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Abstract. In the finite difference approximation of the fractional Laplacian the stiffness
matrix is typically dense and needs to be approximated numerically. The effect of the
accuracy in approximating the stiffness matrix on the accuracy in the whole computa-
tion is analyzed and shown to be significant. Four such approximations are discussed.
While they are shown to work well with the recently developed grid-over finite dif-
ference method (GoFD) for the numerical solution of boundary value problems of the
fractional Laplacian, they differ in accuracy, economics to compute, performance of
preconditioning, and asymptotic decay away from the diagonal line. In addition, two
preconditioners based on sparse and circulant matrices are discussed for the iterative
solution of linear systems associated with the stiffness matrix. Numerical results in
two and three dimensions are presented.
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1 Introduction

We are concerned with the finite difference (FD) solution of the boundary value problem
(BVP) of the fractional Laplacian,#

p�∆qsu� f , in Ω,
u�0, in Ωc,

(1.1)
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where p�∆qs is the fractional Laplacian with the fractional order sPp0,1q, Ω is a bounded
domain in Rd (d¥1), Ωc�RdzΩ is the complement of Ω, and f is a given function. The
fractional Laplacian can be expressed in the singular integral form as

p�∆qsup⃗xq� 22ssΓps� d
2 q

π
d
2 Γp1�sq

p.v.
»

Rd

up⃗xq�up⃗yq
|⃗x�y⃗|d�2s dy⃗, (1.2)

or in terms of the Fourier transform as

p�∆qsu�F�1p|⃗ξ|2sFpuqq, (1.3)

where p.v. stands for the Cauchy principal value, Γp�q is the gamma function, and F and
F�1 denote the Fourier and inverse Fourier transforms, respectively. When Ω is a simple
domain such as a rectangle or a cube, BVP (1.1) can be solved using finite differences on
a uniform grid (see, e.g., [26, 28]). When Ω is an arbitrary bounded domain (including a
simple domain), BVP (1.1) can be solved using the recently developed grid-overlay finite
difference (GoFD) method with a simplicial mesh [28] or a point cloud [40]. Generally
speaking, the stiffness matrix in FD approximations is dense and needs to be approxi-
mated numerically. The effect of the accuracy in the approximation on the accuracy in
the numerical solution of BVP (1.1) has not been studied in the past. A main objective
of the present work is to study this important issue for the numerical approximation of
the fractional Laplacian. It will be shown that the effect is actually significant. As a re-
sult, it is necessary to develop accurate and reasonably economic approximations for the
stiffness matrix. We will study four approximations. The first two are based on the fast
Fourier transform (FFT) with uniform and non-uniform sampling points. The third one
is the spectral approximation of Zhou and Zhang [47]. We will discuss a new and fast
implementation of this approximation and derive the asymptotic decay rate of its entries
away from the diagonal line. The last one is a modification of the spectral approximation.
Properties of these approximations are summarized in Table 3. In addition, we will study
two preconditioners based on sparse and circulant matrices for the iterative solution of
linear systems associated with the stiffness matrix.

For the purpose of numerical verification and demonstration, we consider an example
of BVP (1.1) with the analytical exact solution (cf. [21, Theorem 3]),

Ω�B1p0q, f �1, u� Γp d
2 q

22sΓp1�sqΓp d
2�sqp1�|⃗x|

2qs
�, (1.4)

where B1p0q is the unit ball centered at the origin. Numerical results will be given in two
and three dimensions.

The fractional Laplacian is a fundamental non-local operator in the modeling of anoma-
lous dynamics; see, for example, [6,31,33] and references therein. A number of numerical
methods have been developed, including FD methods [16,18,19,26,30,31,34,37,43,45,46],
finite element methods [1–4, 10, 11, 22, 44], spectral methods [32, 41, 47], discontinuous
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Galerkin methods [17], meshfree methods [12,36], neural network method [25], and sinc-
based methods [7]. Loosely speaking, methods such as FD methods are constructed on
uniform grids and have the advantage of efficient matrix-vector multiplication via FFT
but do not work for complex domains and with mesh adaptation. On the other hand,
methods such as finite element methods can work for arbitrary bounded domains and
with mesh adaptation but suffer from slowness of stiffness matrix assembling and matrix-
vector multiplication because the stiffness matrix is dense. Few methods can do both. A
sparse approximation to the stiffness matrix of finite element methods and an efficient
multigrid implementation have been proposed by Ainsworth and Glusa [3,4]. The GoFD
method of [28, 40] is an FD method that uses FFT for fast computation and works for
arbitrary bounded domains with unstructured meshes or point clouds. Anisotropic non-
local diffusion models and inhomogeneous fractional Dirichlet problem are also studied
in [15, 42].

An outline of the present paper is as follows. The GoFD method and uniform-grid FD
approximation of the fractional Laplacian are described in Sections 2 and 3, respectively.
The effect of the accuracy in the approximation of the stiffness matrix on the accuracy in
the numerical solution of BVP (1.1) is analyzed in Section 4 while four approximations
to the stiffness matrix are discussed in Section 5. Section 6 is devoted to the study of two
preconditioners, a sparse preconditioner and a circulant preconditioner, for iteratively
solving linear systems associated with the stiffness matrix. Numerical results in two and
three dimensions are presented in Section 7. Finally, conclusions are drawn in Section 8.

2 The grid-overlay FD method

To describe the GoFD method [28] for the numerical solution of BVP (1.1), we assume that
an unstructured simplicial mesh Th is given for Ω. Denote its vertices by x⃗1, ��� , x⃗Nvi , ��� , x⃗Nv ,
where Nv and Nvi are the numbers of the vertices and interior vertices, respectively. Here,
the vertices are arranged so that the interior vertices are listed before the boundary ones.
We also assume that a d-dimensional cube, ΩFD�p�RFD,RFDqd, has been chosen to con-
tain Ω. For a given positive integer NFD, let TFD be an uniform grid for ΩFD with 2NFD�1
nodes in each axial direction. The spacing of TFD is given by

hFD� RFD

NFD
. (2.1)

Denote the vertices of TFD by x⃗FD
k , k�1,��� ,NFD

v . Then, a uniform-grid FD approximation,
denoted by h�2s

FD AFD, can be developed for the fractional Laplacian on TFD; cf. Section 3.
It is known [28] that AFD is symmetric and positive definite. The GoFD approximation of
BVP (1.1) is then defined as

Ahu⃗h� f⃗h, Ah�
1

h2s
FD

D�1
h pIFD

h qT AFD IFD
h , (2.2)
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where u⃗h � pu1,��� ,uNviqT is an FD approximation of u, f⃗h � p f p⃗x1q,��� , f p⃗xNviqqT, IFD
h is a

transfer matrix from the mesh Th to the uniform grid TFD, and Dh is the diagonal matrix
formed by the column sums of IFD

h . The invertibility of Dh will be addressed in Theo-
rem 2.1 below. Rewrite Ah as

Ah�
1

h2s
FD

D� 1
2

h �pIFD
h D� 1

2
h qT AFDpIFD

h D� 1
2

h q�D
1
2
h .

Thus, Ah is similar to the symmetric and positive semi-definite matrix

1
h2s

FD
pIFD

h D� 1
2

h qT AFDpIFD
h D� 1

2
h q,

which can be shown to be positive definite when IFD
h is of full column rank. Notice that

D�1
h is included in (2.2) to ensure that the row sums of D�1

h pIFD
h qT be equal to one. As a

consequence, D�1
h pIFD

h qT represents a data transfer from TFD to Th and preserves constant
functions.

We now consider a special choice of IFD
h as linear interpolation. For any function up⃗xq,

we can express its piecewise linear interpolant as

Ihup⃗xq�
Nv̧

j�1

ujϕjp⃗xq, (2.3)

where uj�up⃗xjq and ϕj is the Lagrange-type linear basis function associated with vertex
x⃗j. (The basis function ϕj is considered to be zero outside the domain Ω, i.e., ϕj|Ωc � 0.)
Then,

Ihup⃗xFD
k q�

Nv̧

j�1

ujϕjp⃗xFD
k q, k�1,��� ,NFD

v

which gives rise to

pIFD
h qk,j�ϕjp⃗xFD

k q, k�1,��� ,NFD
v , j�1,��� ,Nv. (2.4)

Theorem 2.1 ([28]). Assume that NFD is taken sufficiently large such that

hFD¤ ah

pd�1q
?

d
, (2.5)

where ah is the minimum element height of Th. Then, the transfer matrix IFD
h associated with

piecewise linear interpolation is of full column rank. As a result, Dh is invertible and the GoFD
stiffness matrix given in p2.2q for the fractional Laplacian is similar to a symmetric and positive
definite matrix and thus invertible.
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The sufficient condition (2.5) for the invertibility of Ah is conservative in general. Nu-
merical experiment suggests that a less restrictive condition, such as

hFD¤ ah, (2.6)

can be used in practical computation.
The linear algebraic system (2.2) can be rewritten as

pIFD
h qT AFD IFD

h u⃗h�h2s
FDDh f⃗h. (2.7)

While IFD
h is sparse, AFD is dense and needs to be approximated numerically in multi-

dimensions (cf. Section 3). Unfortunately, this has a consequence that the accuracy of
approximating AFD can have a significant impact on the accuracy in the FD solution of
BVP (1.1). This impact will be analyzed in Section 4. Moreover, several approaches for
approximating the stiffness matrix will be discussed in Section 5.

It is worth pointing out that although the coefficient matrix of (2.7) is dense, its mul-
tiplication with vectors can be carried out efficiently using FFT (cf. Section 3). Therefore,
it is practical to use an iterative method for solving (2.7). In our computation, we use the
preconditioned conjugate gradient (PCG) method since the coefficient matrix is symmet-
ric and positive definite when the transfer matrix is of full column rank. Preconditioning
will be discussed in Section 6.

3 The uniform-grid FD approximation of the fractional
Laplacian

In this section we describe the FD approximation AFD of the fractional Laplacian on a
uniform grid TFD through its Fourier transform formulation. We also discuss the fast
computation of the multiplication of AFD with vectors using FFT. For notational simplic-
ity, we restrict the discussion in two dimensions (2D) in this section. The description of
AFD in general d-dimensions is similar.

In terms of the Fourier transform (1.3), the fractional Laplacian reads as

p�∆qsupx,yq� 1
p2πq2

» 8

�8

» 8

�8

{p�∆qsupξ,ηqeixξ�iyηdξdη, (3.1)

where

{p�∆qsupξ,ηq�pξ2�η2qsûpξ,ηq (3.2)

and û is the continuous Fourier transform of u. Consider a 2D uniform grid with spacing
hFD,

pxj,ykq�pjhFD,khFDq, j,k�0,�1,�2,��� .
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Applying the discrete Fourier transform to the 5-point central FD approximation of the
Laplacian, we obtain the the discrete Fourier transform of an FD approximation of the
fractional Laplacian as

�p�∆hqsupξ,ηq� 1
h2s

FD

�
4sin2

�ξhFD

2

	
�4sin2

�ηhFD

2

	
s

ǔpξ,ηq, (3.3)

where ǔpξ,ηq is the discrete Fourier transform of u on the uniform grid, i.e.,

ǔpξ,ηq�
¸
m,n

um,ne�ixmξ�iynη , pξ,ηqP
�
� π

hFD
,

π

hFD

	
�
�
� π

hFD
,

π

hFD

	
.

Then, the uniform-grid FD approximation of the fractional Laplacian is given by

p�∆hqsupxj,ykq�
h2

FD
p2πq2

» π
hFD

� π
hFD

» π
hFD

� π
hFD

�p�∆hqsupξ,ηqeixjξ�iykηdξdη

� 1
p2πq2h2s

FD

8̧

m��8

8̧

n��8
um,n

» π

�π

» π

�π
ψpξ,ηqeipj�mqξ�ipk�nqηdξdη,

where

ψpξ,ηq�
�

4sin2
�

ξ

2



�4sin2

�η

2

	
s

. (3.4)

We can rewrite this into

p�∆hqsupxj,ykq�
1

h2s
FD

8̧

m��8

8̧

n��8
Tj�m,k�num,n, (3.5)

where

Tp,q� 1
p2πq2

» π

�π

» π

�π
ψpξ,ηqeipξ�iqηdξdη, p,q�0,�1,�2,��� . (3.6)

Obviously, Tp,q’s are the Fourier coefficients of the function ψpξ,ηq. It is not difficult to
see

T�p,�q�Tp,q, T�p,q�Tp,q, Tp,�q�Tp,q. (3.7)

Except for one dimension, the matrix T needs to be approximated numerically (cf. Sec-
tion 5).

For a function u vanishing in Ωc, (3.5) reduces to a finite double summation as

p�∆hqsupxj,ykq�
1

h2s
FD

NFḐ

m��NFD

NFḐ

n��NFD

Tj�m,k�num,n, �NFD¤ j,k¤NFD. (3.8)
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From this, we obtain the FD approximation of the fractional Laplacian on the uniform
mesh TFD (after ignoring the factor 1{h2s

FD) as

AFD�
�

Apj,kq,pm,nq�Tj�m,k�n

	
p2NFD�1q2�p2NFD�1q2

, �NFD¤ j,k,m,n¤NFD. (3.9)

This indicates that AFD is a block Toeplitz matrix with Toeplitz blocks. Moreover, it is
known [28] that AFD is symmetric and positive definite. For easy reference but without
causing confusion, hereafter both matrices AFD and T will be referred to as the stiffness
matrix of the uniform-grid FD approximation.

The multiplication of AFD with vectors can be computed efficiently using FFT. As-
sume that an approximation of T has been obtained. We first compute the discrete Fourier
transform of T. Notice that the entries of T involved in (3.8) are: Tm,n,�2NFD¤m,n¤2NFD.
Thus, the discrete Fourier transform of T is given by

Ťp,q�
2NFD�1¸

m��2NFD

2NFD�1¸
n��2NFD

Tm,ne�
i2πpm�2NFDqpp�2NFDq

4NFD
�

i2πpn�2NFDqpq�2NFDq
4NFD ,

�2NFD¤ p,q¤2NFD. (3.10)

Here, 2NFD has been added to the indices m, n, p, and q so that the corresponding indices
have the range from 0 to 4NFD�1. As a result, Matlab’s function fft.m can be used for
computing (3.10) directly. Then, Tm,n’s can be expressed using the inverse discrete Fourier
transform as

Tm,n� 1
p4NFDq2

2NFD�1¸
p��2NFD

2NFD�1¸
q��2NFD

Ťp,qe
i2πpm�2NFDqpp�2NFDq

4NFD
�

i2πpn�2NFDqpq�2NFDq
4NFD .

From this, we have

pAFDu⃗FDqpj,kq�
NFḐ

m��NFD

NFḐ

n��NFD

Tj�m,k�num,n

� 1
p4NFDq2

2NFD�1¸
p��2NFD

2NFD�1¸
q��2NFD

Ťp,q

NFḐ

m��NFD

NFḐ

n��NFD

um,n

�e
i2πpj�m�2NFDqpp�2NFDq

4NFD
�

i2πpk�n�2NFDqpq�2NFDq
4NFD .

This can be rewritten as

pAFDu⃗FDqpj,kq�
1

p4NFDq2
2NFD�1¸

p��2NFD

2NFD�1¸
q��2NFD

Ťp,qǔp,qp�1qp�2NFD�q�2NFD

�e
i2πpp�2NFDqpj�2NFDq

4NFD
�

i2πpq�2NFDqpk�2NFDq
4NFD , (3.11)
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where

ǔp,q�
2NFD�1¸

m��2NFD

2NFD�1¸
n��2NFD

ũm,ne�
i2πpm�2NFDqpp�2NFDq

4NFD
�

i2πpn�2NFDqpq�2NFDq
4NFD , (3.12)

ũm,n�
#

um,n, for �NFD¤m,n¤NFD,
0, otherwise.

Notice that that (3.10), (3.11), and (3.12) can be computed using FFT. Since the cost of FFT
is OpNd

FD logpNd
FDqq flops (in d-dimensions), the number of the flops needed to carry out

the multiplication of AFD with a vector is

OpNd
FD logpNd

FDqq, (3.13)

which is almost linearly proportional to the number of nodes of the uniform grid TFD.
Comparatively, the direction computation of the multiplication of AFD with a vector with-
out using FFT requires OpN2d

FDq flops.

4 Importance of approximating the stiffness matrix T accurately

The accuracy in approximating T can have a significant impact on the accuracy of com-
puting AFDu⃗FD (and then the accuracy in the numerical solution of BVP (1.1)) due to the
fact that AFD is a dense matrix. To explain this, let us assume the error in approximating
T is 10�δ, where δ is a positive integer. Then the error in computing AFDu⃗FD (cf. (3.8)) is
bounded (in d-dimensions) by

1
R2s

FD
p2NFD�1qdN2s

FD�10�δ}u}L8pΩq. (4.1)

For fixed RFD, δ, and }u}L8pΩq, this bound goes to infinity as NFDÑ8. This implies that
the error in computing AFDu⃗FD and therefore, the error in the whole computation of BVP
(1.1), will be dominated by the error in approximating T at some point as the mesh is
refined and increase after that point if the mesh is further refined.

To see this more clearly, we take RFD � 1 and }u}L8pΩq� 1 and assume that the dis-
cretization error for BVP (1.1) is Op1{NFDq (first-order) or Op1{N2

FDq (second-order). The
bound in (4.1) is plotted as a function of NFD in Fig. 1 against 1{NFD and 1{N2

FD for two
levels of the accuracy in approximating T (10�9 and 10�12) and in 2D and 3D. From
the figure we can see that there exists an equilibrium point pNe

FD,Eeq where the bound
(4.1) and the discretization error intersect. For example, in Fig. 1(b) we have pNe

FD,Eeq�
p700,1.5�10�3q and p200,3�10�5q for the first-order and second-order discretization er-
ror, respectively. Generally speaking, for NFD ¤Ne

FD, the overall error is dominated by
the discretization error (regardless of the order) and decreases as NFD increases. For
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(c) δ�9 (10�9), in 3D
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(d) δ�12 (10�12), in 3D

Figure 1: The error in computing T is plotted as a function of NFD against the discretization error.

NFD ¥ Ne
FD, on the other hand, the overall error is dominated by the error in approxi-

mating T and increases with NFD. Thus, for a fixed level of accuracy in approximating
T, the total error in the computed solution is expected to decrease for small NFD but
then increase as NFD increases. The turning of the error behavior occurs at larger NFD
and larger Ee for the first order discretization error than the second-order one. Moreover,
Ne

FD becomes larger and Ee becomes smaller when T is approximated more accurately.
Finally, the figure shows that Ne

FD is smaller for 3D than for 2D for the same level of ac-
curacy in approximating T. For example, in Fig. 1(d) Ne

FD�180 and 70 for the first-order
and second-order discretization error, respectively. These are compared with Ne

FD�700
and 200 for 2D in Fig. 1(b).

To further demonstrate the effect, we consider Example (1.4) with GoFD with the FFT
approximation of the stiffness matrix T (cf. Section 5.1). The accuracy in approximating
T in this approach is determined by the number of nodes used in each axial direction,
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Figure 2: Example (1.4) with s�0.5. Convergence histories of GoFD with the stiffness matrix T being computed
with FFT with various levels of accuracy (through different values of M).

M. The solution error in L2 norm is plotted as a function of NFD for a fixed M in Fig. 2
for 2D and 3D. Quasi-uniform meshes are used for Ω for the computation. It is known
numerically that the error of GoFD converges at the rate Ophminp1,s�0.5qq for quasi-uniform
meshes. We can see that for small NFD, the error decrease at this expected rate. But after
a certain NFD, the error begins to increase. The turning of the error behavior occurs at a
larger NFD for a larger M (corresponding to a higher level of accuracy in approximating
T). These results confirm the analysis made earlier in this section.

It should be pointed out that the effect of the error in approximating the stiffness ma-
trix on the overall computational accuracy is not unique to the FD/GoFD approximation
discussed in this work. It can also happen with finite element and other FD approxi-
mations of the fractional Laplacian where the stiffness matrix is dense and needs to be
approximated numerically.

5 Approximation of the stiffness matrix T

In this section we describe four approaches to approximate the stiffness matrix T. Recall
that T is given in (3.6) in 2D. Its d-dimensional form is

T⃗p�
1

p2πqd

¼
p�π,πqd

ψpξ⃗qei p⃗�⃗ξdξ⃗, 0¤ p⃗¤2NFD, (5.1)

where

ψ�ψpξ⃗q�
��4

ḑ

j�1

sin2
�

ξ j

2


�
s

. (5.2)
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In 1D, T has the analytical form (see, e.g., [35]),

Tp� p�1qpΓp2s�1q
Γpp�s�1qΓps�p�1q , p�0,��� ,2NFD. (5.3)

In multi-dimensions, T needs to be approximated numerically.
It is useful to recall some properties of the matrix T. Obviously, T⃗p’s are the Fourier

coefficients of the function ψ� ψpξ⃗q. Moreover, T needs to be approximated only for
0¤ p⃗¤2NFD (or in 2D, 0¤ p,q¤2NFD) due to the symmetry (3.7). Furthermore, T⃗p has the
asymptotic decay

T⃗p�O
� 1
|⃗p|d�2s

	
, as |⃗p|Ñ8. (5.4)

This is known analytically in 1D [35]. In multi-dimensions, such analytical results are not
available. Numerical verifications for d�1, 2, and 3 can be seen in Fig. 3. From (3.9), we
can see that the asymptotic decay of T⃗p for large |⃗p| represents the decay of the entries of
AFD away from the diagonal line. Such asymptotic estimates are needed for the domain
truncation and error estimation in the numerical solution of inhomogeneous Dirichlet
problems of the fractional Laplacian [29].

5.1 The FFT approach

We describe this approach in 2D. For any given integer M¥ 2NFD�1, define a uniform
grid for p�π,πq�p�π,πq as

pξ j,ηkq�πp 2j
M
�1,

2k
M
�1q, j,k�0,1,��� ,M. (5.5)

Then, using the composite trapezoidal rule we have

Tp,q� 1
p2πq2

M�1̧

j�0

M�1̧

k�0

» ξ j�1

ξ j

» ηk�1

ηk

ψpξ,ηq�eipξ�iqηdξdη

� p�1qp�q

M2

M�1̧

j�0

M�1̧

k�0

ψpξ j,ηkq�e
ipj2π

M �
iqk2π

M , 0¤ p,q¤2NFD, (5.6)

which can be computed with FFT. The number of flops required for this (in d-dimensions)
is

OpMd logpMdqq, (5.7)

where M¥2NFD�1.
To see how accurate this approach is, we apply it to the 1D case and compare the

obtained approximation with the analytical expression (5.3). The error is listed in Table 1
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Figure 3: The decay of T⃗p as |⃗p|Ñ8 for s�0.25, 0.50, and 0.75. The reference line is T⃗p�|⃗p|�pd�2sq.

for M�210 and 214. It can be seen that this FFT approach performs much more accurate
for large s than small ones. The difficulty with small s comes from the fact that ψpξ⃗q has
a cusp at the origin.

Filon’s [23] approach for highly oscillatory integrals and Richardson’s extrapolation
have been considered for approximating T in [28]. Some other numerical integral schemes,
such as composite Simpson’s and Boole’s rules, can also be used (to improve convergence
order for smooth integrants). Unfortunately, their convergence behavior for small s is not
much different from those with the composite trapezoidal rule used here due to the low
regularity of the function ψpξ⃗q at the origin for small s.
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Table 1: The error in approximating T in one dimension using the FFT, non-uniform FFT, and modified spectral
approaches. The error is calculated as the maximum norm of the difference between the approximation and
analytical expression (5.3). NFD�81 is used.

s
Approximation M 0.1 0.25 0.5 0.75 0.9

FFT 210 2.477e-04 3.247e-05 1.050e-06 2.609e-08 1.713e-09
214 8.812e-06 4.970e-07 3.902e-09 2.337e-11 6.516e-13

nuFFT 210 1.486e-06 1.798e-06 2.543e-06 3.597e-06 4.428e-06
214 5.735e-09 7.024e-09 9.934e-09 1.4055e-08 1.730e-08

Modified Spectral 210 7.550e-07 2.962e-07 1.050e-06 2.792e-06 4.723e-06
214 7.387e-08 2.457e-09 3.902e-09 1.037e-08 1.755e-08

5.2 The non-uniform FFT approach

A strategy to deal with the low regularity of ψpξ⃗q at the origin is to use non-uniform
sampling points. For example, we use

pξ j,ηkq�π

��
2j
M
�1

2

sign
�

2j
M
�1



,
�

2k
M
�1

2

sign
�

2k
M
�1

�

, j,k�0,1,��� ,M, (5.8)

which clusters at the origin. Then, we apply the composite trapezoidal rule and obtain

Tp,q� 1
p2πq2

M�1̧

j�0

M�1̧

k�0

pξ j�1�ξ j�1qpηk�1�ηk�1q
4

ψpξ j,ηkq�eipξ j�iqηk , 0¤ p,q¤2NFD, (5.9)

which can be computed using the non-uniform FFT [8,9,20]. In our computation, we use
finufft developed by Barnett et al. [8, 9]. Matlab’s function nufft.m can also be used for
this purpose but is slower than finufft.

This approach is applied to the 1D case and the error is listed in Table 1. It can be
seen that this approach improves the accuracy significantly for small s than the FFT ap-
proach although it is inferior to the latter for large s. Moreover, the accuracy of this nuFFT
approximation is almost the same for all s in p0,1q.

The CPU time is reported in Table 2. It can be seen that, unfortunately, the non-
uniform FFT approximation is much more expensive than the FFT approximation. This
is especially true for large M or for 3D.

5.3 A spectral approximation

This approach is the spectral approximation of Zhou and Zhang [47] for the fractional
Laplacian. It can be interpreted as replacing the integrand and the domain in (5.1) by



14 W. Huang and J. Shen / Commun. Comput. Phys., 37 (2025), pp. 1-29

Table 2: CPU times (in seconds) taken to compute the matrix T in 2D and 3D for various values of M. NFD�81
and s�0.5 are used except for the case with 3D and M�28 where NFD�71 is used. For the modified spectral
approximation, nG�64 is used. The computation was performed on a Macbook Pro with M1 Max and 32 GB
memory.

2D 3D
Approximation M�210 M�212 M�214 M�28 M�29 M�210

FFT 0.033 0.082 3.879 0.103 1.895 38.09
nuFFT 0.0738 0.503 8.602 6.369 49.94 419.24

Modified Spectral 0.144 0.344 4.519 1.406 4.241 67.21

spherically symmetric ones, i.e.,

ψpξ⃗q�
��4

ḑ

j�1

sin2
�

ξ j

2


�
s

ùñ|⃗ξ|2s, p�π,πqdùñBRp0q,

where |⃗ξ|2s has the same behavior as ψpξ⃗q near the origin and R is chosen such that the
ball BRp0q has the same volume as the cube p�π,πqd, i.e.,

R�2
?

π

�
Γ
�

d
2
�1


 1

d

. (5.10)

Then, we obtain

T̃⃗p�
1

p2πqd

¼
BRp0q

|⃗ξ|2sei p⃗�⃗ξdξ⃗. (5.11)

The difference between (5.1) and (5.11) is

T⃗p� T̃⃗p�
1

p2πqd

¼
p�π,πqd

�
ψpξ⃗q�|⃗ξ|2s

	
ei p⃗�⃗ξdξ⃗� 1

p2πqd

��� ¼
p�π,πqdzBRp0q

�
¼

BRp0qzp�π,πqd

��
|⃗ξ|2sei p⃗�⃗ξdξ⃗.

The first and second terms on the right-hand side correspond to the differences caused
by replacing the integrand and integration domain, respectively. Using the formula of
the Fourier transform of radial functions, we can rewrite (5.11) into

T̃⃗p�
1

p2πq d
2 |⃗p| d

2�1

» R

0
r2s� d

2 J d
2�1p|⃗p|rqdr, (5.12)

where J d
2�1p�q is a Bessel function. From Prudnikov et al. [38, 2.12.4 (3)] (with β�1), we

can rewrite this into

T̃⃗p�
Rd�2s

p2πq d
2 2

d
2 ps� d

2 qΓp d
2 q

1F2

�
2s� d

2
;2s� d

2
�1,

d
2

;�R2 |⃗p|2
4

	
, (5.13)
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where 1F2p�q is a hypergeometric function [5]. Hypergeometric functions are supported in
many packages, including Matlab (hypergeom.m). However, it can be extremely slow to
compute T̃⃗p through (5.13) using hypergeometric functions especially when NFD is large.

Here, we propose a new and fast way to compute T̃⃗p. When p⃗�0⃗, from (5.11) we have

T̃⃗0�
1

p2πqd

¼
BRp0q

|⃗ξ|2sdξ⃗� 1
p2πqd

» R

0

dπ
d
2 rd�1�2s

Γp d
2�1q dr� 2Rd�2s

pd�2sq2dπ
d
2 Γp d

2 q
. (5.14)

When p⃗� 0⃗, by changing the integral variable in (5.12) we get

T̃⃗p�
1

p2πq d
2 |⃗p|2s�d

» R|⃗p|

0
r2s� d

2 J d
2�1prqdr. (5.15)

Recall that we need to compute T̃⃗p for p⃗�p in 1D for 0¤p¤NFD, p⃗�pp,qq for 0¤p,q¤NFD

in 2D, and p⃗�pp,q,rq for 0¤ p,q,r¤NFD in 3D. Let n�pNFD�1qd. These points are sorted
(and renamed if necessary) as

|⃗p0|¤ |⃗p1|¤���¤ |⃗pn|.
In actual computation, we can remove repeated points to save time. Then, we apply a
Gaussian quadrature (of nG points) to the integrals» R|⃗pj|

R|⃗pj�1|
r2s� d

2 J d
2�1prqdr, j�1,��� ,n.

Finally, we obtain

T̃⃗pk
� 1

p2πq d
2 |⃗pk|2s�d

ķ

j�1

» R|⃗pj|

R|⃗pj�1|
r2s� d

2 J d
2�1prqdr, k�1,��� ,n. (5.16)

The total number of flops required to compute T̃ is

OpnG pNFD�1qdq, (5.17)

which is linearly proportional to the total number of nodes of the uniform grid TFD. This
cost is smaller than or comparable with that of the FFT approach, (5.7). Since the cost
of computing this spectral approximation is independent of M, we do not list the CPU
time for this approach in Table 2. Nevertheless, we can get an idea from the CPU time for
the modified spectral approach (cf. Section 5.4) which employs the current approach for
computing one of its integrals.

It has been shown in [47] that the stiffness matrix (5.11) can lead to accurate approx-
imations to BVP (1.1) (also cf. Section 7). It is worth emphasizing that (5.11) is different
from (and not close to) the stiffness matrix (5.1). In the following, we show that (5.11) has
asymptotic rates different from (5.4 for the stiffness matrix (5.1).
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Proposition 5.1. The stiffness matrix T̃ defined in (5.11) has the decay

T̃⃗p�O
� 1

|⃗p| d�1
2

	
, as |⃗p|Ñ8. (5.18)

Proof. It is known that the Bessel function J d
2�1 can be expressed as

J d
2�1prq�

c
2

πr
cos
�

r�pd�1qπ
4

	
�Opr� 3

2 q.

Thus, as |⃗p|Ñ8 we have» R|⃗p|

0
r2s� d

2 J d
2�1prqdr

�
» 1

0
r2s� d

2 J d
2�1prqdr�

c
2
π

» R|⃗p|

1
r2s� d�1

2

�
cos
�

r�pd�1qπ
4

	
�Opr�1q

�
dr

�
» 1

0
r2s� d

2 J d
2�1prqdr�

c
2
π

» R|⃗p|

1
r2s� d�1

2 cos
�

r�pd�1qπ
4

	
dr�Op|⃗p|2s� d�1

2 q

�
» 1

0
r2s� d

2 J d
2�1prqdr�Op|⃗p|2s� d�1

2 q�
c

2
π

r2s� d�1
2 sin

�
r�pd�1qπ

4

	 ���R|⃗p|
1

�
�

2s� d�1
2

	c 2
π

» R|⃗p|

1
r2s� d�3

2 sin
�

r�pd�1qπ
4

	
dr

�
» 1

0
r2s� d

2 J d
2�1prqdr�Op|⃗p|2s� d�1

2 q�Op|⃗p|2s� d�1
2 q�Op|⃗p|2s� d�1

2 q

�Op|⃗p|2s� d�1
2 q.

The asymptotic (5.18) follows this and (5.15).

Proposition 5.2. In 1D, the stiffness matrix T̃ defined in (5.11) has the decay

T̃p�O
� 1
|p|1�minp1,2sq

	
, as |p|Ñ8. (5.19)

Proof. From (5.11), we have

T̃p� 1
2π

» π

�π
|ξ|2seipξdξ� 1

π

» π

0
ξ2s cosppξqdξ�π2s

» 1

0
ξ2s cosppξπqdξ.

From Gradshteyn and Ryzhik [24, Page 436, 3.761 (6)], we have

T̃p� π2s

2p1�2sq
�

Mp1�2s,2�2s,ipπq�Mp1�2s,2�2s,�ipπq�,



W. Huang and J. Shen / Commun. Comput. Phys., 37 (2025), pp. 1-29 17

where Mpa,b,zq is the Kummer’s confluent hypergeometric function.
As pÑ8, the Kummer’s function has the asymptotic

Mp1�2s,2�2s,ipπq

� eipπpipπq�1

Γp1�2sq
�

1�p�2sqp1q
1!

pipπq�1�Opp�2q
�
� eπip1�2sqpipπq�p1�2sq

Γp1q
�
1�Opp�1q

�
� eipπpipπq�1

Γp1�2sq � 2seipπ

ppπq2Γp1�2sq�
eπip1�2sqpipπq�p1�2sq

Γp1q �Opp�p2�2sqq.

Noticing i� eiπ{2, we get

Mp1�2s,2�2s,ipπq� eippπ� π
2 q

pπΓp1�2sq�
2seipπ

ppπq2Γp1�2sq�
eip1�2sq π

2

ppπq1�2s �Opp�p2�2sqq

and

Mp1�2s,2�2s,ipπq�Mp1�2s,2�2s,�ipπq

� 2cospxπ� π
2 q

pπΓp1�2sq �
4scosppπq

ppπq2Γp1�2sq�
2cospp1�2sqπ{2q

ppπq1�2s �Opp�p2�2sqq.

Combining the above results, we get

T̃p� π2s

2p1�2sq
�

2sinppπq
pπΓp1�2sq�

4scosppπq
ppπq2Γp1�2sq�

2cospp1�2sqπ{2q
ppπq1�2s

�
�Opp�p2�2sqq. (5.20)

Recall that p is a positive integer and sinppπq�0. Thus,

T̃p� π2s

2p1�2sq
�

4scosppπq
ppπq2Γp1�2sq�

2cospp1�2sqπ{2q
ppπq1�2s

�
�Opp�p2�2sqq

�Opp�2q�Opp�p1�2sqq�Opp�p1�minp1,2sqqq.
This completes the proof.

Numerical results in Fig. 4 verify the decay rates of T̃⃗p as in Propositions 5.1 and 5.2.
Moreover, Fig. 4 shows different patterns of the distribution of T̃ than those in Fig. 3
for the stiffness matrix T. Specifically, the entries of T stay closely along the decay line
whereas the entries of T̃ spread out more below the decay line.

5.4 A modified spectral approximation

This approximation is a modification of the spectral approximation discussed in the pre-
vious subsection. We rewrite (5.1) into

T⃗p�
1

p2πqd

¼
p�π,πqd

�
ψpξ⃗q�|⃗ξ|2s

	
ei p⃗�⃗ξdξ⃗� 1

p2πqd

¼
p�π,πqd

|⃗ξ|2sei p⃗�⃗ξdξ⃗. (5.21)
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(c) 1D, s�0.75
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(d) 2D, s�0.25
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(e) 2D, s�0.5
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Figure 4: The decay of T̃⃗p as |⃗p|Ñ8 for s�0.25, 0.50, and 0.75. The reference lines are T⃗p�|⃗p|�pd�2sq (for

1D) and T⃗p�|⃗p|�pd�1q{2 (for 2D and 3D).

We expect that the low regularity issue can be avoided in the first integral on the right-
hand side since ψpξ⃗q and |⃗ξ|2s have similar behavior near the origin. Moreover, we would
like to use the algorithm (for spherically symmetric integrals) in the previous subsection
for the second integral. Thus, we approximate the second integral by replacing the cube
by a ball with the radius given in (5.10). We get

˜̃T⃗p�
1

p2πqd

¼
p�π,πqd

�
ψpξ⃗q�|⃗ξ|2s

	
ei p⃗�⃗ξdξ⃗� 1

p2πqd

¼
BRp0q

|⃗ξ|2sei p⃗�⃗ξdξ⃗. (5.22)



W. Huang and J. Shen / Commun. Comput. Phys., 37 (2025), pp. 1-29 19

Notice that the second term on the right-hand side of the above equation is actually the
spectral approximation (5.11) discussed in the previous subsection. Thus, the current and
previous approximations differ in the first term. We apply the FFT approach of Section 5.1
to the first integral and the spectral approach of Section 5.3 to the second integral on the
right-hand side. The cost of the current approach is essentially the addition of those for
the FFT and spectral approaches. The difference between (5.1) and (5.22) is

T⃗p� ˜̃T⃗p�
1

p2πqd

��� ¼
p�π,πqdzBRp0q

�
¼

BRp0qzp�π,πqd

��
|⃗ξ|2sei p⃗�⃗ξdξ⃗. (5.23)

In 1D, BRp0q�p�π,πq. Thus, the right-hand side of the above equation is zero and ˜̃T⃗p is
the same as T⃗p in 1D. As a result, we can compare this modified spectral approximation
with the analytical expression (5.3) to see how well the low regularity of the integrand at
the origin is treated. From Tables 1 and 2, we can see that the current approach produces
a level of accuracy comparable with the non-uniform FFT approximation but is much
faster than the latter.

It should be pointed out that ˜̃T⃗p is different from T⃗p and T̃⃗p in multi-dimensions. The
distributions of its entries are plotted in Fig. 5. One can see that they are slightly different
from those in Fig. 4 for T̃⃗p but have the same asymptotic decay rate |⃗p|�pd�1q{2 in 2D and
3D.

5.5 Summary of approximations of the stiffness matrix T

Properties of the four approximations for the stiffness matrix T are listed in Table 3. The
FFT and non-uniform FFT approximations are based on the same stiffness matrix T de-
fined in (5.1). The FFT approximation has good accuracy for large s (say, s¥0.5) but suffers
from the low regularity of the integrand at the origin for small s. The non-uniform FFT
approximation provides good accuracy for all sPp0,1q (is less accurate than FFT for large
s) but is expensive. The spectral and modified spectral approximations are fast and do
not suffer from the low regularity of the integrand for small s but are based on different
stiffness matrices, (5.11) and (5.22), respectively. These matrices have slower asymptotic
decay rates than that of the stiffness matrix (5.1) except in 1D where (5.1) and (5.22) are
the same.

6 Preconditioning

Recall that the linear algebraic system (2.7) can be solved efficiently with an iterative
method although the coefficient matrix is dense. This is due mainly to the fact that IFD

h
is sparse and the multiplication of AFD with vectors can be carried out efficiently using
FFT. We consider preconditioning for the iterative solution of the linear system (2.7) to
further improve the computational efficiency.
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Figure 5: The decay of ˜̃T⃗p as |⃗p|Ñ8 for s�0.25, 0.50, and 0.75. The reference line is T⃗p�|⃗p|�pd�1q{2 (for

2D and 3D).

Table 3: Summary of properties of the four approximations of the stiffness matrix. The preconditioning and
solution of BVPs are tested with GoFD (cf. the linear system (2.7)). The accuracy of the FFT approximation
is not good for small s. All four approximations lead to expected convergence order of GoFD for BVPs.

How fast Asymptotic Precond effective Work

Approximation T to compute d�1 d¥2 sparse circulant for BVPs

FFT (5.1) fast 1
|⃗p|d�2s yes yes yes

non-uniform FFT (5.1) slow 1
|⃗p|d�2s yes yes yes

Spectral (5.11) fastest 1
|p|minp2,1�2sq

1
|⃗p|pd�1q{2 no no yes

Mod. Spectral (5.22) fast 1
|p|1�2s

1
|⃗p|pd�1q{2 no yes yes

A sparse preconditioner for solving (2.7) has been suggested in [28]. First, a sparsity
pattern based on the FD discretization of the Laplacian is chosen. For example, 9-point
and 27-point patterns can be taken in 2D and 3D, respectively. Then, a sparse matrix
using the entries of AFD at the positions specified by the pattern can be formed. Denote
these matrices by Ap9q

FD and Ap27q
FD , respectively. Next, define

Ap9q
h �pIFD

h qT Ap9q
FD IFD

h , Ap27q
h �pIFD

h qT Ap27q
FD IFD

h . (6.1)
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Finally, the sparse preconditioner for (2.7) is obtained using the modified incomplete
Cholesky decomposition of Ap9q

h or Ap27q
h with dropoff threshold 10�3. Notice that the

so-obtained preconditioner is sparse and can be computed and applied economically.
Next, we consider a different preconditioner that is based on circulant precondition-

ers for Toeplitz systems (see, e.g., [13, 14]). In principle, circulant preconditioners for
Toeplitz systems can be applied directly to AFD since AFD is a block Toeplitz matrix with
Toeplitz blocks. Here, we present a simple and explicit description based on (3.11). Recall
that constructing a preconditioner for AFD means finding a way to solve um,n’s for given
AFDu⃗FD. Unfortunately, we cannot do this directly from (3.11) because the Fourier trans-
forms there use 4NFD sample points in each axial direction but only 2NFD points in each
axial direction are used for u. To avoid this difficulty, we reduce the number of sampling
points to 2NFD and define an approximation for AFD as

pÃFDu⃗FDqpj,kq�
1

p2NFDq2
NFD�1¸

p��NFD

NFD�1¸
q��NFD

Ťp,qǔp,qp�1qp�NFD�q�NFD

�e
i2πpp�NFDqpj�NFDq

2NFD
�

i2πpq�NFDqpk�NFDq
2NFD , �NFD¤ j,k¤NFD, (6.2)

where

Ťp,q�
NFD�1¸

m��NFD

NFD�1¸
n��NFD

Tm,ne�
i2πpm�NFDqpp�NFDq

2NFD
�

i2πpn�NFDqpq�NFDq
2NFD , (6.3)

ǔp,q�
NFD�1¸

m��NFD

NFD�1¸
n��NFD

um,ne�
i2πpm�NFDqpp�NFDq

2NFD
�

i2πpn�NFDqpq�NFDq
2NFD . (6.4)

We hope that ÃFD is a good approximation of AFD. Most importantly, using the discrete
Fourier transform and its inverse we can find the inverse of ÃFD as

pÃ�1
FDv⃗FDqpj,kq�

1
p2NFDq2

NFD�1¸
p��NFD

NFD�1¸
q��NFD

Ť�1
p,q v̌p,qp�1qp�NFD�q�NFD

�e
i2πpp�NFDqpj�NFDq

2NFD
�

i2πpq�NFDqpk�NFDq
2NFD , �NFD¤ j,k¤NFD, (6.5)

where Ť is given in (6.3) and v̌ is the discrete Fourier transform of vh (which has a similar
expression as (6.4)). The computation of Ã�1

FDv⃗FD requires three FFT/inverse FFT, totaling
OpNd

FD logpNd
FDqq flops (in d-dimensions).

Once we have obtained the preconditioner for AFD, we can form the preconditioner
for the coefficient matrix of (2.7). Notice that

ppIFD
h qT AFD IFD

h q�1�pIFD
h q�A�1

FDppIFD
h q�qT, (6.6)
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(b) 2D, Spectral appr.
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(c) 2D, Mod. spectral appr.
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(d) 3D, FFT appr.
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(e) 3D, Spectral appr.
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(f) 3D, Mod. spectral appr.

Figure 6: Example (1.4) with s�0.75 and in 2D and 3D. Convergence histories of PCG for solving (2.7) with

tol�10�10 for three different approximations of the stiffness matrix T. M�214, nG�64, N�11,930 (for mesh

Th), and NFD� 75 (for mesh TFD) are used in 2D and M� 210, nG � 64, N� 922,447 (for mesh Th), and
NFD�110 (for mesh TFD) are used in 3D.

where pIFD
h q� is the Moore-Penrose pseudo-inverse of IFD

h ,

pIFD
h q��pIFD

h qT
�
pIFD

h qT IFD
h

	�1
. (6.7)

The final circulant preconditioner for the system (2.7) is obtained by replacing A�1
FD in (6.6)

with Ã�1
FD and pIFD

h qT IFD
h in (6.7) with its modified incomplete Cholesky decomposition

with dropoff threshold 10�3.
Convergence histories of PCG for solving (2.7) are plotted in Fig. 6. It can be seen that

for the FFT approximation of the stiffness matrix, both the sparse and circulant precon-
ditioners perform well, significantly reducing the number of PCG iterations to reach a
prescribed tolerance, with the latter doing slightly better than the former. For the spec-
tral approximation, both preconditioners do not work, requiring more or much more it-
erations than CG without preconditioning. Recall that the spectral approximation uses a
different stiffness matrix, (5.11), which has the different integrand and domain from (5.1).
For the modified spectral approximation, the stiffness matrix is given in (5.22), which dif-
fers from (5.1) only by the integration domain. In this case, the circulant preconditioner
works well as it does for the FFT approximation. This actually is the main motivation to
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introduce the modified spectral approximation. Unfortunately, the sparse preconditioner
still does not work for this case.

At this point, it remains unclear why both sparse and circulant preconditioners do
not work for the spectral approximation. Understanding this and developing effective
preconditioners for the spectral approximation is an interesting topic for future research.

7 Numerical examples

In this section we present numerical results obtained for Example (1.4) in 2D and 3D to
demonstrate that GoFD with all four approximations for the stiffness matrix produces
numerical solutions for BVP (1.1) with expected convergence order. In our computation,
the linear system (2.7) is solved using PCG with the circulant preconditioner except for
the spectral approximation when CG without preconditioning is used. We use nG � 64
(in the spectral and modified spectral approximations) and M�214 (for 2D) and M�210

(for 3D) in the FFT and modified spectral approximations. Results obtained with the
non-uniform FFT approximation are omitted here since they are almost identical to those
obtained with the FFT approximation and these two approximations are based on the
same stiffness matrix (5.1).

The L2 norm of the error obtained with GoFD with quasi-uniform meshes is plotted
as a function of N (the number of elements of mesh Th) in Figs. 7 and 8 for 2D and 3D,
respectively. The results are almost identical for all three approximations for the stiffness
matrix. Moreover, the error shows a expected convergence rate, Oph̄minp1,0.5�sqq, where
h̄�N�1{d is the average element diameter. These results show that GoFD works well for
solving BVP (1.1) with all four approximations of the stiffness matrix.

Next, we consider adaptive meshes. It is known (see, e.g., [2, 39]) that the solution of
(1.1) has low regularity near the boundary of Ω,

up⃗xq�distsp⃗x,BΩq, for x⃗ close to BΩ,

where distp⃗x,BΩq denotes the distance from x⃗ to the boundary of Ω. Mesh adaptation is
useful to improve accuracy and convergence order. Here, we use the so-called moving
mesh PDE (MMPDE) method [27] to generate an adaptive mesh based on the function
vp⃗xq�distsp⃗x,BΩq. Once an adaptive mesh is generated, BVP (1.1) is solved using GoFD
on the generated mesh. No iteration between mesh generation and BVP solution is taken.
To save space, we do not give the description of the MMPDE method here. The interested
reader is referred to [28, Section 4] and [27] for the detail of the method.

Typical adaptive meshes and computed solutions in 2D are shown in Fig. 9. It can be
seen that mesh concentration is higher near the boundary. To save space, we present the
error in Fig. 10 only for GoFD with the modified spectral approximation of the stiffness
matrix. It is clear that the error converges at a second-order rate Oph̄2q. It is also interest-
ing to observe that for s�0.25 and 0.5, the error has a slower convergence rate before it
reaches the second-order rate for finer meshes.
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(b) FFT appr., s�0.50
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(c) FFT appr., s�0.75
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(d) Spectral appr., s�0.25
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(e) Spectral appr., s�0.50
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(f) Spectral appr., s�0.75
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(g) Mod. spectral appr., s�0.25
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(h) Mod. spectral appr., s�0.50
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Figure 7: Example (1.4) in 2D. The L2 norm of the error is plotted as a function N for GoFD with various
approximations of the stiffness matrix.

We present 3D adaptive mesh results in Fig. 11. The error is smaller than those in
Fig. 8 for quasi-uniform meshes but has not reached second order especially for s�0.25
and 0.5 for the considered range of the mesh size. The computation with meshes of larger
N runs out memory. For those cases, the minimum height ah of the adaptive mesh is very
small, requiring a very large NFD (cf. (2.6)) and thus a large amount of memory. This
reflects a drawback of GoFD with 3D adaptive meshes.
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(b) FFT appr., s�0.50
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Figure 8: Example (1.4) in 3D. The L2 norm of the error is plotted as a function N for GoFD with various
approximations of the stiffness matrix.

8 Conclusions

In the previous sections we have presented an analysis on the effect of the accuracy in
approximating the stiffness matrix T on the accuracy in the FD solution of BVP (1.1).
The analysis and numerics show that this effect can be significant, requiring accurate
and reasonably economic approximations to the stiffness matrix. Four approaches for
approximating T have been discussed and shown to work well with GoFD for the nu-
merical solution of BVP (1.1). Their properties are summarized in Table 3. This study
shows that the FFT approach is a good choice for large s (say s¥ 0.5) since it is of high
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Figure 9: Example (1.4) in 2D. Adaptive meshes and computed solutions obtained with GoFD with the modified
spectral approximation.
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Figure 10: Example (1.4) in 2D. The L2 norm of the error is plotted as a function N for GoFD with the modified
spectral approximation for the stiffness matrix and adaptive meshes.

accuracy, has fast asymptotic decay rates away from the diagonal line, works well with
both sparse and circulant preconditioners, and is reasonably economic to compute. For
small s, the modified spectral approximation is a good choice since it leads to high ac-
curacy, works with well with the circulant preconditioner, and is reasonably economic
to compute although it does not have an asymptotic decay as fast as those for the FFT
approximation.
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Figure 11: Example (1.4) in 3D. The L2 norm of the error is plotted as a function N for GoFD with the modified
spectral approximation for the stiffness matrix and adaptive meshes.
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