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r ﬂunt:numg the wurk in {1, 2], we > discuss the mnvax:ganoe mnd.ltmnﬂ a.n& tha srTOT est:nmahes uf
quasi-conforming eleménts for linear elasticity problers. Eoms reaultu about curra& alamants for

second-order, boandary value problems are also given, 'l o 7w S =

- § 1. Introduction -

" The quam—ﬂonfﬂrmmg element method ig very :efficlent and successful for
alliptio problems {see [1-—4]). The mathematical foundation of thig method has
been established in [1, 2], and several plate bending elemenis have been shown to be
oonvergent. In the present paper, we mainly disouss fhe rconvergence conditions of
quasi-oonforming elements for linear elagticity problems and their error eglimates.
In addition we give some results ahout curved elementﬂ for aecond—order bounda.ry

value problems. - - |
let 2 bo a bounde& oonneeted domain in - R" Wlth Inpsohm:—ﬁontmuous

boundary 9Q. For each o= (o3, 03, =+, o) In (H*(Q))", we seb - -
| {su('ﬂ)"ﬁﬂ(ﬂ) (3c‘vj+3;v;) /2, 1<<é, jén B

o (v) =ay<u)=m(.2 eu(®) )3u+2#84:(¢’): 1<, J'ﬁn, |

where 3, is Kronecker’s symbol, and A and w are two pomtwe congtants.
Consider the boundary value problem of hnear e]a.ﬂtlolty |

- {';—Eaﬁu(“) =Jfo =1, -y .”J_L_Q:ﬁ. | (1.2)
(. H[gp——ﬂ i i R 08

In ordar 1;0 disouss this problam, we need aome notatlons Let H -={.c1== (F’;,

BV By€IA(Q), 1<4, ‘J<n. with Hy=Ha}. For o= (0, = 0,) in (HY@))",

define Tv= (v, 84(%))." Then: T(H‘(ﬂ})'mambspa.oe 0f H. A.nd for each A in

(1.1)

H daﬁne BT TN TR L
"-k‘_ g i
| aa(A)—a,.(Am(g B )awmm, A1, j<n. 1-8)
W deﬁha%r linear form a(+, .) a.nd ’rif& iﬁ&r foi‘ﬂ:lf( ) on’ apa.oe H aa
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follows: |
a(d, =3 [ ou(M)Euds, ¥4, ACH, .49
T -"*._I;J':-I'F | _ |
= B f¥ie, VAEH. - 1.5)
Then problern. (1.2) 'is equivalent o the following variational problem:
w€ (HI(@))", a(Tu, Tv)=f(Tv), Vv (Hi(Q))" (1.6}

Let {Ux} be a family of finite dimensional subspaces in H for parameter 2 with
A>0 and A—0. According to. [1; 2], the finite element approximation with multiple
sets of functions to problem (1.6) is the following problem

. A €Uy, a(di,24,) = f(), A, €Us. @.7)

The work in this peper is mainly devoted to the following gubjects: i) the
method for constrmoting spaces. U, using quasi-conforming elements, ii) the
oxistence, uniqueness and convergence of the solution of problem (1.7).

§ 2. Quasi-Conforming Element Method

In this section we discuss how to construct spaces U, by the quasi-conforming
clement method. From now on, we assume that £ is a polyhedroid domain in R",
and let K, be a finite subdivigion of 2 for each % with the properties K1 and K2: .

1. For every element K in K,;, K is an n~simplex (or n—-parallelotope) and

P N Cen i T Rees ol BE pad E%"%Q'_“:_ L. B . . _ .

K2. For every two different elements K and K’ in K;, K NK'is an empty seé
or a common face of K and K. - - . | . A

Let ¢ be a positive number. For any n-simplex (or n—parallelotope) K, we give
two lineer interpolation operators Iz: H*(K)—>T(XK) and I,x: H!(K)— L*(9K)
and some finite dimensional spaces consisting of polynomials, say NY, 1<i, j<mn,
with N¥=N§. For each v={vy, +-, 9,) in (H'(K))", we define E4(v) in N¥,
14, j<n, by the following equalions:

ZI . pEY(v).do - LK-P(H a0l J+ I axﬂN i)ds-

~(_@@lxv-+ogllxe)dn, 1<, j<n, VBENY, 2.1)
where N = (N_-h e, N.)f'_ig the unit ontward normal of 3E'_;f ‘Then we use II pvy and
BY(v) 4o approxirmate v; and s;(v) respectively: - - A" . B |

. Now we.are in a position to:conskrtict spaces Up. Define sn operator-Il,: (H*(Q2))"
-»H such that, for each ”in;(ﬂt(a)) ) E&‘“?‘ (v, Elv) satiafies - B : |
{H{*’lr‘ﬂr(ﬂﬂx)s 1<j<n, K € Ky e 2 2)
L | Bio| g = Bi(ols),  16; Y<m, K €En: '
Then the spaces, U axe obiained by sefting Uy~ Ia(H'(Q) N HH(Q))’; this Js the

e
T L

[
qqqqq

1) A subset ¥ is said to be a face of X if thare exists a supporting hyper-plane #.of K such that F=K (&
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—

o ,quam—ﬁonio,rmmg elem ant meﬁhg&'

We want to say some more about equa.monﬂ g2 1) Let qbi, "er, qS,', be a group of
linearly ‘independent funohona]s on Hi(K), G4y *+, Gu & greup of :polynomials
defined on K and g1 * gu a group of funﬂtmnﬂ in LE (3E' ) Assume that for each
win H{(K), :

wa-qub,(wm mxw-#; Gitadg: ~ i T 0 @B
Then for each ¢ in (H*(K))*, detiote™

4’(*’) (¢:(‘!’1); il B ‘;61[(*?1)1 i ‘f’i(‘”n): * ¢H(ﬂn))r

Let Lu be the dimension of N¥, and choose a basis of N¥. Deuote the eoordmate
vector of Eﬂ(q)) with reﬂpeo‘,li ‘lio thig bagis by By(v), and define - -

B(”) (Bll(”): "": B ('U), ﬁ;l(”);! _' ’ Bﬂn('v)l "y ﬁm(ﬂ))r
: | L'='= "E'—-"Lﬂ.

: 1-:1-:}-::: M x
-r-_.. T S

e, e
: U

"I‘hen equahona (2 1) beooms T

Agﬁrvj !I:HQK¢(#), - i s, B owm (2.4)
where Ay is & nonsingnlar kX I fratrix and Qg an ' LixnM e

#: 077 §3. Main Results

In order 1:0 dmcma ths oconvergenoce of quasl—mnfﬂrmmg elemant method f or
equation (1.1), we need some more assumptions about the subdivision family {Ks}.
Buppuse that'{ K.} satisfies K1, K2 and the following condition K8:

K8. Let px be the greatest of diameters of all balls contained in E and Ay the
greatest diameter of K; then there exist 1wo positive constants u1, s mdependent of
K ﬂ.nd. h, such.that hgﬂmh and Nah< Px are true fﬂI‘ each K ;m K, and each h.

- On tha space H, we define a Eeml-norm K ] g 88 fallﬂws

|4ib=f. 3 B, vaER. @D

We call {Ilx, Hix} en affine family- if there exists a fixed n—simplex (or
n—parallelotope) £ such that for each n-simplex K (or n—para]lelotope) , there exists

__ a.n affine tra.naformatlon an:-—Bxa;+bE satlsfymg K= FB_-E a.nd Hﬁv-—ﬂw and

pr'w=ﬂgw for Bvery w.in H‘(E), where By isa non—-smgu]arnxn ma.tmx and. bx
is & veotor in R" and if w is & fnnohon on K' (or 3K) then w(m)n-w(FEm) when
'a.:ef (or DR (es [BI)ai™r0 e ot Pt

~ Now,we can give our.main regulis. " |

| Theorem.,:w oomidﬁms, K_'l—-K3 hold and mm ﬂm ﬂw foRowwg four
"’;stmmmts are irue. . .

Y T T g Hox} d8 an affine fdmrbly ind thors ewists am integer 441}-1 mh that Iy
_,_H"‘""(R')-—rL“(E) and I ,3: H"‘“(E')—a»Lﬂ()aE) are oontmmw and for p iw P, (B,
| ’H&p =5, Hgp=5|a;

2 0)."the _-Mﬂ nonnegalive mtagér o and G spaioe Nﬂﬂ; Mﬁ that NE:JP:-.(R')
" and No=1{p|8(@) =p(Fxt), VpENF} for 6, j=1,ivrym i i o
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8) for cach n-simplos (o-r w—pamudotope) K, t}w rank of Hw mairic Ql- 6
nM—-—n(n+1)/2; ._'ﬁ"&.f £

| 4) there amufam huger 1",?9 mch thmtfar mhwm H*(Q)nH (Q):
L e, [ plawds={ plxwds’
hold if F is am (n—1)-dimenst __Icmmmfm ofbothK and K' in Ky, and
pE P (F), |, pHoxwds=0 -

hold-ameam (nﬁl.)edﬁmenmmlfaw'ofﬂ'wﬁhl?m 6& and H,rw ha;s Hw same
valies:as w.does af the.verticesof K, - -

Then problem (1.0 has. unigue aolutwu A -((un)h (E')u) for the spams Um
obtained by the guasi-conforming elmmt method, and whew v és.én (H'(Q) N H{(Q))",

| [Tu' ~ 43 IH‘QG{IE Iu"lﬂ-l-:hﬂ-l_h .+1|ulﬂ+ 1ﬂ+hi+1Iu'ﬁ+ﬂfﬂ} (3 2)
holds for all h, where U is a cmwtam% independend of u and h ami r-=ma.x{-r1+1 0':;-1-2

.--fn+2}: |“|h —(§|ﬂj|:.a) Jor gny wtagerl

Using the Aubin-Nitsohe technique, we can get the following conolugion (see
[5, 61).

Corollary. Let the conditions of the theorem hold. If @ is convex and IIz:
H*(R)— IA(R) and H;p: H¥(R)—>I*(BK) are continuous, then there exiss a
;_ﬁonsbamtﬂindspendantofhandumhthat T §

@ = () 18.0) <0{hﬂ+1|u|.-.+1.a+h= “ler.+a.n+h'“ler.u.a} (3.3)

are umformly true for all B SO
| The conditions of ‘the theoram are not dlﬁieult 10 check and can be used as
oriteria for proving oonverg‘enﬂe and oonstruahng elements Mechanically, condition
8) implies that the states of the zero energy can ‘only be the states of the rigid
digplacements, and condition 4) eliminates the ngld displacements of whole body 4.

§ 4 The Proof of the an lets

Flrat Wwo prove. soma lﬁmmaa |
Lemma 1. For mh n—mnplea: (or delotope) K there emsts @ cam#ant
: O(E) such that jor a&ch 'u m (H‘(K))" #hafoﬂoumy weg!mhty holds e

ft*ﬁ

3 |aaﬂm+aﬂmlu+§| Hm-—ﬂmw,iu < oK) ;_; IE:e(u)Ju.x. (4.1)

Praof First, w{g show that 1f Eg(-v)-o 1-@., jgn, then 3,Hxv +a,ﬂ,m=o
“and - Hgﬂ;-ﬂrvﬂaxﬂﬁ f{ﬁ, ‘j<n. Becanso the’ rank " of " thé matnx Qx is
,nM-—n(ﬂ.+1)f2 the ime sl i 0{ ?he pq_lutlon a];m of the followmg equainon in
D

SRR RO e L Y e R . O -
"I'hqm enat n(sn.-l— 1)/2 ].m:.ly md.ependantr veabor fumtionav' in (Pi(E' ))" by tha
theory of linear elastioity, such-ttaé . = .. = . ... :

] i .'l - - - . FE ."'-
14;_ i & [N A 'r'*; .'-r'l' ,ﬂ._'lll-
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(a,e.-l-eiw,),fzmo 1<, j<n, =1, 2, -, n(n+1)/2."

By condition 1) in the theorem, Hgdt =05 and H;yv,-e,l,g, 80 :;b('v‘) are the
solutions of equation (4.2). What is more, ¢(¢), I=1, -+-; n(n+1)/2, are linearly
independent; otherwise we can conclude “that. o' are hneerly dependent Thus the

solutions of equation (4.2) have the form. . " N PP

2
_ ¢ z" oe(w
It EY(v)=0 with 1-@&, jﬁﬂ, then' cﬁ(e) is a eeluhen ef eqmtlen (4 2), .and for

some numbers ¢;, s, R
- min+  m(atl)/2

I gvy= Zf "t’”’h Hm"i*-‘, oo, J=1, %00y ne

Henee 3,ng;+3,;ﬂge;-—b ’nge,—ﬂxe,|m=0 1'%-?» Jﬁn ' Thus (‘ﬁ IE‘}(e)u,x)

is a norm on space { (Lxt— 5w, 3ﬂm+3ﬂ m) Vo€ (H‘(K))“} Tt follows that
inequsality (4.1) is trme.
Lemma2 Thereemestsem#mﬁa}ﬁwfepmdmftef.ﬁmdhmhthat

h.'_‘ 'l'r F i .

? |3ﬂﬂi+3ﬂxﬂle. 'QU JZ_IEE(#)le.I, = : (43)

g = 2|Hxﬂj—ﬂeﬂilmﬂ<0ﬁ1‘f" ;‘n | BE(2) lo.x (4.4

hold for all v.in (H'(K))", eHKenE;endeﬂh . oy

- Proof. Denote J;={K| the volume of K is equaltothet ef K and hp<t} for
any £>0. We show that if J, is nob empty then there exisis a. ﬂonetan’ﬁ O(E)
mdependent of K, eueh that |

E |Hrﬂf—ﬂezﬂ1|e. eﬂ"’" ?} |3ﬂﬂs+3ﬂrﬁ|u.x‘§ 0(5) ; | B (v) {3,2 (4.5)
holds for ¢ in (H‘(K))' a.nd K in Je And th_te is equwa.lent 1o ehewmg that

ﬁ.‘.lﬂevr—ﬂaev: Iﬂ_-pe-f- §1|3ﬂﬂ1+3jﬂﬂslﬁ.&<o(f) ?i IE‘E(w) 5,2 (4.6)

holds for o in’ (H*(ﬁ))" where o(a) =e(F"1m), seXK. =~ o owg, B HE

Since {Ix, H.x} I8 an affine fa.mlly, we ocan choose ¢;(e) as the:]inenr
functionals ¢;(w) in: (218) for every..w. in - H{(K), i.e., seb G‘,(w) =@,(F"m) and
gs(2) = g;(Fx'e); then for every w in HI(E): .6 " 5 e Sob b dogiw

an 'y o L)
'

w'§$!(w)gﬁ : Hﬁw=§¢3(w)gﬁ i 1 o

i
-

Ee:re fer t in H*(E), 4 o o
¥ : 1;_.- S .., U | _::i-,_.;*-? Ll
_ Hﬁ‘wﬁ ‘ibi(w)éh I E’m=§$j(w)g’ g g Bl b o

add:.taen, we ehoeee a be.els ef Bpeee Ng and let it be the
in (H*(K))", denote '

365 = 8, T Bt » 96 e._, @
Thgn ethnn (2 4) mm@ 5 f‘ A0 f,wg} .- e

e “ﬁxﬂ?ﬁ-&%ﬁ&ﬁ)
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o, i e

where Ax and. @y dre continuous ‘mth regpect 10 ihe- ma&ix Bg of thg_ affine
transformation Fy. Let Ker Qg be 'Isha aolutmn space of the eqnatmn

Now we prove ineqm]ity (4. G) Fﬁr ﬂ:ria ptrpose, we assume that it does not
hold. Then we can choose ¢* in (H‘(E'))' aﬂd K, in J¢ for y=31;2 ., sach that
mequa.htaes

;}lﬂ&#’—-ﬂ,ﬁ&]h Fﬂ"’" E |3|ﬁ;?v’+3iﬂﬂrvylm E}pg [_Eg'(ﬂl') l“l& (4 7) '
hﬂld. Benauﬁa Oz, 0,2, BY,, ebo. are linear operators a.mi = 55 5 |

I ,;56,— H50; |2 =0, 3411:.113'1'3:{1:\..‘”4”0 B, (1*)‘=0 1‘%# -§<n, |
when q‘p(-v) ig in Ker Qx,, We can choose ¢* in (4.7) ‘mth the fo]lowmg properties:
| $() € (Rer Qu)t, 14(&)]=1, v=1 2, - (4.8)
wheére | - is the Enolidean norm on spade B**. | -
It ocan be derived from tha a.bo‘ife 'Iiha.t |

sup {3316 - Tl e+ 3 ol s+ o .2} <o

Hence
’- .

T mm BB Re-0. .

By the fact that {$(¢*)} and" {Bx,} are botinded, “there exist subgequanms of
{$(#")} and {Bg}, also &enoted by {q’:(u")} a.nd {BE }, gnd & ma.tnx .B and o in
(H‘(ﬁ))“ sach that | ;

lim|$(9) — () | =0, ﬂ¢<é)ﬂ=1 | (4.10)
hmﬂBx,—Bﬂ=0 det B] = " BT . Ay
whereﬂ ﬂlaanorm for matrices. Fromthlswacanget iﬁjﬁn, o B

- 3o, <> Mpo,, H,ﬁv"—&ﬂ',gw,, a8 p—» o0, -
Using transforma.tlon of ooordmates o=Fgefx, in equations (2.1), a.nd the following
equalities:
‘  dse|det B,,| | BzTN |ds, - N=Bgfﬁ/|3g’ﬁ|, s (4_.12)

we get, for ¢, j=1, +-, n, VpGN&,
2ng4 ot ﬁp[(Bﬁ'ﬁ)’;ﬂaﬁm - chfﬂ).H,mds

..g K (B 0af T35+ B, a,,pﬂev')dw (4.18)
TR LT
WhBI‘E Br. - (Bi:, b Leth_ﬂg »->co in the abo?e o ualltles _we obia.m for
t jui -H’ ﬂ, VPGNE;: - : | ek o s ,.ri =r o g
oo '1.; i
0=, ﬁ,prcz‘fﬁ),ﬂ,ew (B""ﬁ).ﬁaﬁpﬂﬁ
- asmq*m Y

-g‘.fﬂw"a..pﬂswmawﬂmdw. - R e
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-

where B'f-(B“) . Deﬁne Fﬁ-Bm and K =F£E Then by Lemma. 1 iis fo‘iluws
qb(éﬁeﬁerazx D § x (4.15)"
Binoe Bg,— B, Qx,—Qx 88 y—>0. So we can opnolude that if gf:"EKer Qz. a-nd &>
a8 y—>oo, then ¢ € Ker Qx.

Now we seleat a unit veotor &7 in Ker Qr, for each »; then there exists a
'mnwgem‘; subsequenee of {fﬁ"}, @150 denoted by {@’} Noxt we seleot a unit veotor
45; in Ker Qg, such that é;, &3 are orthogonal. By the same a.rgumant there exists a
mnmgant subsequence of {$i}; also denoted by {833

ﬂoniunnjng with $hese steps,s we can get n(n+1)/2 convergent ﬂﬂquenm {é" },
m=1 2, <o, nulnd1)/2, smhthat.bhayaremorﬂmgﬂndbaamnfEe&'Qz ﬁet |

Dn =;5m4.ﬁ;., m=1, 2, -+, n(n+1)/2 o

Then &, ég, @,{.HW are i orbhogonal baals of Ker Qx. Thl:lﬂ if é E (EBIQE b i
and @"-—)@ then @6 (Ker Qx)*. From (4.8) and (4.10), we get ¢:-($) in (Ker Qg)*,

snd ‘$(0) =0 by (4.15). On the'pther hand, |$(@)]=1. They are eopiradictions.
Henea inequality (4.6) holds and so does inequality (4.5).

~Now weare ina position 4o prove inequalities (4.8) and (4 4) For eaoh K in
E;, et a:-=-9:m, and K = {mlm Gxz, Yo K%, where | |

+ " 3= (volume of R/volume of K), Ok~ *<6x<Oh™. - __(4,16)

Ther K is in Jg,,, by condition X3. Denoﬁe 2:(z) =v;(05 12). By inequalities (4.5)
wo have n g | _- fige ®

‘§1|3ﬂﬂ:+3ﬂﬂdmzﬁﬂs el ? la'.ﬂﬁﬂrl'asﬂﬁ‘viln.i’

<O(Camp)Oi™* §| EY(®) |o, E'Qoig_jllﬁﬁ () oz,
and
g | Hﬂ!"‘ Hﬂﬂﬂ n.ﬂ'"ag"m gl Hﬂ’f"" Hﬂﬂjlu.sf

-;09%**”’? | B4(5) ot < 00z Z’. | B¢ (w) |u.

<08 33 [ BY(9) fonx.

‘_'I‘hese are inequalities (4 3) a.nd {4.4). Lemma 2 is proved.
- Lemma 8. There ovisis a constant 0}0 éndepondent of F, K and h such thoi

glﬂsﬂ;—ﬂmwln.ﬂ%”“ g{lﬂ*é(v)lo.mﬂ(v)lw oA

m&fw all v én (ﬁ*(ﬂ))" hon F=EnK’ﬁs &% (n—i)—dﬁmméﬂomﬂfaoe of bath E
ME’MK;M

%

‘if . - ﬂEIﬂ,ﬂ;lmﬂoh”’ﬁ’lﬂﬂu)lm A ¥

M’fw all u Bn (Ht(g) ﬂ,Hn(gD' M,F"Eﬂaa i3 gn (n—l)-dmmw faos
of KEin Ky 7 |

-
b e
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 Proo f Let K- and, K DA n—ﬂlmPlaxes (or n—parallelotopes) with a
common (n— 1)—dlmens10nal face F. We define a space H(K, K’)m{(v,)lwe
I*(KUK'), v|g € H'(K), vs|xr€H’ (K'), and o; are continuous at the vertices
of F}.

a Fu‘st we have the cﬂnnlumon that for such two elaments there ens*l:s a mnstant
O(K, K), such that

% |Hnﬂ;-ﬂ;xrﬂfln.r'€0(1{ K’) Z.‘.UE"E(”) ln.r-i- ]Eﬂ (v) |o.xr} (4.19)

holds for all v in H(E E') In fa.a'b 1f .Er"]f({l) =0 and E¥%(v) =0, then H,xv; and
Il ;x0, axe. polynommls of degree not. greater than one by Lemma2.-On.the other
hand, ;x0s|y=Ixw;| r beosuse the values of I ,xvs| p and IT x| » at the vertices of
¥ are the same. It follows that inequality (4.19) holdas.

Secondly, we prove that the:re enm E consbant 0(&1, fﬂ) mdependant of K and
E’ 4 and @ ﬂuoh tha.t | |

;;wm,-ﬂmlu.,-qo(&, &) 3141540) o+ | BE(9)lox}  (4:20)

holds for ¢ in H (K, E’) and a.llE'andK’ Wﬁh the property that K has the same
volume a8 E does and hx"@fi, hz:ﬁf;, pxrkfn

. In order to get ifequality (4.20), we assume that it does not hold: Then for
v=-=1 2, - there exist K,, K, andw mH(E,,, EL), guch that

E'HFK-'UJ Hﬁ',‘l; Gflo. p,>l!;{|.E"i- (”')|o-#.+|Eﬂ;(ﬂ”)Io,x;, _ (4.21)

where F =K,NK" is an (n—1)-ditnensional face of both K, and Kj. .
If v€(Pi(K,UK.L))" is a rigid displacement, then Hﬂ‘v‘,lhmﬂﬂﬁ,h; and
BY.(v) =0 and EY,(v) =0 for 1<, j<n. 8o we can assume that

$@I\I.) € (Eﬁgz,) L. pe=l, D, s, (4.22)
H‘;Gx)lﬂ'l‘lg(‘i’“lrr ”ﬂ-“-—i Pﬂl, 2, g (4.23)“

From mequahty (4 21)_,r we denve tha.t inequahty
g|ﬂﬂﬁ("1|m“ ”:lr'.) lo.?>01' %{IEE ¢ lr.) lo.2+ IE‘ir(ﬂ\Izg)ln.i}
holds, where £ is a fixed (n-1) —dJmanamna.I Tnount R Henoce

(4.24)

Bmﬂarlyto the proof of L« '. 2 'ﬂg -“there oxish subsequences of the sequenoces

'{qb(w"lx,)}; {qﬁ(v |x;)}:~ {B;.} %H‘n} Q.enotqd_ ]:lkewise and 0, ¢’ in (H*(R’))'
mﬂ‘ﬂ mmmﬂml--_ _ aunh '

-y =7 L] * N e o ! - B0 i _,.1_ {il vag (4 %:}
18 *_;-L--}-; .‘i_!ﬁ. ;:‘-;'}: " -:'l.".!"ﬂ{-.:-.‘ -,L-__,. { e 2 .l- . \ﬂ;IB " : e a i
s N m Y o 1 r -_:- . z 1
B ; ':':.,:::I' i -J' o | . .
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Now define Fzs=Ba end F=B'z, and set K = FxK end K'=FpK. By the
same argnment ag in the proof of Lemma 2, we got ¢ (0) € Ker Qx and $(#) EKerQr
and $(8) =0. Sinoce $(¢") is in Ker Qx., H.20)|p are polynomials of degree at most
one. On the other hand, II 20, | and H,39,|» have the same values at the vertices of
P, and H,p0,|9=0; soll ggi?},.lﬁ=0. This means that é(v") =0. It is contradictions to
1d(5) 12+ |$(#") |*=1. Thus inequality (4.20) holds. |

Finally, for each two elements K and K'in K, we can prove that inequality
(4.17) holds in the same way a8 in the proof of Lemma 2. Similarly, we can get
inequality (4.18). o _ . |

Lemmad. |+|xéeanorm on U, and problem (1.7) has @ unique solution.

Prﬂﬂf. I+ suffices 0 show thal lf A;EU} H-Ild |ABIE=0 then ..‘.'1;,=0. Let
dy=Iw, vE€ (H*(Q) NH3(2))". From Efv=0, 1<i, j<<n and Lemmas 2 and 3, we

got g, an% ,
 OMT0,+8,Tx0=0, Moxvy—Ixvi]ox=0,
i<, j<n, K€K T
By ocondition 4) of the theorem and Lemms 3, if F=KNK’ is ah 13-
dimensional face of both K and K’ then O sl p=gvy|p, 1<j<n, and if

F=KN6Q is an (n—1)~dimensional face, then O gv)|#=0 and so I gv;=0 on K,
1<j<n. From {his we can conclude that I zv,=0 for j=1, -+, n and X in K,. This

means that II,w=0. |
I+ is obvious that a(-, ) is uniformly Us-elliptic with respeocl 10 norm |+|s; s0

the following inequality™

|Tu— 43| y<O{min|Tu~ 4] s+ sup 2L A —fAILL 429

O ApeUs I-ABIE

is uniformly true for all &, where O is a constant independent of v and A.
Lemma §. Thers ewisis o constant O independent of u and h, such that when u &8
in (H"(Q) NHi(@))", the inequality k
min | T Ay | y< O (¢l 0+A7 | rrs0,0} (4.27)
is true for all A. . | . | .
Proof. It is sufficient to show that there exisis a constani O independent of u, A
and K such thai |
T |eu(w) — BE®) 0. x <O Ul rar,x B el rsax}, 1<6, j<n (4.28)
hold for each K in K, and eech . And inequ;aliﬁeﬂ (4.28) ocan be obtained in a way

gimilar to that wsed in f[13. - - ;
Lemma 6. There eatsis a consian? C independent of u and h, suoh that .

Y |a(Tu, 4= F(4s) | <OUH ) viss 0B U fga,0} | Ao 2 (4.20)

hold for a® As€Usandh. - - - oobons Lo o
Proof. Let Ay=Iv end vin (H*(Q) 3.H3(@))". Notioing v is the solution of
problem (1.2), we have . ) S 7 |
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it S —1'--.--‘.

a(Tu, 4a) —"f(z@,,)_egj e o2 (Tu ) +OouW) 9o
> ‘%{j oy () [B4(0) — (BT m+a;H ) /2]dw |

o+, ou) roly+ LoV /2 -ds}
=3 3 cu 1B - (Ol xvy+0,lTx0) /2]dn
+I ﬂ'ﬂ(“) £(Hx"i"" Hﬂ.ﬁ‘”ﬁ)Nl'l' (Hﬂ!""ﬂaﬂi)NJ/?-'d@}

+3.3 [ out acndi,ds

Let Py: IA(K)—> P, (K) be the orthogonal pro]eohon operator in I2(K') sense and
Pp: I2(F)~> P, (F) the orthogonal projection operator in IA(F) sense when F is an
(n—1)—dimensional face of K. By cond.ltmnﬂ 2 and 3 of the theorem and equations

(2.1),we got
G(Tl-'w A) —F(4) =; g U [ou(u) — Pﬂ'ﬂfﬁ(“)] [E{(v) — — (B0 gos+ 0, gv) /2] do

'FJ [a-;,(u) ‘*Px'ﬂ'ﬂ(ﬂ)] [(ﬂﬂ;“ﬂ;ﬂs)ﬂi
+ (I — o) Nil/2 ds}

+2 ;_‘, FE]J [ous () —-Pfcru(u)]HsmN ;
interpolation theory't+®® and Lemmas 2 and 3, we can geb

a2, 40)~ -5 <03 (2, | B¥(o) [8.x) ’:'(g A2 g x)

<O 31K |ulnsa.ol Hao .

Using the

Hence Lemms 6 is true. | A 2
. We can immediately get the oonelumons of the theorem from Lemmas 4, 5 and 6

and inequalities (4.26).
Proof of the corollary. Using the classical duality argument, we have .

(;;[[u, (t?,?’ln)uﬂ ea;- gy lé(”’ (u;).,y;) /ighn’ .50

where(=, ») is ZA(@) inner. For esch g in (17(0))", am by .
| %G(H“(ﬂ)nﬂ (D))" bt
and q».eU..the solutloiis of the follGwing problemsmpeoﬁwlr 'y
' e e, Tep) makToY; Yo (HRE)Y - (4.81)
a(ds, @) =9(4s), VAEUs .in. - . L4.82)

a,} mwb&n L

Shere () = 3307, g Tor ACH Mohald VUV SERTE T S
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33— (s 9) = (T, Tgy) — g (4D
. _==r.z(Tu — A3, To,— ¢,)+3(Tu, @3)
| —f(gh) +a(di, To) —g(4),
| 33— )10 | <01 Tu 4151 Ty~ »
+1a(Tu, o) — F (@D | +1a(4}, Tp) ~g(4D].  (4.38)
Lot A3~ Iy, up,uﬂm_, for q, ¢ in (H*(Q) nH%(O))" We have R -
a(di, Top) —g (4D =3 g i (0u(p) B +00u(p) Tindda

..g, g{[ [a*;; (%) — EFH(‘PJ)]

% [BY (*v) (3:wa;+ a,m,) /2]@
+Lr[“"("’f) ~ Pgoy (9"#)] [(Hﬂr:: Hmw)N st}

- .1.; i.%_‘.l_ r;k-jf I;ﬂ';, (@,)— Pjo H(?l)]ﬂﬂﬂiﬂ- 4
Henoe »

64, Tg)~9(4D) | <Ohleslao (3 3, 124(0) — Ollxert ol o) /218x )

+0W g, 1ao {(F B oy~ Txult 5)

)

+§(r= n K |H5~E@J"‘.H;n‘r‘ﬂ5|ﬂ’r+ ; |ﬂmw,|u,,.)m}_

Using Lemmas 2 and 8 and inequalities (4.28), we get
IEE(”) e (Odl goy+8: M1 gv:) /2] 0,
- < | BY(0) ~eu (W) lo,x+| ey () — @il xts~+ 0l xvy) /20,x
+ | (3ﬂx(u—v)¢+3ﬂ 2(¥—9)5)/2]0,x

<IEE(U)—EQ(E)|0,E+U{hr’lﬂlnq.;[,r-l' E lE'-(‘l&) Ezm(ﬂ)lg,g} .

<0 {i lnn b ¥ st IE'“(ﬂ)*Bsm(ﬂ)lmx}

Iﬂx”f"-ﬂax’vila.mﬁ|Hx(ﬁ—ﬂ)1—ﬂar(ﬂ u):ln.ﬂ' _I s s s e 2T

- +|tﬁ:"ﬂxu;|mx+lﬂ; Hoxts|o,ox - __
s S <0{"”’ EllEt"'@-ﬂ)l.K+h"+m|“]n+ﬂ-§}
e g P CEF e
A2 i i -

e 3 IE"“(ﬂ) - ﬂh(ﬁ)ﬂ.r}&r 4
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lﬂam-ﬂmmslo.par.|ﬂ,x(ﬂ u),—Hﬂ,(ﬂ—u),[ﬂ_
o + [Hﬂu}—ﬂslu.r}' [H;x:u;—ujlu,,

<0 {hfl'l'u’ | U Il"'|,--l--:|.llb.E'l.lﬂ-.“‘I +hr.+af’ l ul ry43, KuK¥

» ’r.‘..

i 3 |Emﬂ-3m(“)|mxuzr}

L=t

andwhenF-Eﬂaﬂ B b |
|prﬁf|n.r'§0{kr‘+m [uly 1+1.:r+h"+mlulr.+a.x+h”’ Efil B (v) ~ 8u(u) lu';z}-

Lm=1
It follows thai tbe following inequalities *: I8 el i
|a (43, To,) —g(43) |<Uh]%‘=.n{h |u|n+1.a+hr'+1l“|r.+a.n+ITI&—A*IH}
s, e sy g T (4.34)

hold. Under the conditions af the uom]Jﬂrjr hha mtegera T4, T3 and 7 in the theorem
can be 1, Oandﬂreapeotwaly ‘Thuos in a similar way, we get

|a (T, ‘Pﬁ)_‘f(%)|<ﬂ(k"+1luln+=fn+h‘ﬂlm[,.l+ﬂ,g)(]T.;u, %|n+h|¢,|s.n)
Bolioe -5 o (Rl oy - e T
» IT?E ‘?’EIEQOM%Ia.m

- IT“‘JLIE‘QO{N‘[“lr;+1.n+h‘+1|u|r.+a.n+h"+1|“lr.-r-:.n}
'We can obta.m o -
3% oy (i ) |~co {hﬂﬂlulnﬂ.wg pes |l#|r¢+:,n}l%|a.n- (4.36)
Fma.]_ly,_ Webavp B f o

_ |¢FI !-Dﬁoﬂglm | ! £ | (4 .37)
8o the conclusion of the mro!la.ry ig true.

§ 5. Curved Elements for Secund—Order Bounda.ry Value Problems

Using the method of preceding sechons, we can easily gat sumla.r results for
second—order Houndery value problems, and these results can be generalized o the
case of ourved elements. For convenience we take tha Dmohlat problem of Poisson
equation as an, ﬁxampla to describe these resulis. *

Again, lei'Q2 be a bounded domain in R* with Iapsohltﬁ-mntmuous boundary
00. Set ILH*(Q) ={uw=(u° ul, -, u")lu‘GL’(Q), ¢=0, -1, »--; n}. For each v in
HY(Q), let To=(v, d1v, 2, 3.1:) “Then TTH(Q) is-a subspaoe of L12(0). To
describe the problem, we deﬁne & bﬂinea.r form a(-, -) and a linear form 3’( ) on

gpace IH3(Q) ss foHows: */ - . o eagile @
iy, ﬂ)—L} §de mu.;in Fv'(ﬂ), (5.1)
f(u)-= { fu'*dw, (16 L%’gn), ] (5.2)

where 7 is in I2(0). - TP TV g
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Let Uy be a family nf finite. d.lmensmna.l aubspams in L*2(Q) for. pa:mmater A
with A>0 and A-—>0. Consider the following variational problems: .

ueC Hi(Q), | a(Tuy, T*ﬂ) =f(Tv), VoEH}Q), (5.8)

€T, ﬂ(?-&h, o) =F(vs), V€Usn (6.4)

Weo want to use the solution s, ‘of problem (B.4) to approximate that of problem |

(6.8). In this section we will show how 1o construct U, with isoparameter quasi-
conforming element method and give the convergenoce GDnd_IthDE and error

estimates of solution .
Let K be a fixed n—simplex or u—reetangle For each %, let K, be a subdivision

of domain 2 with the following properties: i) ng K =4, ii) for each K in K,, there

exists a sufficiently smooth’ 111‘5‘;?31"’511313 map Fxi R —» K, guch that K = FgRK and the
Jacobian Jx of map Fx doaa 11015 vanish at overy o A in E’ and tbe followmg
inequalities are true:

ﬁ:th"ﬁ |7 &0, RS 02", _ ; e (5.6)
s Ii.n.xﬁugh'l | - (5.6)
lFxlz.mﬂﬁoﬂ =1, e, &, o (5.7)

where ¢; are pomhve eunstanm independent of K a.nd h, ¥ iz a suﬂieienﬂy large
integer, iii) let & be a face of K; we call F=FxF a face of element K. Then for

every two diffefent elements K and K’ in K » K [1K’ is either a face of both X and
XK' or an empty set, and when K [ K’ is not empty, we assume that K | K'= =Fg B
=F£rﬁ Hﬂd_FEI?=FEﬂIﬁ |

Now we consider the apprommatlon of fnneﬁmns on K. Let # be a positive
integer. First, we give two inferpolation operators Ip: H HE )—}L’(ﬁ' ) and II,g:
HY{R )—an-l}2 (aﬁ ) and n finite dimensional spaces N consisting of polynomials on
R, i=1, - n. Then define hnear operators Ix: H‘(ﬁ)—rl\ﬂf for 4=1, «-, n, such
that, for each % in Hf(K), ‘4 is determined b]r the following equations:

[ fmpiai= poeildi- [ apMyids, V€N, i1<i<n  (5.8)
Thus for « in HY(R), we use ITh# to approxzimate 2 (1<é<n) respectively (see

(1, 2]).
Secondly, we dsﬁne for each'y in H* (&), | LI
u(2) ==u(Fxm), vzER, | ' 15.9)
(%) (o) = (I38) (Fi's), V2EK, (5.10)
| (Ioxuw) (@) = (Tsgw) (Fr'e), V€K, (6.11)
((Hiu) () **r (qu) (ﬁ))"=(Jx’)((Hgﬁ) (Fx's), * (H}ﬁ) (Fia)",

X i e vec K, . (5 12)
where (JzT) is the Jambl matrix. of F“‘, Thus we obba.m linm-r operqiom II“E, H;x,

IIE, es, II% On H*(K) P P

}Tow we are in a pos1ﬁon 10 mnstruot space. Uy, Deﬁﬂe B hnear oyera.tqr II.'
H‘(Q)—rLl 7(Q) -asfollows: for each ¥ in H*(ﬂ)fﬂwﬂs defermined by - -
(Hnﬂ)‘|£=ﬂx(“|z), K€K,y ﬁﬁﬁﬁn. ; (5-.13)".-

Bet Ua=~ I (H*(Q) NH(Q)) dnd:thip is. what we'wand,
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In order to disouss the convergence conditions, we need more ahout
interpolation operators IIp and IHp. Leb G4, -+, Gu Do a group of polynomials
defined on K and gy, +-+, gu & group of functions in I2(8R), and let by, +++, Pu bo a
group of linearly independent functionals on H' (K), which are called the
para.met_erﬁ{ﬁf 3 and I .a. Assume that for each ¢ in _H’(;ﬁ ), we have’

. | | H§§=2$f(ﬁ)éf,"= H;ﬁé=é$;(ﬁ_)§;. . (5.14)
Then for each 'EE in H (K), denote | |
. B(@) = (@), -+r Sul@)- N

Lot Li bé the ‘dimension of N, and ohoose & basis of Ng. .Denote’ the coordinate
veotor of;E‘fE with regpeot to this basis by ﬁ,(ﬁ) , and define,

i an VR . E(@”(ﬁf(&): es, B:(é‘))r, L=§L€.". .
Then equations (5.8) become . AT o
' ApB(u) =Qad(4), | (6.15)
where Ag is a nonsingular L x L matrix and @¢ an LX M matrix.
- 'We define a semi-porm |«|; an L»*(Q) as follows: .

. Muli={ Blds, vueztr(@). (5.16)

In a way as used in preceding sections, we can prove ‘the following theorem.
Theorem. Assume that the following four statements are true:
1) the rank of matric Qp s M—1; = SR X
. 9) there emists an integer ri>1, ‘such’that, for p in P (R), O%p=p and
.2 p=5l.2, and y: H(R)—>IA(R) and Mgz H(R)—> I(2K) aro oontimuous
-y R A
8) there éwists @ nonnegative integer rs, such that, for each 4 én HHK), each

(n—1)-dimensional face F of R and each p in P, (F), the integration I ?ﬁﬂ puds can

be detormined by the parameters of 1I .00 at the interpolation points which We on P and
y 2 : -- . |
4) all the parameters o ILg are values of funotion and tangent.derivative, and
ITy has at least one énterpolation poni of fumcticn on each (n—1)—dimensional faoce
F, and II'y and Il,¢ belong to some affne family. Then the following two conchusions are

1. the problem (B.4) has & unigus solution u, and Hm|Tuo— up|1=0, and the

- | Pra= | <O |l nsniot B frolnsnot (5.17)
is true whew g 68 ¢n HT(Q) N Hi(Q), where O is a conslant independent of h-and Uy
Fnd r=max{rs-+1, ra-+2}; sy | : !

- I1. ¢f Q ds convew ‘and IOy H’(ﬁ)—rl’:‘(ﬁ’) -iawdfﬂgé":ﬂﬂﬂ(ﬁ)'—a- I2(8R) are
sontinuous, then there ewists a constant O indepondont’ of h and tg such . thai the
L3(Q)~ervor estimate . . Bl .5 a3 .Y ew BEEE, |
| [uo— ¥fo. 0 <O{A ol n. 0 -0 ttolrsnied -~ (56.18).

o
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Remark. First, the mechanical mesning of condition 1) in 'bhe theorem ig
that the states of the zero energy can only be the states of the rigid displacements.
Secondly, here we can get the convergence of curved elements only for elliptio
equations. To prove the convergence of curved elements for elastioity problems, we
musgt do further work. In this case, the difficulty is that the displacement on
element K may not be rigid when the energy is zero on K. We mugt seek for a new
way to reach this destinaiion. . ..

™
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