11) yields (4.8) and (4.9), respectively. O

Using Lemma 4.1, (4.5) and (4.7) we can rewrite G(g(POj,ﬁ(n))), G(g(POj,Q(n))),

6(2(Po;, £(1))), 0(2(Poo,» A1), 8(2(Pes,» #(11))) and 6(z(Peo,, €(n))), respectively, as

0(z(Po,, p(0)) = 0 (8"~ Un),  6(2(Pes,, () = 0 (K"~ U®n),
0(z(Py,, 3(n))) = 6 (12 P ~Un), 6(z(Poc,, 3(n))) = 6 (K?Z) —U®n),

M.
—J
0(x(Py,, £(1) = 0 (7~ Un),  0(z(Poc,, £ = 0 (K[ —Un),

(3)
M,
where

o)
M,
(5
[

=A_E(PO]-)+p(3)(n0)+g(3)n0) ] = 1)213) s= 1)213)

K

=A— I (Po)+ PP () +UPn,, 1=1,2, s=1,2,3.

Lemma 4.2. Assume that #,,_, is nonsingular and irreducible. Let P = (A,y) € Hp_1\

{Poo,sPoo,}, (n,1n9) € Z2. Suppose that Din)> Di(ny and @.é(n) are nonspecial for n € Z. Then

0(z(Po,. (o)) O(z(B ()
8(z(Po,, (1)) 6B A(ny)

P3(Bn,ng) =

P
X exp ((n —ng) (J wgz) b — w% (Po,» Pooz)>) , (4.12)
Qo 2o
0(z(P% P
$15(Pn) = N1(n)% exp U wﬁijz,%) : (4.13)
Z\H 7 QO
0(z(P §(n))) P @)
¢a3(Pn) = Nz(n)m exp J Wpey o, | (4.14)
Z\H 7 QO
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where
P G- Y- ) I S
1(n)__V(Tl0) 9(§(P03,ﬁ+(n0))) eXp|—w ( 03> 002)
X exp ((Tl - Tlo) ((003 (Poz’Pooz) —w™? (Poz’Pooz))) ’
(4.15)
1 0@(Poo, i) O(z(Po,, fi(n))) .
Ny(n) = p(~w**(Pos,, Py,))

= — ex
v=(no) 0(z(Po,, i(110))) 6(2(Peo,,E(n)))

x exp ((n —ng) (0% (Po,, Poo,) — @™2(Py,, Peo,))) -

Moreover, the stationary finite genus solutions u(n), v(n), w(n) have the form

1 0((Pso,, 3(n))) O(z(Peo,, 17 (n0)))

M0 = ) 0o, 1)) (P, i (10)))
x exp ((n —ng) (0% (Py,, Poo,) — @°*(Py,, Pos,))
+w™1(Py,, Poo,) — @*(Py,, Pos,)) ,
B _0@z(Py,, 1)) 0(2(Pos,, (1(1)))
v=(n) =v~(ny)

0(z(Po,, Un))) 0(2(Peo,, (o)) (4.16)
X exp ((n —n)(w™2(Py,, Peo,) — w% (P025P002)) ,
V(1) 0(2(Poo,, (1)) 0(2(Pos,, E(1))) 6(2(Py,, (n)))
v(n) 0(z(Poo,, Uno))) 6(2(Poo,, 2(n))) 0(2(Py,, £(n)))

x exp ((n— no)(*2(Py,, Poo,) — ©*(Py,, Poo,))
+ w*%(Pos |, P, ) — 0*(Poo, , Py, )

w(n) = (1 — u(n)v(n))

Proof. Let W3(P, n,ny) be the right-hand side of (4.12). Our point of departure is to
prove Ws(P,n,ngy) =5(Pn,ng). It follows from (4.3) and (4.4) that

Q

3 _

exp ( f wg,oi,l,wz — w03(P02,P002)> o {1+0(1) as P— Py,
Py

Q
ol [ )
P “4.17)

gfo CeXP(wOZ(Poz,Pooz) - o)03(P02,P002)) +0(8%) as P— Py,

Q
3
exp(f wg,oi,Pooz—w%(Poz,Pooz)) éVfoexp(ﬁ(g)) as P—Py,.

Py

Employing Riemann’s vanishing theorem and the Riemann-Roch theorem, we deduce that
U5 has the same simple poles and zeros as 15, especially that the holomorphic function
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W53 /43 =y, where y is a constant. Using (4.17) and Lemma 3.2, one computes

¥ _ (A +o(Q)exp(o(9))
Y3 1+0(0)

from which one concludes y = 1. This proves (4.12).

By (3.20), (3.21) and the Riemann-Roch theorem, ¢,3(P,n) and ¢43(P, n) are of the type
in (4.13) and (4.14), where N;(n) and N,(n) are independent of P € 2#,,_;. A comparison
of (4.12) and the asymptotic relations (3.25) near P, then yields the following expression
for v(n) in (4.16):

v (n)  0G(Po,, (1)) O(z(Poc,, (i)
v (o) 0G(Poy, (M) 0 (Pesy, o))
x exp ((n—np) (@*°2(Py,, Peo,) — 0% (P, Peo,))) -

Comparing the asymptotic expressions of ¢;3 for P — Py, and P — P in (3.24), (3.25)
and (4.13), one obtains

=1+0({) as P— Py,

1 0(z(Po,, ¥(n))) 0,
_m B Nl(n)m exp (w (Pos’Pooz)) as P— poz’ 1)
9 [eoX ) ¥ '
—u(n) = Ny (n) (E(P 1 2(“))) exp (Ct)ool(p03’pooz)) as P — p°°1’

0(z(Poo,, A1)
which gives the representation of N;(n),
1 0Py, () O(z(Po,, 1 () OE(Poo,, A7 (1))
v(n9) 0(2(Po,, ¥(n))) O(z(Po,, 1 (1)) 8(2(Poo,, 1 (n)))
X exp ( - OJOZ(P03,P002) + (n—ny) (w03 (Poz,Pooz) — wooz(Poz,Pooz)) )
Moreover, we obtain from (4.7)-(4.11) and (4.6) that
0(2(Pos,, 07 (0))) = 6(2(Py,, (1)),
0(2(Py,, 17 (1)) = 0(2(Poo,, ¥ (1)) = 0(2(Py,, ¥(n))).
The representation of N;(n) can be simplified as shown in (4.15) by using the above rela-
tions. Consequently, the Riemann theta function representation of u(n) in (4.16) is given
by (4.18). Meanwhile, comparing the asymptotic expressions of ¢,3 for P — P, and
P — Py, in (3.18), (3.19) and (4.14), one obtains
1 0(2(Pso,,£(n)))
—— =N,(n) -
v=(n) 0(2(Peo,, ¥(n)))
1—u(n)v(n) 9(§(P02,§A(n)))
— =N
v(n)w(n) 0(2(Po,, ¥(n)))

from which we obtain N,(n) and w(n). This completes the proof. O

Ny(n)=—

exp (wa(Pool,Pol )),

exp (o)02 (Poo, > Po, )),
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5. Finite Genus Solutions of Discrete Integrable Hierarchy

In this section, we extend the stationary Baker-Akhiezer function to the time-dependent
case, from which all those results obtained in Sections 3 and 4 are generalized to the time-
dependent cases. In particular, we obtain Riemann theta function representations for the
time-dependent Baker-Akhiezer function, the time-dependent meromorphic functions, and
the general time-dependent finite genus solutions of the discrete integrable hierarchy.

Similar to Egs. (3.3), we introduce the time-dependent Baker-Akhiezer function

Ew(R n,ny, tr, tO,r) = U(u(n, tr); V(“; tr), W(“; tr)’ A,(P))TP(R n,ny, tr5 tO,r)5
Y. (Bn,ng,t,,t,) =V (un,t,),v(n,t,),wn, t,); AP W (Bn,ng, t,, to,.),

V@ (u(n,t,),v(n,t,),wln, t,); AP (B, ng, t,, t,) = y(PY(Bn,ng, t,, to,), &y
Y3(Bng,ng,to,,tor) =1, P €Ay 1\{Poo,,Poo,}, (m,t,)EZXR.
The compatibility conditions of the first three members in (5.1) yield
U, —(EVOU+Uuv™ =0, (5.2)
(EVOYU —yv@ =0, (5.3)
V@ —[70,v@]=0. (5.4)

A direct calculation shows that yI — V(@ satisfies (5.3) and (5.4), which implies that
det(yI — V@) is independent of n and t,. Define the associated time-dependent mero-
morphic functions
(R n’ n 5 t B t )
¢13(Bn,t.) = Y1 » O , Pex, 4
1/)3(3 n,ng, t;, tO,r)

1/)2(3 Tl, nO) tr’ tO r)
¢23(P,Tl,t )= 2 N PEJ{_l
' ¢3(Ps n,ny, tr,tO,r) "

(5.5)

which implies by (5.1) that

(@
P )+ Cu(Ain,t,)
P13(Bn, t) = L@ (5.6)
Yy 32( 5nstr)+Am(z’5nstr)
A,Fm_]_(z, n, tr)
2O n, ) — Y[Cu(An, £) + VA, n, £ )Rm(A)] + DA, 1, )
R0 ) — y[AR(An, t) + Ve (A1, ¢ )R(W)] + B(A, 1, t,)
m—l(l:ns tr) ’

w00, 6.)+ Gu(An, t,)
yOn,t,) + (A n,t,)
Hm—l(l n, tr)
YV, t) = y[6n(An, ) + ViP (A1, )R (W] + DA, )

¢a3(Bn,t.)= (5.7)
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2V, t.) =y dn(Aon, t,) + VIR 1, £, )R ()] + B(Ao 1, t,)

—lEm_l(l, n, tr)

where the polynomials A, (A,n,t,.),B,(A,n,t.),C,(A,n,t,.),D,(A,n,t,.), &,(A,n,t,.),
Bn(A,n,t.),6,(A,n,t.),D,(A,n,t.),E,_1(A,n,t.),Fn_1(A,n,t.) and H,_;(A,n,t,.) are
defined as (3.9)-(3.11). Therefore, in the present context the relations (3.12), (3.13) also
hold. Similarly, we have

m—1
Ena(n,t,) = aofov (n,t) | [ (A—p(n,t,)),
j=1
2m 1
Fra(Aon, t,) = —a2Bo(u(n,t.))" [ J(A—»;(n, 1), (5.8)
j=1

m—1
Hpoa (A, ) = —a2Bou* (n, £,)(1 —u(n, ¢, v(n, t.)) [ [(A—&5(n, 1)),
j=1

where {u;(n, t,)}™" fin 1 , and {v;(n,t )}] 1> {¢(n,t )};" | are respectively the zeros of the
polynomials E,,_;(A,n,t,.), F,_1(A,n,t,.), and H,,_;(A,n,t.). Since

_ @ (1 @DV | @@ (@ _ @ @ (1 (@)?
Epa(A,n, tr)ll:uj(n,tr) - (M/zl (ng ) + V3 V5 (V11 — Vs )_V12 (VBI ) )‘

A:Mj(n,tr)
_ (q) @ _
= (ng Ly — Vg, Am)‘xzuj(n,tr) =
we have
"Qfm(;u’j(n) tr)’n) tr) _ Am(.u'j(n) tr))na tr)
VP t),n ) Vil(u(nt),n,t,)
Define
na’j(n’ tr) = (nu’](n: tr):}’(.aj(n: t ))
Ap(ui(n, t,),n,t.)
= (uj(n, t),——
Vo (uj(n, t,),n,t,)
Ve (u;(n, t,),m, ¢,
j
v(nt)—(v (n,t.), y(¥; (nt))) (5.9)

Cn(vj(n,t.),n,t,)
=| )=
Viy (vi(n, t,),n,t.)

g](n t )_(gj(n t ) }’(g](n t )))

G ), 1t
V2 (&;(n,t,.),n,t,.)

Z(Mj(n’tr)) ﬂ(“](nt)nt)) m 1> ]_1)""m_1)
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Now we can infer the divisors of ¢13(P,n,t,) and ¢o3(Bn,t,) are given by

(¢p13(Bn,t,)) = Droy (1) a(,8) P) = Doy (1,80, 1 () (P (5.10)
(¢23(P’ 1, tr)) = @Pool,é'l(n,tr) é’m_l(n,tr)(P) o @Pol :lal(n:tr):"'uam—l(n:tr)(P)' (5.11)

Similarly, ¢15(P n, t,) and ¢o3(P n, t,) satisfy the Riccati-type equations
$15(Bn, tr)(]- +v(n,t.)13(Bn, tr)) = A¢ys(Pn,t,),
gb;g(P’ n, tr)(]- + V(“} tr)¢13(Ps n, tr)) = ¢13(P5 n, tr) + W(“} tr)¢23(P5 n, tr) + u(“} tr)'

The dynamics of the zeros u; of E,,_; concerning the variable t, can be described by a first-
order system of nonlinear differential equations in terms of Dubrovin-type equations.

Lemma 5.1. Let the zeros {u;(n, t.)}j—1
Then {u;(n, t.)}j=1

_____ m—1 Of Eq—1 remain distinct for (n,t.) € Z x R.
m—1 satisfy the system of equations,

Wi, (6. = (Vi) (n, 60, m, € VP (i (n, 1), m, 1) (5.12)
VD, 60, m, VP (s, t,),m, 1)
372001, £,0) = 2y (B, £ DR (s (1, £)) + S0 (1 (1, ,))
aoBov(n, tr)ng(uj(n, t.) —w(n, t,)

, 1<j<m-—1.

Proof. The relations (5.4) and (3.9)-(3.11) yield
_ @ (@) | (@@ (1@ _ @ @ (1 (@)?
Em—l,tr(n’ ty)= ()‘Vm (ng ) + V31 V5 (V11 — Vs )_VIZ (VBI ) )t
(2250 _ % @ (v @DV (@@ (1@ _ @ @ (1 (@)?
_(3}“/33 _R(r)) (AV21 (ng ) + V317V (Vu —Va )_VIZ (V31 ) )
— VD (2ViS 1 — 3B + AR ) + Vi3 (2VS0S,, — 3By + R )

where R() = VH )+ \72(;) + MN/S(;). Noticing (5.9), we have

A o, .
R ]
v, V1
32 1A=u;(n,t,) 31 1A=u;(n,t,)
Recalling (3.12)-(3.15), we get
(2vi9S, — 3B+ AnRy) ‘A_M . v (=3y*(8;(n, t,)) + 2R,y (8;(n,£,)) = Sp)
ey
(2vi¥s,,—38,,+ szmRm)‘A_M . Vi (=3y2 (;(n, t,)) + 2Ry (85(n, £,)) = ).
ey

hence

_ (), (@ 50y, (@)
Em—l,tr(”’ tr)|x=uj(n,t,) - (V31 Voo = V3 Vo )



102 Y. Xu, M. Jia, X. Geng and Y. Zhai

X (3}/2 (Aaj(n) tr)) - 2Rm.y (‘aj(n) tr)) + Sm) . (5.13)

Moreover, the derivative of E,,_;(A,n,t.) in (5.8) with respect to t, evaluated at A = u; is

m—1
B, oyt 0oy = —a0Bov™(n, 6y (e [ ] (s, 6) =, 1)),
k=1
k#j
which together with (5.13) gives rise to (5.12). O

Next, let us turn to the analytic properties of the Baker-Akhiezer function 5. From the
first two expressions of (5.1), we have

¢3(P5 n,ng, t, tO,r)

t
= exp (J (‘731(1, ng, t)p13(Bng, t') + AVay (A, ng, t )pag(B g, t') + AVsg(A, ng, t/))d t/)
t

o,r
n—1

[T (v, t)po(BR,t,)+1)  as n=ng+1,
n’=ng
x4 1 as n=ny, (5.14)
no—1 1
[T (v, )PPt )+1) as n<ny—1.
n’=n

By inspection, we verify that

¢3(P, n,ny, tr, tO,r) = ¢3(P, g, Ny, tr; tO,r)I;bS(Ps n,ny, tr; tr)- (515)
Considering the integrand in (5.14), let us define
L(Bn,t,) =V (A0, 6,)¢13(Bn, £,) + AVsy (A, n, £, )do3 (B, £,) + AV, (A, m, t,)
=(v7ad"" + & —wE) b5 + A8 Pos + A6, (5.16)

We have used (2.10) to obtain the second equation in (5.16). The homogeneous case of
I.(Bn,t,) is defined by

L t)=("a"" + 07 —w ) gy + 280 dos + 261,

where
a = &(")|d0:1’&1:...:a,:0,
&) — E(r)|(~10:1,(~11:"':&r:0’
8(r) — é(r)|d0:1,&1=“':5‘r20'
It can be verified that r
LB )= B ) o1

[=0
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Lemma 5.2. Suppose that (n,t.) € Z x R. Then

o) as P —> Py,

I.(Bn,t,) = ¢ (5.18)
T 0 | =6 =4 0(0) as P P,

0(1) as P—Py,
fr(Rn,tr)C=0 0(1) as P—P,, (5.19)

0(f) as P—Py,.
Proof. We use the inductive method to prove (5.18). For r =0,
I (=0 (v7ag +é5 —weo) prs + ¢ ooz + e
o —1—6,+0() as P- Py,
Iy =0 (vag +&5 —w &) P13 + & 2egas +E 26

C1 .
= ———6,+0 as P— P ..
=0 V- 1 (C) 00,

Suppose that

o0
LEnt)==¢"" 4+ 06 as P Pe,

=0 (5.20)

oo
. t)=>5(nt)7 as P — P,
j=0
for some coefficients {o;(n, t.)}jen,{0;(n, t;)}jen to be determined. Differentiating the
first equation in (5.5) with respect to t, and using (5.1) yields

P +’tr¢3_¢+¢3,tr P +,tr Yap
e () R e o b ae )

¢3 3
= (Vo3 + 1)ij§

=(ve13+1AI,. (5.21)

In particular, we have
(V¢13 + 1)tr|&0:1;d1:"':&r:0 = (V¢13 + 1)Afr. (5.22)
Inserting (3.22) and (5.20) into (5.22) as P — Pooi,i =1,2. Comparing the same powers
of ¢ in (5.21), we can obtain
J
(vK1j)e, lag=1,6,==d,=0 = V Z k1] A0; + Ao, j=0,
1=0
(vio_1)¢, lag=1,4,==a,=0 = VK2,_1A00,
J

(VKZ,j)tr |(~10=1,d1=~~~=dr:0 =Yy Z K2,1A5j—l + A(S], _] 2 0.
I=-—1
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Using (5.2) and Lemma 3.1, we have

AO-O = _Aer+1’

A50=—A(r+l+ "“),
v

1% 6r+1_ 1% 6 —u v 1% 6
+1 r+1
A51— Aar 1 + A .

(v)? ’

- o A A A Crya
(E*—1)5, = —(E? —1)[( A, 1 —W Crpq +Cr+1)'<2,0+Cr+1X2,2+er+2+ - ]

Note that there are no arbitrary constants in the expansions of ¢3 near P, , i = 1,2, nor
in the homogeneous coefficients a; b.,d. with the condition AA™' = A~'A =1, hence

72 9o Y
To =841,
6o =11 — C;tl )
5 = —a. + VT Crp1— V_ér_+1 —UuUTVT Vg
r+1 (V_)2 >
Sy =—(v7a, =W & +E 1)Ko 0= 1200 = érpn — C;J:Z .
Then
L @Bn, ) = (v (@)™ —w et 4 (D)) g + 260D og + 280+

—1% — —
5o U+ (v a g +6 ., —w Tep1) P13+ 1Pz + T e

CiO —T (o + 6,4+ 0(1)

gfoﬁ(l) as P —> Py,

—_— A—

_ 727 —A A— —22 —24
Ir+1 §:0§ Ir+(v dip—Ww Cr+1+cr+1)¢13+g Cr+1¢23+§ €re1

& — W_6r+1

5 —1 r+1
r+1) +C (61 +a.,+

+6,+ (V_ar_ﬂ —W o+ 6;1) K20t Crp1 X221 O(0)

- + Cr+1lz,1)

¢
2, 0() as P — P,

CfO —Cry2—

In summary, we complete the proof of (5.18). Similarly, we can prove (5.19). O

Using Lemma 5.2 and (5.17), we arrive at

_Z{ 0 Nr ZC_I_l + 0(1) as P _>Pool5

I(Pn,t.) = {v; c(n,t,) (5.23)
¢—0 +0(0) as P — P,
v=(n,t,) 2
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0(1) as P— Py,
I.(Pn,t,) CZO 0(1) as P— Py, (5.24)
0(f) as P—Py,.

Let wg) j be the normalized differential holomorphic of second kind on #;,_; \{Po, } with
001 >

a pole of order j > 2 at P, ,
02 = ((T+01)d{ as P—Py, A=("

Peoys] 150

with vanishing a-periods

Pooy.j

f w? =0, k=1,...,m—1.
ax

From (5.23), we introduce the Abelian differential

.
AP = > a, (1 + e} a(P). (5.25)
=0
Integrating (5.25) yields
.
P =(2) - CN‘r—lc_l_l + QSOI(QO) + ﬁ(g)) pP—- Pooly
Q.7 (P) o) =0
@ 07°2(Qo) + 0(0), P — P,

- (5.26)
Qo)+ 0(L), P—Py,

P
f 552)(}’) o Qo) + (0, P—P,,
Qo ~
QSS(QO) + 0(8:)) P— p03)
where ,° '(Qp), Qr *(Qo), ﬁ?l (Qo), ﬁ?Z(QO) and 593(Q0) are integration constants de-
pending on the base point Qy € #},_1\{Peo, > Poo, }-

Lemma 5.3. Let the curve 4,,_, be nonsingular and irreducible. Let P = (A,y) € H,,_;
\{Pso,>Poo,> Po,>Po,»Po,} and (n,ng, t,, ty ) € 72 x R2. Suppose that @E(n,tr) and Dy,
and D e,y 1S nonspecial for each (n,t.) € Z x R, then we have

0(z(P, (n,t.))) F
PralBn ) =M )G b a6 P UQ ng’;%) ’ oA
¢23(Bn,t.)=Ny(n,t,) B Am5)) exp JQO wp py | (5.28)
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Y3(Bn,ng, tr, to ) (5.29)
_ 0((Po,, filng, t,))) O(2(B i, £,)))
= 0GP, A 0)) 0GP AT, t0,)

P P
(3) 05 o _ao
ex n—n w —w 3(Py., P, +(t.—t Q-
095 00 5
X P(( 0) (J pzp ) ( 0, ooz)> ( r Or)(J r r ));
Qo Qo

where
N ( " ) . 1 G(E(Pooyé_‘—(nO, tO,r)))
T (o t0,) 0Py, 17 (g £0,)))
X exp ((tr —to,) (583 - SNZ;”Z) +(n—ny)
x (0% (Py,, Poo,) = 0**(Py,, Peo,)) — 0% (Peo, , Py, )), (5.30)
1 0G(Pe,, i, to,))) 0(z(Poo,, ¥, 1))
NZ(ns tr) =

v (ng, to,) 0(z(Po,, ng, to,))) Q(g(POOZ,g(n, t.)))

X exp ( — w%?(Pos , Py, )) exp ((n —ng) (COOS(POZ, Poo,) — w™2(Py,, Pooz))
+(t, — to,) (2% —Q°2)). (5.31)

Proof. Denote the right-hand side of (5.29) by W3(P,n,ng, t,, tq,). Our goal is to show
that

\I"S(-p; n,ny, tr, tO,r) = ¢3(P, n,ny, tr, tO,r)'

In fact,
\Ilg(R n,ng,t,, tO,I’) = \Ilg(R n,ng, t,, tr)\IlB(R Ng, Ng, t,, tO,I’)‘ (532)

It is easily seen from (5.14), and (5.15), (5.27) that

n—1

[T (0, t)brsBr', ) +1)  as n=ng+1,

/—
n'=ny

Ys3(Bn,ng, t,t,)=1 1 as n=n,
ng—1

[T (v, t)psBr,t,)+1) as n<ny—1
n’=n
=W3(Pn,ng, t,, t;).
It is necessary to prove
Y3(Png, ng, t,, to,) = Y3(Png,ng, t,, to ). (5.33)
Now Lemma 5.1 and (5.6), (5.7), (5.16), give

L(Bnt,) =000 t)¢15(Bn,t,) + AV (A, n,t,)pos(Bn, 1) + AVS (A, 1)
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_ V(r)yzvg(g) _y(Am + Vg,(g)Rm) +Bm
-’31

Em—l
2v7(q) (q)
e YV —y(e, + V'R, )+ B -
— AV 3 m_ s LAY
Em—l
() 2 (q) 2
_ V(,«) Vay (By*—2R,y +Sp) —\N/(r) Vo (BYy*—2R,y +Sp) +)\,\N/(r)
31 32 33
Epna Ena
_ (V;{)V,g)—ngzr)V?)(f))(Byz—ZRmy+Sm) ~(r)
= + AV33
Em—l
U (nst )
= _L + 0(1)

A’_Au’j(n)tr')
=3, (A=, 6)) + 0(1) as Poy(ne), A pnt,)

which implies

¢3(R Ny, Ng, tr, tO,r)

tr A—uwi(ng, t,
=exp (J Itr(P,nO,t’)dt’> = Mﬁ(l)
to,r A— nu’j(nO) tO,r)

(A—uy(ne,t,))0(1)  for P mear fy(n,t,)# f;(n to,),
={ o) for P mear f;(n,t,)=p(nto,),
—1 A n
()L — uj(no, tr)) 0(1) for P mnear f;(n,ty,)# 0a;(n,t,),
where 0(1) # 0. Hence, all zeros and poles of 13(P, ng, ng, t,, to ) and W3(P, ng, ng, t,, to,-)
on #n—1\{Pco, > Poo,> Po, > Po,, Po, } are simple and coincide. Taking into account (5.23) and
(5.26), we note that the singularities of v3(P,ng, ng, t,, to,) and ¥3(P,ng,ng, t,,to,) at
Peo,sPoo,» Po, > Po, and Py, are coincide. The Riemann-Roch uniqueness result is that
\IIS(p’ Ny, N, s tO,r) _
¢3(Ps Ng, Ng, tr, tO,r)

for a constant y € C. It is not difficult to verify that y = 1 from the asymptotic expansions
near Py, that is

B(Bro,nostroto,) _ (14 0()exp(0(0) _
Y3(Png, N, ty, to,) (=0 exp(0(0)) (0 1+0(f) as P—Py,.

Hence, using (5.15), (5.32) and (5.33), we have demonstrated (5.29).
Similar to Lemma 4.2, we conclude that ¢ 13 and ¢,3 are of the form (5.27) and (5.28),
respectively. As P — P, the asymptotic expansions of 15 shows
) 0GP, o, t0,))) 0(z(Pos,, A1, t,))
V(o toy) 0@ (Po, U, 6,))) 0(z(Pos,, (0, £0,)))
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x exp ((t, — to,) (7% = Q%) + (n— 1) (0™ (Py,, Poo,) — @* (Py,, Poo,))),  (5.34)

which yields (5.39) for v7(n, t.). Comparing the asymptotic expressions of ¢35 for P — Py,
in (3.19) and (5.27), one obtains

. 1 - N (n ¢ )G(E(Poz,f(n, tr))) ex
) B GPy, filn, 0) F

(0%(Py,,Pes,)) as P—Py.

Similar to the stationary case, N;(n, t,.) can be simplified as (5.30). Meanwhile, comparing
the asymptotic expressions of ¢ for P — P, in (3.18) and (5.28), one obtains

1 0(z(Poo,, €(n, £,))
e G, a6

exp(w”z(Pool,Pol)) as P— Py,

which yields (5.31) for N,(n, t,.). This completes the proof. O
The b-period of the differential 59) is denoted by

~(2) _ (7(2) ~(2) ~@)_ 1 2 _
0,7 =(09,....6%_), Uﬂ"_z_n:ijb 0P, k=1,..,m—1.

Lemma 5.4. Assume that the curve ;,_, is nonsingular and let (n,t,), (ng,to,) € Z x R.
Then

~(2)
B(l)(na tr) = B(l)(nm tO,r) _Q(S)(n - nO) _Qr (tr - tO,r) (mOd <g.m—l)) (535)

~(2)

p®(n,t,) =pP(no, to,) —UP(n—ng)— T, (t, —to,) (mod Fy,_1), (5.36)
~(2)

8(3)(71, tr) = 3(3)(710, tO,r) _Q(S)(n - nO) _gr (tr - tO,r) (mOd gm—l)- (5.37)

Proof. We introduce the meromorphic differential on .#,,_; by

G,
Q(n) No, t;, tO,r) = ﬁ In (1/)3(“, Ng, tr, tO,r))dA~

From the representation of (5.29) we have

m—1

3 S - 3 -
Qn,no, £, to,r) = (n— nO)wE’oi’Pooz + (- to,r)ng) + Z w.flj)(n,tr),ﬂj(no,to,r) to,
i=1

- o . o 1.
where & denotes a holomorphic differential on .#,,_;, that is & = Z;.n:l ejw; for some

e; €C,j=1,...,m—1. Since Y3(P,n,no, t,, to,) is single-valued on #,_,, all a-periods
and b-periods of Q are integer multiples of 27ti and hence

27TiMk=J Q(nﬁnO,tr,tO,r):J w=2¢é, k=q,....m—1,
aj aj
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form some M, € Z. Similarly, for some N, € Z,

ZTEiNk = f Q(n, Ny, tr5 tO,r)
by

—(r_ (3) _ 502) 3) -
=(n nO)J wpo Peo + (¢, to’r) Q + Z J H](n t-),0;(no,to,r) Jb w
k

M}(nt ) m—1
= 2mi(n—no)Uy” + 2mi(t, — to, )05 +2mi Z J Wi +27 Y | M; J w;
k

i(nosto,r) j=1
N f;(n,t,) f;(no,to,r)
=27i(n— nO)U]EB) + 2mi(t, — tO,r)U,Ei) +2mi J J Wi
j=1 Qo

+2mz Tjks k=1,...,m—1.

Therefore, we have

f(n,t,) m=1 r{;(ng,to,)
= (n—n)U® +(t, — 10, )TP + ZJ w— J w+Mr,
j=1

where N = (Ny,...,N,_1), M = (M, ...,M,,_;) € Z™ !, and hence (5.35) holds. Applying
Abel’s Theorem to (5.10) and (5.11), we have

(2)(n t)=p (1)(n t;)+ & (Poo,) — A (Py,),
(3)(n t)=p (1)(n t,)+ 4 (Py)— A (P, ),
then we can prove (5.36) and (5.37). O

Recalling (4.6), we extend the function z(P, g(n)), z(P, »(n)) and z(P, é (n)) into time-
dependent cases

2(Pp(n, 1) =A—d(P)+pM(nt,), PEHy,
z(B3(n,t,))=A—d(P)+pP(n,t,), Pe Ay,
2(BE(n, 1)) =A—F(P)+pP(n,1,), PEHpy.
We rewrite Q(E(Poj,ﬁ(n, tr))), 9(§(P0j,i(n, tr)))5 9(§(P0j,§(n, tr)))5 Q(g(Pool,g(n, tr)));
0(2(Poo,» ¥(n, t.))) and 9(§(Pool,§(n, t.))), respectively, as
0(2(Po,, 1(n, £,0)) = 0 (85" —uPn T, ),

0(2(Poo,, 1(n, ,))) = (&5 )—g(”n—ﬁi ),
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0(2(Poo,, M(n,1,0)) = 6 (K —~UPn -7t ),

0(z(Py,, 3(n,t,))) = 0 (M —uPn—T?s,),

0(2(Po,, E(n, £, ) = 0 (11— U®n—TPt,),

0(2(Pooy, £(n,1,0) = 0 (K —UPn—Tt, ),

where

~(s)

i 2

S = A= (Po)+png, to, )+ U+ T, "t

B = A=t (Po) + PO, 1, ) + UPng + 070, j=1,2,3, 1=1,2, 5=1,2,3

are constants independent of the discrete variable n and the time variable t,. Then we
arrive at the following theorem.

Theorem 5.1. Assume that the curve 4,,_; is nonsingular and irreducible. Let P = (A,y) €
Hm-1\{Poo,>Poo,>Po,>Po,> Po,} and let (ng, to ), (n, t.) € Z x R. Suppose that 9y(n,t,) and
P4(n, t,) and @g(n, t.) is nonspecial. Then, finite genus solutions of the discrete integrable
hierarchy (2.13) read

1 0E(Peo,, 07 (10, t0,))) 0(2(Peo,, (1, t,)))
v(no, to,) 8(z(Py,, 17 (1o, to,))) O(z(Pes,,filn, t,)))
X exp ((n — no)(w03 (Po,» Poo,) — w™2(Py,, POOZ))
+ (£, — t0,) (2% = 0°°2) + 01 (Peo, Py, ) — 0%(Ps, Py,) ), (5.38)
0(2(Po,, (o, to,r))) 6(2(Poo,, n, t,)))
0(2(Poo,, (1o, to,r))) 0(2(Py,, Mn,t.)))
X exp ((tr —to,) (025°2 — %)
+ (11— 19) (@°(Poo, Po, ) — 0% (Poo,, Po,)) ), (5.39)
v (ng, to) 0(2(Poo,, ¥(ng, to )
v(1,6,) 0(&(Pos,y, o, to,)))
0(2(Poo, £(n,1,))) 6(2(Po,, Un, t,)))
" 0GPy, 21, 1,)) B(a(Py,, £, 1,)))

u(n,t.) =

V_(Tl, tr) = V_(no, tO,r)

w(n,t,.)= (1 —u(n,t.)v(n, tr))

x exp(wooz(Pol;Pool)_wOZ(Pol,Pool) + (tr - tO,r)(ﬁ,?o2 _583)

+ (1= 116) (©°°*(Pos,, Po,) — 0% (Pes, Py, )) ). (5.40)

Proof. From (5.34), we can get the expressions of v(n, t,.) in (5.39). By considering the
asymptotic expansions of ¢35 near P, and ¢,3 near P, , we arrive at

0(z(Pos,, (1, t,))
0(2(Pooy, (U, () T

_u(n5 tr):Nl(n, tr) (wOOI(POyPooz)) as P_>Pool;
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1—u(n,t)v(n,t,) 9(§(P02,§(n, t:))) 0,
= p b P — P
v eow(n )2 8Py, 3 6 0) P (0% (Poo, o)) 25 P Fo,
which together with (5.30) and (5.31) yields (5.38) and (5.40). O
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