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Abstract. A state of the art technology is employed to investigate the local ultracon-
vergence properties of a quadratic rectangular element for the Poisson equation. The
proposed method combine advantages of a novel interpolation postprocessing operator
ﬁgh’mR;, the Richardson extrapolation technique, and properties of a discrete Green’s
function. The local ultraconvergence of the post-processed gradient of the finite ele-
ment solution is derived with the order @(h®|Inh|?). A numerical example shows a good

agreement with the theoretical findings.
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1. Introduction

Let Q C R? a bounded rectangular domain. In this work, we study the local ultracon-
vergence of the post-processed gradient of the quadratic rectangular finite element approx-
imation for the following Poisson problem with the Dirichlet boundary condition:

ZLv(x)=—-Av(x)=f(x) in Q,

v(x)=0 on 99, (1.1)

where f is a sufficiently smooth function.
The natural superconvergence/ultraconvergence in the finite element method (FEM) is
an important phenomenon. Since 1970s, the natural superconvergence/ultraconvergence
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in classical conforming finite element has been extensively studied in Refs. [1,7,9, 10,
12-18,20,21,23]. Recently, the natural superconvergence/ultraconvergence of other fi-
nite element methods have been studied. In this article, we explore the natural super-
convergence/ultraconvergence of a classic conforming finite element method. We believe
that this research contributes significantly to the understanding of inherent superconver-
gence/ultraconvergence of other finite element methods such as C' conforming Petrov-
Galerkin and discontinuous Galerkin methods.

We start with recalling superconvergence/ ultraconvergence results for the classic con-
forming quadratic rectangular finite element method. Let Z;, be a uniform rectangular
mesh over 2 and 7, be the mesh obtained from 7, by dividing it into four equal meshes.
Assume that R, v(x) is the finite element approximation of v(x) by bi-quadratic piecewise
polynomials on &,. Zhu [23] derived the following superconvergence estimate:

h|IT,v —Ryvllwree(ay + 1130 — Ryl ooy < ch*|Inhl[|v]ly4co(n)-

Besides, Q. Lin and J. Lin [12] applied the Richardson extrapolation technique to investigate
the ultraconvergence of quadratic rectangular finite element method for the problem (1.1).
In particular, they showed that

lv =R} vl Loy < ch®| Inhl|[v]lysco(ay, (1.2)

where
16Ry/5v(x) —Rpv(x)

15

The interpolation is another important post-processing technique to produce high accuracy
gradient. It plays an important role in mechanical engineering [10, 20, 23]. Schatz and
Wabhlbin [14] developed a symmetry theory for finite element method. In particular, they
observed that for meshes with a local symmetry, the corresponding finite element solu-
tion has natural superconvergence properties. Using piecewise polynomials of even degree
k = 2, they showed that at local symmetric vertex x, the finite element solutions converge
to the exact solution with the rate @(h**>~¢), where ¢ > 0 is an arbitrary small positive
number. If k is odd, the discrete gradient of the finite element solution converges to the
gradient of the exact solution with the rate @(h**17¢). Note that a vertex x,, is called local
symmetric if there is an r > 0 such that in the neighborhood B(xy,r) ={y : |[xq—y| < r}
of xg, the underlying mesh is symmetric.

In this paper, we develop a new state of the art post-processing method, which pre-
serves excellent properties of the Richardson extrapolation and interpolation and provides
a higher-order gradient approximation. Furthermore, we approximate the derivative
IRy v(x()/ 0 x,, by the term ﬁgh’ mR:v(x0), (3.3) below, constructed by using the Richard-
son extrapolation and interpolation post-processing technique. Note that x, € A4, is an
interior vertex so that B(x(,2k) C T C , where « is a positive constant independent of h
and v, and 4, is a set of all vertices of &,. While proving the ultraconvergence property

Ryv(x) = (1.3)

=6 . . . . .
of P . .Ryv(xp), we also study the discrete Green’s function. The translation invariance of



