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Abstract. An accurate, efficient and robust troubled-cell indicator (TCI) is always re-
quired by the discontinuous Galerkin methods for solving the nonlinear system of hy-
perbolic conservation laws. In this paper, we propose a new framework of TCI on general
meshes using simple statistical analysis techniques which is easy to implement and effi-
cient to run. In the framework troubled-cell indication is performed in each local stencil.
We first pick the local stencils that contain the troubled cells via the range of the nor-
malized troubled-cell indication values, and then detect the troubled cells in each picked
stencil by a simple separation approach. The new TCI framework is implemented on sev-
eral types of meshes with three indication variables. Numerical experiments conducted
through simulating several classical shocked flows demonstrate that the new framework
can capture the locations of shock waves accurately and lead to essentially nonoscillatory
solutions. The results also verify the robustness of the framework.
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1. Introduction

Since the end of the last century, the Runge-Kutta discontinuous Galerkin (RKDG) fi-
nite element method [6] has been applied in different research fields [1,4,28] due to high
order of accuracy, flexibility in handling complicated geometries, easy h-p adaptation and
efficiency of parallel implementation. When it is used to solve the nonlinear system of
hyperbolic conservation laws in an essentially nonoscillatory way, the nonlinear limiter is
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a necessary part for detecting the discontinuities and controlling the spurious oscillations —
e.g. the minmod type TVB limiter [6], the moment based limiters [2, 3], the monotonicity-
preserving (MP) limiter [22], the modified MP limiter [ 18], and the subcell limiters [7,10].
A limiter first detects the troubled cells in the discontinuous regions and then reconstructs
the numerical solution in those cells to control the spurious oscillations. According to Qiu
and Shu [15], the limiter usually consists of two parts — viz. a troubled-cell indicator (TCI)
and a solution reconstruction method. An ideal TCI should detect the troubled cells accu-
rately in an efficient way without problem-dependent parameters. Otherwise, the RKDG
methods may produce spurious oscillations if too few cells are detected, or burden extra
CPU time with possible loss of numerical resolutions if too many cells are detected.

A systematic review of limiters before the year of 2014 is available in [7]. In 2016, Vuik
and Ryan [23] provided an automatic parameter selection strategy based on the Tukey’s
boxplot method for various troubled-cell indication variables. Fu and Shu [9] introduced
a TCI that depends only on the data from the target cell and its immediate neighbors. This
work was generalized to h-adaptive meshes by Zhu et al. [31]. Machine learning techniques
have been popularly used in the last decade due to rapid development of high performance
computing techniques and computer hardware. Artificial neural networks with supervised
deep learning were introduced to design TCIs [8,16,17,21]. In our previous works [26,35],
we proposed a framework of TCI based on an unsupervised machine learning technique —
i.e. the K-means clustering. However, K-means clustering is known to be NP-hard.

In this study, a new framework of TCI based on simple statistical analysis techniques is
proposed for the RKDG method for solving the nonlinear system of hyperbolic conservation
laws. It only involves two simple statistical concepts — viz. the statistical normalization
and range of data. In this TCI framework, the computational cells are grouped into local
stencils and troubled-cell indication is conducted stencil by stencil. We first pick the local
stencils that contain the troubled cells by using the range of the normalized data, and then
detect the troubled cells in each picked stencil by employing a simple separation approach.
The new TCI framework is easy to implement and efficient to run. It can work on very
general meshes with various indication variables. Generally speaking, the parameters in
the framework are not sensitive to the test problems, indication variables and meshes. We
carry out numerical experiments through simulating several classical shocked flows and test
three indication variables on several types of meshes, including one with hanging nodes.
The results demonstrate that the new TCI can capture the locations of shock waves or large
gradients accurately and lead to essentially nonoscillatory solutions.

The remainder of this paper is organized as follows. We give a brief review of the
RKDG method in Section 2. The new TCI framework is proposed in Section 3, including
a detailed description of the algorithm and the indication variables. The numerical results
are discussed in Section 4 and the concluding remarks are given in Section 5.

2. RKDG Method

We briefly explain the RKDG method using the initial-value problem of the hyperbolic
systems of conservation laws



