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Abstract

In this paper, a robust residual-based a posteriori estimate is discussed for the Stream-
line Upwind/Petrov Galerkin (SUPG) virtual element method (VEM) discretization of
convection dominated diffusion equation. A global upper bound and a local lower bound
for the a posteriori error estimates are derived in the natural SUPG norm, where the global
upper estimate relies on some hypotheses about the interpolation errors and SUPG virtual
element discretization errors. Based on the Dérfler’s marking strategy, adaptive VEM al-
gorithm drived by the error estimators is used to solve the problem on general polygonal
meshes. Numerical experiments show the robustness of the a posteriori error estimates.
Mathematics subject classification: 65N15, 65N30, 65N50.
Key words: A posteriori estimate, SUPG virtual element method, Convection dominated
diffusion equation, Adaptive VEM algorithm.

1. Introduction

A posteriori error analysis of the SUPG virtual element method in the context of stationary
convection dominated diffusion equations is studied in this paper. This kind of equations
have many important applications, including river and air pollution, fluid flow and fluid heat
conduction. Since the weak solution of such problems exhibits different types of layers, the
standard numerical method often leads to oscillations in the solution, if these layers are not
efficiently resolved by the mesh. Various stabilized schemes for convection dominated diffusion
equations have been developed, for examples, SUPG methods [15,24,31], discontinuous Galerkin
methods [20, 22], edge stabilization methods [25,27], and continuous interior penalty (CIP)
methods [16, 23].

Since the numerical solution obtained by the SUPG method is often accompanied by spu-
rious oscillations in a vicinity of layers, a posteriori error estimate for convection dominated
diffusion equation is necessary and meaningful. There were already a lot of works about this
issue. Verfiirth [33] derives a posteriori error estimates for convection-diffusion equations with
dominant convection and the ratio of the upper and lower bounds depends on the local mesh-
Péclet number. In [34,35], the robust a posteriori error estimates for stationary and nonsta-
tionary convection-diffusion equations are studied. All estimators yield global upper and lower
bounds for the error measured in a norm that incorporates the standard energy norm and
a dual norm of the convective derivative. Based on some hypotheses that relate interpolation
errors in different norms and the error of the SUPG approximation a robust residual-based
a posteriori estimates in standard SUPG norm is proposed for the SUPG finite element method
discretization of stationary convection diffusion reaction equations in [28].
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Recently, the virtual element method has become an attractive research topic as a method to
extend classical finite element method to general polygonal meshes. It has been used in a variety
of fields, such as discrete fracture network simulation, incompressible miscible displacements in
porous media, resistive magnetohydrodynamics and polycrystal composite materials. Since the
original introduction of [3], various problems have been solved by the virtual element method
so far, for example [1,2,5,10,18,26,37]. The VEM can handle very general polygonal elements
with geometrical hanging nodes, because we just treat the hanging nodes as new nodes. There-
fore, it is well suited to mesh refinement and adaptive problems, which can help us save a lot
of computational cost. For the development and application of the a posteriori error estimate
of VEM, a short representative list being [6,8,9,12,17,21,30, 36].

There are a few works on SUPG-VEM of convection dominated diffusion equations. Can-
giani et al. [29] first studied a non-consistent SUPG-VEM of convection dominated diffusion
problem. Subsequently, SUPG-stabilized conforming and non-conforming VEMSs are presented
in [11,13]. The robustness of a priori error estimates for these methods is proved for high Péclet
numbers. This shows the efficiency of the SUPG stabilisation. Recently, Beirdo da Veiga et
al. [7] discussed a robustness analysis of the SUPG-stabilized virtual elements for convection
diffusion problems. By slightly modifying the SUPG format of [13], they propose a new way to
discretize the convection term, which ultimately demonstrates the robustness of the parameters
involved in the convergence estimates without requiring sufficiently small mesh sizes.

The a posteriori error estimate of the virtual element method for convection dominated dif-
fusion equations was not reported up to now. Motivated by [28], in this paper we aims to derive
a robust residual-based a posteriori error bounds for the SUPG virtual element approximation of
convection dominated diffusion equation. Firstly the virtual element space with corresponding
degrees of freedom and SUPG-VEM formulation are introduced. Based the hypotheses between
the interpolation errors and SUPG virtual element discretization errors, a global upper bound
is deduced. Further, a local lower bound for the a posteriori error estimate is derived. Finally,
adaptive VEM algorithm drived by the error estimators is introduced and some numerical ex-
amples are carried out to verify our theoretical analysis.

The paper is organized as follows. In the next section, the model problem and the SUPG-
VEM formulation are introduced. In Section 3, a global upper bound and a local lower bound
for the a posteriori error estimate are derived in the convection dominated case. In the last
section we perform some numerical experiments to verify the theoretical results by using the
adaptive VEM algorithm.

Throughout the paper, for an open bounded domain E, we use the standard notation |- |s g
and || - ||s,z to denote seminorm and norm, respectively, in the Sobolev space H®(E), while
(-,")o.e denotes the L?(E) inner product. When E is the whole domain €, the subscript can
be omitted. For every integer n > 0,P,,(E) denotes the space of polynomials of degree at most
on E. In particular, P_,(E) = {0}. C is a generic constant with different value at different
places.

2. The Model Problem and VEM Discretization

In this section, we first introduce the model problem and polynomial projections. Then we
introduce the virtual element space with the corresponding degrees of freedom and the SUPG-
VEM formulation of problem is given. Finally, we give the relevant knowledge of the SUPG
stabilization parameter 75.
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2.1. The model problem

In this section we consider the following problem:

{V-(sVy)+ﬁ(a:)~Vy+5yf in Q,
(2.1)
y=20 on I,

where 0 < ¢ < 1 represents constant diffusion coefficient, f € L?(Q) is the volume source
term and ¢ > 0 is a constant. We assume that 8 € [WL (Q)]? with V- 8 = 0 is the transport
advective field and Q C R? is a polygonal domain with I' = 9Q. Consider the bilinear form
A: H}(Q) x HY(Q) — R defined by
A(w,v) = (eVw, Vo) + (8- Vw,v) + (dw,v), Yw,ve Hi(Q),

and the linear functional F : Hi(Q) — R defined by

F(v) = (f,0), Yo e HA(Q).
The variational formulation of (2.1) reads as: Finding y € H}(Q2) such that

A(y,v) = F(v), Yov € Hg(Q). (2.2)

The bilinear form A is coercive and bounded, and the variational problem (2.2) has a unique
solution in view of the Lax-Milgram lemma.

2.2. Virtual element space

Let 73 be a family of decompositions of the domain € into non-overlapping polygonal
elements whose boundaries are not self-intersecting. The maximum diameter of element F is
denoted by hg and h = supgcr, he. We further assume that OF denotes the edges of E €7},.
OF is made of a uniformly bounded number of line segments, which are either part of the
boundary of € or shared with another element in the decomposition. Sy is the set of edges s
of Ty, which is subdivided into the set of boundary edges Szdw ={s €8 :5CIN} and the
set of internal edges Si" := Sh\S,Iszy. The unit outward normal vector to OF and the length
of edge s are denoted by nf and hg, respectively. We make the following assumption on the
mesh for the theoretical analysis.

Assumption 2.1 (Mesh Regularity, [17]). We assume the existence of a constant p > 0
such that

o Every element E of Ty is star-shaped with respect to a disc of radius bigger or equal
to phg.

o For every element E of Ty, and every side s of E,hs > phg.
Forme N;g=1,...,00, and any E € T3, we introduce the following space:
W (Th) = {v e L*(Q) st. v|ge W](E), VE €Ty}

equipped with the broken norm and seminorm

||’UH(IZ/V;"(T,I) = Z HU”?/V’;?L(E)’ |U|(IZ/V;"(T}1) = Z |’U|l11/[/qm(E)a lf 1 S q < o0,
EcTy, Ec€T,

[vllwe (7, = max vllwa (), [olwmz,) = max [vlwem (), i g=oc.
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We set W3*(Tn) = H™(Tp) and W (Tn) = L4(Ty).
To define the virtual element space the following polynomial projections are defined [10]:

e The L2-projection I19 : L?(E) — P, (E), defined by
(@nsv)o.5 = (a0 110) Vv € LX(E), g € Pu(E)
with obvious extension for vector functions 12 : [L2(E)]?> — [P.(E)]?.
e The H'-projection IIY , : H'(E) — Py 41(E), defined by
(Van+1, Vo)o.g = (an+1,VHZ+1v)O7E, Voe HY(E), qn€Pnyi(E)

plus (to take care of the constant part of ILY, ;v)

1

—_— vds.
lOE| Jop

1
Y, vds = ——
i 0E] Jor

Then following [1] the local virtual space of order k > 0 is defined as follows:
VE, = {uh € Vi : (o, p)o.p = (Y 0n.p), . Vp € ]P’k(E)/IP’k_Q(E)} , VEET,

where

ViE, = {vn € HY(E) : vplor € BL(OE), Avy € Pr(E)},
By (9E) = {vn, € CY(DE) : ups € Pi(s), Vs C IE}.

The global VEM space V}, j, is defined by
Vi :={on € H}(Q) :vplp € Vi3, VE €T}
For the selection of degrees of freedom and the more details about the practical aspects of the
implementation of the VEM, we can refer to reference [1,4,18].
2.3. SUPG-VEM formulation

Set
Vi={v € H(Q) :v € H*(E), VE € Th}.

We define the bilinear form Agyp, 1 V x H} () = R

Agupg(w,v) 1= a(w,v) + b(w, v) + c(w, v) + d(w, v),

where
a(w,v) := Z (eVw,Vv)o,g + (8- Vw, B Vv)o.g),
E€T
bw,v) i= 5 [(B Vw,v) — (w,8- V)l = 3 3 (8- Vwoho.p — (w, 8- Volo.e],

E€Ty,

c(w,v) := Z (dw,v+ 1B - Vv)o.E,
EeTh

d(w,v) := Z —Tre(Aw, B - Vv)o.E.
EcTh
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Remark 2.1. Here the form b(-,-) is rewritten as the skew-symmetric part, which is a useful
step in order to preserve the coercivity of Ag,pg at the virtual discrete level, independently of
the mesh size (see [7,18]).

Furthermore, let Fyypg @ HJ(£2) — R be the linear functional given by

Fsupg(v) = (f,’l)) + Z TE(faﬁ : Vv)O,E-

EeTh

Then the SUPG variational formulation of problem (2.1) reads as: Finding y € V' such that
Asupg (Y, V) = Foupg(v), Vv € HYHRQ). (2.3)
The SUPG-stabilized virtual element approximation of (2.1) is to find yp, € V},  such that
Asupg.h (Y, vn) = Foupg,n(vn),  vn € Vi k- (2.4)
Here Agypg,n and Fgypg p are defined as follows:

Asupg,n(Wh, vp) = ap(Wn, va) + b (W, va) + ch(Wh, va) + dp(wn, vn), Y wh, vn € Vg,

where
ap(wp,vp) = Z af (wp, vp)
EcTh
= ((5H271th,H271Vvh)O,E+7-E(ﬁ.Hgilvwhﬂg.ﬂgilvvh)oﬂ
EeTh

+ (= meAR)SE((1 =TI Ywn, (1 - 117 Jun) ).

b (wp,vp) == Z by (wh, vp)
EeTy,

1
= Z 5((5 : vngwh,ngvh)w — (ﬁ-vnguh,ngwh)w
EcTh
+ / (8- nE) (I—Hg)whﬂgvhds—/ (8- nE) (I—Hg)vhﬂgwhds) ,
OE d

ch(wp,vp) = Z cf(wh,vh)

E

EcTy,
=y ((mgwh, v + 76 - TR Von) ) 5+ 887 (1= TR)wn, (I — Hg)uh)),
EcTy,
dh(wh,vh) = Z df(wh,vh) = Z 7TE(V~ (51‘12_1th),[~3 . Hg_lvvh)O,E.
EeTh EeTy

Here, for each element E € T},
Be = 1B(@) (L= (k)2
Following [17,18,21] the local VEM stabilization term SE Sf Ve X Vi = Rin af(wh,vh)
and ¢ (wy,, vp,), respectively, must satisfy the following properties:
col| Vurllg z < SF (vn,vn) < 1| Voulg g, Vo € kerITy

c2llonlls g < Sy (vn,vn) < esllonllf & YV € kerlI, (2.6)
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where cg, ¢1, co and ¢3 are positive constants independent of h. According to [17,18,21] a possible
choice for SZ and S is given by

% (Un,wh) Zxr wn)Xr(Vn),

Ng
SE (v, wn) = b > xr(wn)xr (vn),

r=1

where Ng is the number of degrees of freedom on the element £ and y, is the operator that
selects the r-th degree of freedom. The discrete right-hand side is defined as

FSUP% Z supg, h Z (fa Hgvh)oﬁE + Z TE (fa B : Hg—lvvh)oﬁE
EcTy, EcTh EE€Th
Following [11,13,28], the local SUPG parameter 7 is chosen as

e 85 "%0Be’ 0 |~ 200Bm '

in the convection dominated case. Here C; € (0,2) and & = max{k,C?,,} are user-chosen
constants, where Cp,; is a constant defined below in Lemmas 3.5 and 3.6. C,f is the biggest
constant number satisfying the following inverse inequality [11,13]:

leh HAvhHo g < ||VUh||0 gy Vup € V}fk- (2.8)
According [13], the mesh Péclet number

CEBgh
P., = % > 1

of element F is introduced and K,, := 285C,/(hgd) is the local Karlovitz number, i.e. the
dimensionless parameter associated with each mesh element E. Then 75 can be redefined as

TE = min{PeE(So,l,KaE(So}. (29)

he
2000k
3. A Posteriori Error Analysis

In this section we first introduce some useful properties and assumptions. Then a global
upper bound and a local lower bound for the a posteriori error are derived.
3.1. Some properties and assumptions

The usual local norm introduced in standard SUPG theory [24] is given by
12
HU}LHsupg E - EHV’U}LHaE + TE”B : vvhHg,E + ||52’Uh||0,E

for any v, € H'(E) and the global standard SUPG norm
||vhHsupg . Z ||vhH§upg,E

EeTh

for all v, € H*(2). The following lemma gives the approximation properties of the projections
9, T1° and IIY.
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Lemma 3.1 ([5,10]). Given E € Ty, let ¢ and ¢ be sufficiently smooth scalar and vector
valued functions, respectively. Then, it holds, for all n > 0,

le—100|,. » < CHE g, O<m<r<n+l,
le =]l o < ChE " l@lre, 0<m<r<n+l,
le =T @l p < Ch "lelrp, 0<m<r<n+l, r>1,
where C' > 0 only depends on the shape-regularity parameter p in Assumption 2.1 and k.

Lemma 3.2 ([30]). Under Assumption 2.1, for every v € H'T"(E) with 0 < r < k, there
exists v € Vi, and a constant C' > 0 such that

v —vrllo,5 + helv —vil1,e < Chy " |v)14rE-
Lemma 3.3 ([19]). Under Assumption 2.1, the following inverse inequality holds:
IVonllo,z < Chi'llvnllo.s: Vo € Vi,
where C' > 0 is a constant independent of h.
The coercive proofs of Agypg,pn and Ag,pg are given below.

Lemma 3.4 ([7]). Under Assumption 2.1 and in the case of convection dominated regime, i.e.
TE satisfies (2.7), the bilinear form Asupg.n satisfies for all vy, € Vi, 1 the coerciveness inequality

Asupg,n (Vs 1) = Cllon|lupg0
where C' is a positive constant independent of h, 7g, Bg and €.
Proof. We introduce a local SUPG VEM norm
lonl3upe = el Vo3 z + 7ol8 - T, Voull; , + 7683 | V(1 = 1Y Jun|;
(62 11on g g + (6% (1 = 112 on | -

Then, following [7, Proposition 5.1], we can prove that Agupg n(Vn, vn) > ||vnllsupa and || - ||supg
can be controlled by || - ||supc. The coercivity can be obtained. O

Theorem 3.1. Define z :=y —ypn,y € V is the solution of (2.3) and y, € Vi is SUPG VEM
approzimation computed by solving (2.4). Then the bilinear form Asupg satisfies

A (2,2) c(uniupg S Al - Y rEszhg2|v<y—y1>||aE),
EcTy, EcTy,

where C' is a positive constant independent of h, Ty, fr and €, and yr € Vi, . is the interpolant
of y satisfying the bounds of Lemma 3.2.

Proof. By the definitions of a(-,-),b(-,-) and ¢(-, -), we have
a(z,2) =¢|Vzlloo+ Y 7818 V25 8
E€T,
b(z,z) =0,

c(z,2) = H(S%ZH?J,Q + Z TE(02,8-V2)o.E.
EeTh
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Using (2.7), the Cauchy-Schwarz and Young’s inequalities we find that

Z T5(02,8-V2)o.E

EeTh
< > b [are], I8 - V2

EeTh

1)
< 3 (ol + Ele- ValRe)
E€Th

Cric1
< ¥ (G650 o+ 8- VoI s ),

EeTh

0,E

which implies that

2
0,E

Cr i
> (62,8 Valor > —Zod2]2, 3 EY8- v
E€Th E€Th

For the last term d(v, v), using the Cauchy-Schwarz inequality and Young’s inequality, we obtain
1
Z TEE(AZ,ﬂ . VZ)O,E S Z TEEQHAZHg,E + Z Z TEHB . VZH(%,E (31)
EcTy, EcTh EE€Th

For the first term on the right-hand side of (3.1), adding and subtracting y; yields

> el Azg e <2 Y e (1AW - y)l5.e + 1AW —yn)ll55)-
EeT, EeT,

From the inverse estimate (2.8), adding and subtracting y, and (2.7), we infer

> 2rpe®||Alyr — yn)l3 5

EeTh
_1 _
< Z QTEEQ(CE) hEQHV(yI_yh)H%,E
EeTh
<4 2(CEY ' h2 (|| V|2 Yy — )l
<43 e (CF) TR IV o + IV — )3 )
EeTh
1 -1, _
< §€||VZ||3,Q+4 > e (CF) T hE IV — )l e

EcTh

We further get

— Z Tre(Az,B-Vz)oE

EcTh
1
> -2 1e’|Aly—un)l5s - elV=lG.0
EcTy,
-1, _ 1
—4 Y e (CF) T hE IV —ynlse - 1 > 78lB8- V(5 5
Ee€Ty, EeTh,

Collecting the previous bounds, we obtain

1 1 2—Crp.1 2
Asung(0.0) 2 5[ Volld o+ 5 D 7ol 8- Vollf 5+ =5 [0%0]l5
EeTh
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1. _
=2 | A —yDld s —4 Y e (CF) hE IV —ynld &

EeTh EcT,

. 2 —

> mln{ }| WZupg =2 D> o7 IAW —yD)5 5
EeTy
—1 _
—4 Y e (CF) hE IV — unllt e
EeTy,
The theorem result can be obtained. O

For the additional terms in Theorem 3.1, we have the following analysis.

Theorem 3.2. We have the following approzimation property for all y € H(2) N H™TH(Q),
0<r<k:

Yl —yn)lld s <C Y PLBehE  ylii e

EeTy, EeT,

where C' is a positive constant independent of h,7g,e and Bg.

Proof. The triangle inequality, Lemma 3.1, and the inverse inequality (2.8) yield

1 1 1
e AW —yo)llo.e = 73 || Ay = IRy) |, 5 + e[| ARy —y) [l 5

1 1
< eri|ly = 1yl + =75 (CF) 2 [V (1 = wi) |
< Cerihiy Hyllsr p + e (CF) ity — wr ), .

Using (2.7), we further have

E€Th

<C Z e*rphy~ 2||y||r+1E+ Z EQTE(CIE) 2||Hky yf||1,E
EeTy, Ee€T,

=C Z Behy T Pyl s + Z &7 Ck) hg? MRy — yIHlE (3:2)
EeTy, EeT,

The last term can be estimated using the Lemmas 3.1, 3.2 and (2.7)

2
> Sre(C8) he My — i),
E€Th
1,
<23 Prp(CF) h |y — |} o +2 > 2re(CF) T hEly — il g
EeTh, Ee€Th
<C Z P2 Behy Myl e
EeTy,
Substituting this estimate into (3.2) leads to the theorem result. O

To derive a robust posteriori error estimate we need to introduce the following assumption,
which is also used in the SUPG finite element framework in [28].
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Assumption 3.1. Let y € HY/(Q) N H™ Y (Ty), f € H"(Tn), B8 € WL(Tn)]?,0 <r < k, and
yr € Vi be the interpolant of y satisfying the bounds of Lemma 3.2. The interpolation error
y —yr are assumed to be bounded by the error y — ypn

> 5y = willd 5 < Clly — ynlupgs

EeTh

Z TEH/G : V(y - yI)' (%,E < CHy - yh”iupg’
EcTh

3 <ﬂw )3 ||yy1||3,s) < Clly = wll%y,.
EeTy, sCOE

where wp == {E" € Ty, : u(0E N OE) # 0} is the patch made up of the element E and its
neighbours, and py is the one-dimensional measure. B, = ||B/[Lwg)z- C > 0 is a constant
independent of the mesh size h, 7 and .

Remark 3.1 (Discussion of Assumption 3.1). Assumption 3.1 is only needed in the con-
vection dominated case. In [7], under the above data assumption a robustness analysis of the
SUPG-stabilized virtual elements for convection-diffusion problem is discussed and the optimal
order of convergence is obtained, i.e.

||y - yh”iupg = O(hQTJrl)‘ (33)
Through a similar analysis, this result is also true for the convection-diffusion-reaction problem
in our paper. Using the optimal choice Tz = O(hg) of the stabilization parameter, as given
e.g. by (2.7), one gets from the interpolation estimate Lemma 3.2

Y mtly —villd s = 0¥,

EcTy
> 18-V = unlls e < 1Blfcrye D mIVE -yl s = OB,
EeTh EeT,

By the trace inequality [14], we have
lwll§,« < C(hE" |wlE & + helVwl k)

for w € HY(E), and Lemma 3.2, we have

5 (5e X w3,
sCOFE

E€Ty,

< ClBlw=cmye Y- (kg ly = will} 5+ hellVy =yl £) = O,
Ee€Th

Hence, all terms in Assumption 3.1 are of the same order with respect to h, i.e. O(h?"*1).
When there exist sharp boundary or inner layers in the solution, the numerical results obtained
with the SUPG method are generally not perfect because there are often spurious oscillations in
a vicinity of layers. In contrast, the interpolation y; of y is exact at the mesh nodes, which can
ensures that Assumption 3.1 holds since the there is no spurious oscillations in the interpolant
justifies.
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The following results which establish standard estimates for bubble functions will be useful
in what follows.

Lemma 3.5 (Interior Bubble Functions, [17]). Let E € T;, and ¥y be the corresponding
bubble function. There exists a constant Cpyp, independent of hg such that for all g € Pr(E),

qﬁwﬁygéwM%xsawmﬁﬁ
Cidlld

Lemma 3.6 (Edge Bubble Functions, [17]). For E € T, let s C OF be a mesh interface
and U4 be the corresponding interface bubble function. There exists a constant Cyyp, independent
of hg such that for all g € Py(s),

0.2 < IVEqllo,e + hel|V(¥Ed oz < Couwllalo,z-

qwm&s/wﬁws@mw&,

S

_1 1
h* [1¥sallo,z + hplV(¥sq)l

0,F S CbuquHO,s-

3.2. Upper bound

To illustrate the impacts of data oscillation, piecewise constant approximation of 3 is intro-
duced: B;, ~ B. For quantities which may be discontinuous across the mesh skeleton, the jump
operator [-] across a mesh edge s € Sy, is defined as follows. If s € S/, then there exist ET
and E~ such that s C 9ET NOE~. Denote by v* the trace of the vector-valued function v|g+
on s from within E* and by n¥ the unit outward normal on s from E*. Then,

[v] :=v" - nf +v -n.

If s e Szdw, then [v] := v - ng, with v representing the trace of v from within the element E
having s as an edge and ng is the unit outward normal on s from F.
Recalling that z =y — y;. Then, we have the residual equation

Asupg(za U) = (fa U) + Z (fa TE/B . v/U)O,E - Asupg(yha )‘) - Asupg (yha v — )\)
E€Ty,

= > (fotmeB-Voorp — Y (FIRA+768-TR_,VA), 4

EeT, EeT,
+ Asupg,h(yhv )\) - Asupg (yh; )\) - Asupg (yhv U= >‘)

_ Z (ffngfv)\)O,EJr(f,vf)\)aL Z TE(fﬁfﬂgfl(fﬂ),V)‘)o,E

EeT, Ee€T,
+ Z TE(f/Ba Vv — V>‘)O,E + Asupg,h(yhv >‘)
EcTy
- Asupg (yha )\) - Asupg (yh) v — )‘) (34)

for any A € Vj, x,v € H} (Q).

In order to obtain a computable error bound, we estimate each term on the right-hand
side of the above residual equation separately. By applying integration by parts to last term,
we have

Asupg(Yn, v — A) = Z ( -V 5H271Vyh +08- H271Vyh + 6y, v — )\)O,E (3.5)
EeTh
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+ > /5[[H2_1Vyh]] (v=Nds+ Y (e(I-TI}_)Vyn, V(v - N)o.x

seSy S EeTy,
+ > (B (I =T )Vyn+ (I =)y, v = A
EeTh
+ > (= Vel Vyp + BT Vyp + 51y, 768 - V(o = V)
EE€Th
+ > (Vee(M)_, = DVyn + B (I =T _)Vyn + (1 = 1)y, 7B - V(v — A)o.5-
EeTh

Using (3.5), (3.4) can be rewritten as
Asupg(z,0) = 3 ((RE,U ~ A+ 7B V(0= N) p+ (00— A+ 756V -N),
Ee€Th

+ B (yn, A — v) +Bf(yh7>\*v))

e A =t X ((F -1 N) g + 7 (fB - T, (1), V), )

SESh E€Th
+ Asupg,h (Yn, A) = Asupg (Y, A) (3.6)
for any A € Vj, x,v € HJ (), where
Rp = () f + VeIl Vy, — By, - IL_ Vyn — 6w |,
Jo = e[, Vyn] s,
Op = (f —T0f = (B—By) T Vun) |k
are the element and edge residuals, and the element data oscillation terms, respectively
BY (yn A —v) := (e(I-TI_1) Vyn, VA = v))
+ (8- (I-I0_) Vyn+8 (I-11) yn, A = v) s
BE(yp, A —v) == (V-e()_, — I)Vy, + B (I-II,_,)Vy
+0(I-11) yp, TEB - V(A — v))O,E
are the virtual residuals.

Theorem 3.3 (Upper Bound). Let y, € Vi, and y € V be the solutions to problems (2.4)
and (2.3), respectively. Then under Assumptions 2.1 and 3.1, there exists a constant C, inde-
pendent of the mesh size h, the SUPG parameter g and the diffusive coefficient € such that

1y = Unll2upy <C Y- (07 + 07 +EP + UF 4 15| Ay — y1)II5 &

EeTh
+ 7 (IV(y — y0)l§ &), (3.7)
where
n” = 1elRelg s+ Bop Y 176050
sCOFE

07 = 1p|0sl3 5+ (67" +78) | f = TS|l + B> (7o +07Y)||£B = T_(fB)]|; -

2P = 07185SE (I =10 )yn, (I = IR Yyn) + 0S¢ (I — ) yn, (I — 1Y) ya),
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and UF encompasses the virtual inconsistency terms, defined as the sum of
B (re + 07 [|(1 = 109_,) 88T T, V|
(72 + 07 [|(1 = T) 8 - VIR [ -
85" (720% +0) || (1 = 1) R85 -
T,%E}](I—Hg,l)(v-H2,1Vyh),6H§ﬁE.

Proof. Let zr € Vi, be the interpolant of z that satisfies Lemma 3.2. We have

z2—z1=Y—yn— (Yr —yn) =y —yI.

Setting v = z and A = z; in (3.6), from Theorem 3.1 we have

Cllel2upy < Asupg(z:2)+ Y AW -y e+ Y TehG IV — y0)|3 6
EeTh Ee€T,

= Z ((RE,z—zI—l—TE,B-V(z—zI))OyE+(HE,z—zj—l—TE,B-V(z—z]))OE
E€T

+ BY (Yn, 21 — 2) + BY (yn, 21 — 2) + (AL n (s 21) — ALy (un, ZI)))

+ Z(JS,Z] 08+ Z (f ka,Z[ 0E+TE(fﬁ H (fﬁ)’vZI)O,E)

SESy EcTh
+ Y Ay -y e+ Y Tee?hE IV (Y — yn)llS 5
EeTy, EeTh,
8
=Y Mi+ > Ay —y)lf e+ D mee’h IV - u)lf 5
i=1 EeTy E€Th

By the Cauchy-Schwarz inequality and Assumption 3.1 we have

My < > IRgllo.e(lly — villos + 718 V(y = yo)llo.z),
E€Th

< c( ) TEHREH%,E) ( S (5 ly— vl relB- V(- y1>|3,E))

EcTy, EcTy,
1
2
< c( 3 TEHREH%,E) E.
E€T,

Similarly, we have the estimate

1

My < C( Z TE|9E||(2),E) 2 supg-

EcTh
Note that
[Von =Ty Vonfy p = [|(1 =T _0) V(I =T )on [ 5 < [V =T )on [
0= 1)unly = (2 = 112) (2 =115 o < (12 = T Yl )
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By Assumption 3.1, (2.5), (2.7), (3.8) and Lemma 3.2, we can bound M3 as follows:

Ms< ) (EHV(I 1) ynllo 5V (21 = 2)llo,5 + Bel|V (I = I )ynllo gllyr — yllo.
EcTh

0l (=12l g s vl )

1
2
<( Z AVl ) 190+ (X el v -1l )

N

EeTy, EeTy,
1 1 1
2 2 2
x ( S 75ty —yuaE) n ( 3 62m\r<f—n2>yhu§£) ( ) Tgwm—yuaE)
EcTy, EcTh EE€Ty

< Ol ( 2 (e ) SE(r -1 (1))

EcTy

-~ ( > P7eSP((T—107)yn, (I—Hi)yh))j

EeTh

< Ol 3 ((e4872)SE (-0 e (1115 )n)

E€Ty,

1
2

2 SE (1=, (I — ng)yh))) |

Using the same computations and inverse inequality (2.8), we can also infer

M < el (3 (6 Bre) SE((T = 0Ty, (1~ 17 )
EcTy

2 SE (1 — Ty (1 — ng)yh))) "

Since the estimation of M5 is cumbersome, we do this work at the end. Applying the Cauchy-
Schwarz inequality and Assumption 3.1 one obtains for Mg that

My < S W allonllzr — 2llon < 3 (Z ||Js|o,s||zf—z|o,s)

SGS}L EGTh sCOF
} 3
<y (( 5 |Js||%,s) (Z ||yf—y||§,s) )
EeTy, sCOFE sCOFE
1 1
2 2
(T X 1) (X (s X lu-uit))
EeTy sCOFE EeTh sCOFE
1
2
§C< ) <ﬂw,§ ) ||Js|3,s>) T
EeTy, sCOE

We use Lemma 3.1, Assumption 3.1 and (2.7) to find that

My <C S F =101 pllzillo.n
EeTy,

1 —1
< C( > el =l o7e = wlop + > 1 =TSy plly —yhuo,E)

EcTy, E€T,
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< Ot ( 30 vl -misli) 4 (5 ol ) )
EeTy, EeT,

sc||z|supg(2<m+6 7= HfHOE)-

EecTh

Employing Lemma 3.3 and Assumption 3.1, we obtain

MS < Z 7-E'Hf/@ _Hgfl(fﬂ)HQEHVZIHO,E

EcTy,
<O N 7|8 -1 (18)||y whi (lyr = vllo.e + Iy — wnllo.)
EeTy,
=0 (( 2 TE/?EQHfﬂ—Hz_Afﬁ)Hi,E)2|y—yh||8u,,g
EeTy,

e (3 a0 1908 ) -l

EeTh

=

< O|z||supg( > ﬂEQ(TEM—l)HfﬂH21<fﬂ)\!§,E) :

E€Ty,

Finally, we turn to the estimate of Ms, i.e. Asupg,n(Yn, 21) — Asupg (Yn, z1). From the properties
of the L2-projection, (2.5), (3.8) and Lemmas 3.1-3.3, we arrive at

an(Yn, zr) — a(Yn, 21)

= 3 (S~ D)V )y o+ 4 7B SE (L T Y (1 TIF)21)

E€Ty,

+ (BT Vi, B+ (T, — 1)V2r),  + 76(8 - (M, — 1) Vyn, B V2r), )

<O Y (el y = DYyl pll Varllos +72(8 - (I, =) Vo 8- V2r),
EcTh

+ (e + 7eBR) ST (LT )yn, (1 = 07 )yn) (| V(1 = 107 )24,
(1= T0_,) BT Wy, (T, — 1) V21),, )

< C(( ST E2SE((1 -1 Yyn, (I - Hkv)yh))%IIVleo,n

EeTh

+ > meBEST (I =1 )yn, (1107 )yn) *h

EeTh

1
2p

w (lvr = yllo.z + lly = ynllo,x)

+ Z TEH (I - H2—1)55TH2—1Vyh||O,EhEI(HZH —Yllog + |ly — yh|0,E)>
EeTy

<o(( 3 #1010 19))) el

EeTh

Nf=

# (3 (e + 58 SE (=T s (7= 1)) ) =

EeTh
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-

+ < Z ﬂEQ(TE +51)||(IH2—1)ﬁﬁTH2—1vyh”(2J,E) ||yyh||supg>

E€Ty,

< C||z|supg< Z ((e +heBe +0718E)SE((I — TV )y, (I — I )yn)
EeTh

+5% (re + 67| (1 - T80 I, ) )

From the definitions of by, (yn, zr) and b(yp, z5), we have

bu(yn, z1) — b(yn, 21) = %< Z (B VH%yh,HQZI)QE - (B vyh;ZI)O’E)

E€Ty,
+ % [18 - gyaaas)
seSy s
1
+ 5( Z ((yhvﬁ ‘ vZI)O,E - (Hgyh’ﬁ ‘ VH%ZI)O,E)
E€Ty,
-3 [ 101 - 1)=r]as
seSy s
1 1
=: 5[)1 + 5[)2

Next we estimate by and ba, respectively. From [14], we have the following inequality:
HVH%HO,E < ClIVéllo,e (3.9)
for all ¢ € H'(E). Therefore, using (3.9) and the triangular inequality, we further infer

IV T =12)wnllo = V(T =) (7 =T )l
< v =m0 wmllo.p + VIR =Ty lo 5
<2V = 1Y) ynlly p- (3.10)

Then, by applying integration by parts, the properties of the L2-projection, (3.8)-(3.10), Lem-
mas 3.1, 3.3 and a scaled Poincaré inequality we deduce

b= ((ﬁ VIRyw, 21), 5 = (B Vs zn)os + (8- V(L = I})yn, Rzr) o
E€Th

+ (=), B VIT21), 1)

= > (1= 1) Vit (1 = 1)21) o + (8- V(1 = 1)y, (1] = 1) 1),
EeTy,

+ (1= 119)yn, B- VIz1), 1)

<0 Y (I -12)8- T8yl herllo.s + bV - )], 51Vl s
EcTh

+ ﬂEH (I - Hkv)tho,EangzIHO,E)

<03 (Il -1)8- V11ully o (llvr — vllo.s + ly — wnllo.)
EcTh
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+ B8V (I =10 ynl|o 5 (lyr = ylloz + lly — yh||0,E))

1

< Ol ( 3 o571~ W05 w1

EeTh

(X (w407 - 1T <I—Hz>yh>)%)

EeTh

< CHZM,,Q( S (e +07 )| - 18- VI,

EcTy,

W=

+ B (re +071) 83 (1 = TR Jym, (T - H;Y)y@)) :

Using the same computations yields

b = el 3 (5o 87)SE (0~ o (- )

EcTy,

W=

+ (07 )| - 1) 8- VH%th;E)) '

We may bound the term by (yn, 21) — b(yn, z1) by combining with the above two estimates.
From the properties of the L?-projection, Assumption 3.1, (2.5), (2.7) and the definition of
norm || - ||supg we deduce

cn(Yns z1) — c(Yn, 21)

= Z ((5([ — 1)) yn, (I} — I)ZI)OE + 75 (61yn, B - (Hg—l - I)VZI)O,E
E€T,

+ (8 = Dy, B+ V1), + 858 (1= 1)yn, (1 = T10) 21))

<C Z <5H(I - Hg)thmEHZIHO,E + TE5||(I - Hg—l)ngyhﬂno,}a”(ﬂg—l - I)VZIHO,E
EcT,

70| (-1l 118 - Vel + 05 (T-T) g, (T-T1R)3n) ¥ [ (T-T11) 24 | )

<o (3 ot -1l ) o= il
E€Th

2
(3 (w0 + )1~ )10 ) = ol
EeTh

2

T ( S (w0 + 6)SE (1~ )y, (1n2>yh)>|yyh|mg>

EcTy,

< Ol 3 (o6 +3)5E (0~ o (1 - W)
EeTy,

=

+ 85 (red” +0) || (T - H%—I)HgthBHz,E)> '
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For the last term, using the properties of the L2-projection, (2.5)-(2.8) and (3.8), we derive

dn(yn, zr) — d(yn, zr)

= (TEs(v (I =T00_,)Vyn, B+ Var), p + pe(V - TI)_ Yy, B (I - Hg_l)vzf)w)
EcTh

=C Z (TEEﬂEhJ_EI(CE)_%H(I - Hg—l)vyh"07E|\VZ|\o,E
EET,

+ms||<f—nzflxv-Hzflmmuo,,;||<f—qu)wzuw)

<o(( X esnten) v -l ) 195los

EeTh

m|>—A

[

+ < Z T§52H(1Hg_l)(v.ng_lvyh)ﬁ||§£> ||VZ||OVQ>

E€Ty,

SIS

< Olzllsupg< > meBESy (1Y )yn, (-1 )yn) +rie] | (1-TI3_ ) (V - H2-1Vyh)ﬂH§,E)
EeTh

Then the result is obtained by combining the individual bounds above and using (2.7) again.

Remark 3.2. We can find that there are two extra terms on the right-hand side of (3.7)
produced from the coercivity of Agupg in Theorem 3.1. It will be discussed here that these
terms are in the convection dominated regime negligible compared with the error of the SUPG
approximation. This point justifies the use of the quantity (- <7 (n? +0F +=F 4 uF))1/2
as an upper error estimate.

The convergence rate of the SUPG approximation is (r +1/2),0 < r < k, see (3.3). For the
first term, one can apply Theorem 3.2 to get

Z TEEQHA(Q - yI)H%E <C Z Pe;QBEhJQETH”y”rH E- (3.11)
Ee€Th Ee€Th

For the second extra term on the right-hand side of (3.7), using (2.7) and Lemma 3.2, we also
have

> eIV — )5 <C Y P Behy Tyl s (3.12)
EeT, EeT,

These bounds have a very small factor for P., > 1 and possess the same asymptotic with respect
to h like the left-hand side of (3.7). Then, the left-hand side of (3.11) and (3.12) become small
compared with the left-hand side of (3.7), which shows the rationality of (3,7 (n” + 07 +
ZF 4 UF))1/2 as an upper bound error estimate.

3.3. Lower bound

We now prove a local lower bound of the a posteriori error estimate. To this end, we
make use of element and edge bubble functions satisfying the bounds of Lemmas 3.5 and 3.6
respectively.
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Theorem 3.4 (Local Lower Bound). Let n¥,0F and ZF be given in Theorem 3.3, then
there exist a positive constant C' independent of h, 7g, Bg and € such that

<0 (=l + 0% +5F + e Al -yl
E'cwgp

+TE/52h;J,2||V(yfy[)Hg,E/). (3.13)

Here wy = {E' € Ty, : 1 (0E N IE) # 0} is the patch made up of the element E and its
neighbours, and (1 is the one-dimensional measure.

Proof. Let v=YgRg, A =01in (3.6) and note that Ug|sr = 0, we infer
Agupg(2,¥ERE) = (R, YERE)oe + (Re, TEB - V(\I’ERE))QE
+ (05, YpRE + 788 - V(VERE)), 4
+ B (yn, —VpRE) + By (yn, —VeRE).
By the Lemma 3.5 we deduce
IRel§ s < Cour(Re, YERE)0,E
= Chus (Agpg(z, ViRp) — (Re. 758 V(VpRE)), ,

~ (0, VuRp+7EB - V(VuRE)), o+ BF (yn, Ve Re)+BE (yn, Ve Re) )

5
=: Chup < ZT) : (3.14)

Using definition of AL, . (2.7), (2.8), Lemmas 3.1 and 3.5, we have
Ty = (eVz, V(\IIERE))OE + (8- Vz, 758 V(\I/ERE))OE +(B-Vz,YgREg)o.E
+ (02, YgRE + TEB - V(\I/ERE))QE —e(Az, 58 V(\I/ERE))OE
< el Vzllo,elV(¥ERE) 0,5 + 20ElB - Vo6V (YERE)|o,5
+18- Vallo.pl| W eRello,s + 62|07 2|, ¥ eRello.s
+ 037088022, I V(W eRE)|o.5 +eeBE Allo. £ V(Y RE) |0,

1. -1 1 i _ 1 1
=< 0(52hEZﬂEHVZHo,EllREHo,EHlﬁ Vzllo.gllRello.s + Bzhp” (|62 2], gl Rello.s

+erBeh [ Relo.s (1A = y0)los + 1A — m)llo.5))

1 1 1 _1
< O(thgtpEIVA] 0.8+ B3hg? 162 2l|o. | Rello.5

0,5+]8- Vz

0.5/ Rzl 0.5/ Rl
+el|Rello,zl Ay — yn)llo,z + el Rello,shs" (IV (yr — y)llo, + ||VZ||0,E))
< C1* | Bello,s (Iellsung. 5 + 721 A = y)llo, + hp 2 IV (51 = 9)llop) - (3.15)
Applying (2.7) and Lemma 3.5, we have the following estimates for T» and Tj:
Ty = —(Rp,7eB8 - V(Y£RE)), p < 7686l Rello.6lIV(YERE) |0,
< Churrefshs IRelR » < 55— 1Rl (316)

T3 < ||0gllo,cllYERE| 0.6[|V(YERE)|

0.6 + ELE|0E| 0.6 < Cll0glo,elREelo,5-
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From the definitions of B¥, (2.5), (2.7) and Lemma 3.5, we arrive at
B{ (yn, VpRp)
< el|V{I =) ynlly plIV(¥ERE) 0. + Bel|V (= TL)ynll, gl
+ O (I =T)yno gl Ve RE 0.

< C|[Rullo.5( (k" + 82) SE((T =¥ yn, (T =17 )n) * + 68E (1 =Ty, (1~ 1)) )

W=

S CHRE||07E(BESE I Hv)yh, (I Hk )yh) + 62Sb ((I — Hg)yh, (I — Hg)yh))§
< Cl1Relo.p (88367 S (1 =117 yn, (£ = T0 )yn) + 0SF (1 = IRy, (1 ~ 1)) )

1
< C[|Rgllo, E(ﬂEhfl(ﬂ%;(S_le((I =0V )yn, (I = 10 Jyn) +6Sy (1 =TIy, (1 — Hg)yh)))
< C||RE&llo, ETEQZE (3.17)

Using similar computations of (3.17) and inverse inequality (2.8), we can also deduce
11
By (yn, VeRE) < C||REllo,575 * B (3.18)
Combining the above estimates, we get the bound for the element residual as follows:

1
SIREI3 ;- <

1 1 1 1
*(I2llsupg, + 72105 l0.2 + Z5 + er2 1AW — y1) o,

+ehp A IV (= y)llos ).
Further, we have
Bl Rellg, 5 < C(12)2upg, 2 + TEN0ENG & + Z6 + 2| Aly — y0) 15,5
+e2hg* eV yr — )l 5)-

ws = BT UE~ with ET and E~ the elements meeting at the edge s. We extend .J; into w,
through a constant prolongation in the normal direction of the edge s for the edge residual. Let
v=U,sJ, in (3.6) we deduce

Asupg (2,0, T = ((RE/,\IISJS + 1B V(W) p + (O Wi+ 7 B V(U)o
E/Ews

+ BlE (yhv *\IJSJS) + BQE (yh, 7\Ils<]s)) + (JSa 7\:[}5‘]5)0,5
By Lemma 3.6, we have

||JSH(%,S S CbUb(‘]Sa WSJS)O,S
= Cbub Z ((RE’ 5 \pSJS + TE/ﬁ . V(\IJSJS))O,E’ + (GE/,\IISJS + TE/IB . v(\IISJS))O,E/

E/ews

(2, UJs).

supg

+BlE (yhaf\ljsjs)“i’BQE (yhvf\psjs)) CbubA

Arguing as (3.15)-(3.18) and using Lemma 3.6, we find that

1 1 1
I3 <C (ﬂgfHZIISUPg,E'IIJsHo,s+h§f|\RE'||o,E/HJsllo,s+h§r||9E/

E/ews

1
S ||J|\Os+h2n€||A(y yr)

ot eh g F 19 = )lo,s 15 ls)-
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Using the estimate of element residual, we arrive at

19318, <€ 3 (B llal 0 + B 7195 12 o + B B
E' cw,

+ B2 AW — uDI2 o + B e eh IV (0 — 9)I2 4 )

<CBu, Y (HZH?U;D%E/JrTE/HQE/Hg,E/+EE/
E'cw,

+ 7AW =yl e + 7RIV (= DI )-

Therefore, we have

Bt SN <C Y (Nl + 7o 10512 o+ Er
sCOE EIEUJE
+ 1| Ay —yn)§ 5 + T e?hi IV (yr — y)l\ﬁ,g)-
By putting the above bounds together the theorem is complete. ]

Remark 3.3. Reasoning in the same way in Remark 3.2, one finds that the additional items

are negligible compared with ||y — ynl|s,pe & 0 (3.13).

For each element E € Ty, we define the local error estimator ny, (yp, E) by

1
My, E) = (n® + 0% + 27 + ¥¥7)> .

Then on a subset w C 2, we define the error estimator 0, (yp,w) by

mins) = (3 )

EcT,,ECw

1

2

Thus, the error indicator on Q with respect to T, can be expressed as n, (yn, ).

4. Numerical Results

In this section, we firstly introduce an adaptive VEM algorithm based on a posteriori error
estimate to solve the problem (2.4). Then we carry out some numerical tests to verify our
theoretical analysis.

4.1. Algorithm

Here we consider the adaptive VEM with k£ = 1. In the first step, we solve the problem (2.4)
on a given initial mesh 7, with mesh size hy. Then we calculate the indicator ny(yn, ). In
the third step, we using Dorfler’s marking strategy to construct and mark the set of elements
that need to be refined. Finally, we refine them. For the refinement strategy, we adopt the idea
in [17], which connects the barycentre with the midpoint of each edge in every marked element,
as shown in Fig. 4.1.

The concrete adaptive VEM algorithm is given below.

In addition, we shall test the performance of the indicator by computing the following
effective index:

effectivity := M
ly — ynllsupg
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Fig. 4.1. In each refinement, the barycentre of the every marked element, i.e. O, and the midpoint of
each edge are introduced as new nodes, for example P.

Algorithm 4.1: Adaptive VEM Algorithm.
Require: The tolerance error « of the indicator and a coarse mesh 7, with mesh

size hyg.
Ensure :

1 Set error =2k and t = 0.

2 while error > k do

3 Start with the mesh 75, with mesh size h; and corresponding virtual element
spaces Vi, 1.

a Solve the problem (2.4) on the actual mesh 7y, for yp.

5 Calculate the local error indicator ny, (yn, E) for each element E € Tp,.

6 Set error = np, (yn, ) and t =t + 1.

7 Evaluate stopping criterion, that is, if error < k, then stop adaptive iteration else
go to next step.

8 Construct a minimal subset My, , C 7p, , such that

> e Wn B) > i, (yn, Q), 0<p< 1,
EEM;”

9 Mark all the elements in M, _,.
10 Refine My, , to get a new mesh 75, with mesh size h; and go to Step 3.

11 end

4.2. Numerical experiments

Example 4.1 (Solution with Interior Layer). Problem (2.1) is considered in = (0,1)?
with B8 = (1,0)7,6 = 1, and with f being chosen such that

25 —x
y(x1,22) = gffl(l —x1)xa(l — x2) <1 —tanh7 R 1)

is the solution of (2.1).
The parameters v and ¢ control the location and thickness of the interior layer. Here we
choose v = 0.5,¢ = 0.01 and the diffusion coefficient ¢ = 1076 and 1071°, respectively. The
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xxxx

Fig. 4.2. Example 4.1: (a) The adapted Voronoi mesh after 25 iterations with e = 1071 and p = 0.4,
(b) The profile of the numerical solution s on the finally refined Voronoi mesh with ¢ = 10717,
(c) Exact solution.

1010
=== slope = 0.75 === slope = 0.75
indicator

%~ indicator .
-0 1¥4,llupy | s o “ZY«‘“s:w i
eftectivity effectivity
- Min Peclet —P— Min Peclet
~€~ Min Karlovitz ~€— Min Karlovitz

#Ndot #Ndof

Fig. 4.3. Example 4.1: The convergence history of the error, error indicator and effectivity on adaptively
refined Voronoi meshes with ¢ = 1075 4 = 0.3 (left) and ¢ = 107!%, 4 = 0.4 (right) generated by
Algorithm 4.1.

solution has a sharp decrease along xz; = 0.5. It is well known that the numerical solution
shows oscillations on uniform refinements. The adaptive VEM algorithm is applied to improve
numerical performance in the computing. We set marking parameter 4 = 0.3 and pu = 0.4,
respectively. Fig. 4.2 shows the adapted Voronoi mesh [32] after 25 iterations with ¢ = 10719,
where we find that mesh refinement is almost concentrated in the interior layer. We also
display the exact solution and the numerical solution of based on the adapted Voronoi mesh
with € = 10719, which shows a very good agreement with the exact solution.

For each adaptive mesh we report the values of the minimum mesh Péclet and Karlovitz
numbers in Fig. 4.3 with ¢ = 107% and 107!, respectively. We can observe that they are
always much bigger than 1. From (2.9), we can know the whole adaptive process is completed
in convection dominated regime. Results of the SUPG error ||y — yn|lsupg, €rror indicator
nn(yn, ) and the effectivity of the indicator are also shown in Fig. 4.3 with ¢ = 107% and
10710, Therein, we observe that the convergence rates of both errors with respect to Ndof are
optimal at O(Ndof -3/ *) when k = 1. Furthermore, we see from the Fig. 4.3 that the efficiency
index tends to be a constant through the mesh sequence.

Example 4.2 (Solution with Circular Interior Layer). This example is defined by Q =
(0,1)2,e =1075,8=(2,3)7,6 = 1 and f such that

2(0.25% — (21 — 0.5)2 — (z2 — 0.5)%) } )

1 1
y(x1,22) = 1621 (1 — 21)22(1 — 22) 3 + ;arctan NG
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In this example, the exact solution y has interior layer along the circle (z1—0.5)%—(22—0.5)?
= 0.252. We test the reliability and effectivity of the indicator 1, (yp,2) on the square mesh.
In Fig. 4.4, the profiles of the numerically computed solution for ¢ = 1075 and exact solution
are shown, respectively. We can find that the oscillations in the solution are eliminated. The
finally adapted mesh with e = 1076, 4 = 0.6 is given in Fig. 4.5. We can see that the mesh
is concentrated on the internal sharpening layer. The reliability of adaptive VEM algorithm is
well verified.

We present the convergence of the error ||y —yn|| supg, error indicator n, (yn, ) and effectivity
of the indicator on the square mesh with e = 1075, ;x = 0.6 in Fig. 4.5. We can observe that the
convergence order of error ||y — yn||supg IS approximately parallel to the line with slope —3/4.
With the continuous adaptive refinement of the grid, the effectivity of the indicator gradually
tends to a constant. The data results are in agreement with the theoretical prediction.

’/’A( 1 «
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08
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Fig. 4.4. Example 4.2: The profiles of the numerically computed solution for ¢ = 107% (left) and exact
solution (right).
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Fig. 4.5. Example 4.2: The finally adaptive square mesh after 40 iterations with e = 107¢, 4 = 0.6
(left) and the convergence history of the error, error indicator and effectivity on adaptively refined
square meshes (right).

Example 4.3 (Solution with Boundary Layer). In this example, we take Q = (0,1)?,
e=10"%8=(2,2)T,8 = 1. The right-hand side f is chosen so that

elei—1)/e _ =1/ elw2=1)/e _g=1/e
y(r1,x2) = |21 — 1 —o-1/¢ Tz~ 1 —e-1/e -
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In this example, the exact y has boundary layers at z; = 1 and 2 = 1. We employ
the posteriori error indicator 7y (yn, ) to construct adaptive mesh for y. The finally adaptive
meshes with ¢ = 0.3 are shown in Fig. 4.6. We can see that the meshes are strongly refined along
the boundary x; = 1 and x2 = 1, which indicates that the posteriori error estimator indicator
M (yn, ) can effectively capture the boundary layers. The profiles of numerical solution y;, on
the distorted square mesh and exact solution are presented in Fig. 4.7, which represent and
process the boundary layers well by comparison.

Fig. 4.8 shows the convergence behaviours of the error ||y —ya|| supg, error indicator np (yn, 2)
and effectivity of the indicator on the distorted square and Voronoi meshes. We can see that
in the case of convection dominated regime convergence order of error ||y — yp||supg is approxi-
mately parallel to the line with slope —3/4 which is the optimal convergence rate and with the
continuous refinement of the mesh, effectivity asymptotically tends a constant.

Example 4.4 (Solution with Interior and Boundary Layers). The last test is a classic
problem from [24]. In [11,13], the SUPG stabilization for the conforming and nonconforming
virtual element method are used to investigate this problem. Whether conforming VEM or
nonconforming VEM, the solution obtained by SUPG method presents oscillations. Here adap-
tive VEM is used to study this problem. The geometry of the problem is depicted in Fig. 4.9.

08~

06~

02-

Fig. 4.6. Example 4.3: The finally adaptively distorted square mesh after 41 iterations (left) and
Voronoi mesh after 42 iterations (right) with e = 10™* and u = 0.3.
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Fig. 4.7. Example 4.3: The profiles of the numerical solution y, on adaptively distorted square mesh
(left) with e = 10™* and exact solution (right).
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Fig. 4.8. Example 4.3: The convergence history of the error, error indicator and effectivity on adaptively
distorted square mesh (left) and Voronoi mesh (right) with ¢ = 10™* generated by Algorithm 4.1.
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Fig. 4.9. Example 4.4: Domain and boundary conditions.

The velocity forms an angle o with the z-axis, and propagates the non-homogeneous boundary
condition y = 1 inside €2, thus generating an internal discontinuity, which is numerically ap-
proximated by an internal layer, a sharp transition between the constant solution states y =0
and 1. The homogeneous boundary condition at the top of the computational domain produces
a boundary layer. Data for the problem is: ¢ = 107°, u = 0.5, B3 = (cos(0),sin(c)) with
o = arctan(1).

We chose the distorted hexagonal mesh and the square mesh as the initial mesh. Fig. 4.10
shows the initial solutions and the solutions after adaptive refinement with € = 107°. We can
find that the initial results Figs. 4.10(a) and 4.10(d) are polluted with spurious oscillations
in a vicinity of layers. From Figs. 4.10(c) and 4.10(f), it is clear that mesh refinement is
all concentrated in the boundary and interior layers, which is consistent with our expected
refinement behavior. With the refinement of the mesh, Figs. 4.10(b) and 4.10(e) show that the
huge oscillations of the unstable solution are gradually reduced.
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Fig. 4.10. Example 4.4: (a) The initial solution on distorted hexagonal mesh with ¢ = 107°, (b) The
profile of final solution on distorted hexagonal mesh with ¢ = 107°, (c) The finally adaptively distorted

hexagonal mesh with ¢ = 1075, (d) The initial solution on square mesh with ¢ = 107°, (e) The profile

of final solution on square mesh with e = 1072, (f) The finally adaptive square mesh with ¢ = 107°.
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