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Abstract. The success of deep learning in various applications has generated a grow-
ing interest in understanding its theoretical foundations. This paper presents a theo-
retical framework that explains why over-parameterized neural networks can perform
well. Our analysis begins from the perspective of approximation theory and argues
that over-parameterized deep neural networks with bounded norms can effectively
approximate the target. Additionally, we demonstrate that the metric entropy of such
networks is independent of the number of network parameters. We utilize these find-
ings to derive consistency results for over-parameterized deep regression and the deep
Ritz method, respectively. Furthermore, we prove convergence rates when the target
has higher regularity, which, to our knowledge, represents the first convergence rate
for over-parameterized deep learning.
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1 Introduction

The success of deep learning in various applications has spurred a growing interest in un-
derstanding its theoretical foundations. One of the most crucial questions is why over-
parameterized neural networks can perform well. The current literature [40] suggests
that the generalization error of neural networks generally increases with the increas-
ing complexity of the network function space, making it theoretically difficult for over-
parameterized neural networks to converge in terms of generalization error. However, in
practice, training over-parameterized deep neural networks is widely used since it makes
model training more computationally convenient. Moreover, recent studies have shown
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that (stochastic) gradient descent with randomized initialization and small step-size con-
verges linearly in over-parameterized regimes, even though the optimization problem in
deep learning is highly non-convex, see [2,12,13,25,34,55] and the references therein. All
of these indicate a conflict between existing theory and practice, and a new perspective
is urgently needed to resolve this dilemma.

To address this dilemma, significant effort has been devoted to developing over-
parameterized deep learning theory [4,6,(10]. Belkin et al. proposed the double descent
curve in [6] to describe the limitations of classical analysis, but did not provide expla-
nations. Currently, the main perspective on understanding over-parameterization for
linear and kernel models is benign overfitting due to the double descent phenomenon
for estimators interpolating data with minimum norm [3,4}6-9,33,43,50]. However, [29]
provides a negative result that the empirical risk minimization estimator can be incon-
sistent in nonparametric least squares regression with over-parameterized deep neural
networks. In this work, we introduce a new theoretical framework based on function
space theory and establish the consistency of norm-bounded over-parameterized deep
learning. We demonstrate that the complexity of a neural network can be controlled by
the metric entropy of the balls in certain metric space, which is independent of the num-
ber of parameters. This provides a novel perspective for understanding the good gener-
alization ability of over-parameterized neural networks. We illustrate our approach with
two representative examples: the regression model and the deep Ritz method. The main
contributions of this work are summarized as follows.

* We establish a new bound for the approximation error of ReLU deep neural net-
works in the Sobolev space, which may be of independent interest.

* We provide a unified consistency analysis of over-parameterized regression models
and deep Ritz methods, which offers a novel perspective for understanding over-
parameterized deep learning.

* Our framework is applicable to various activation functions, including ReLU and
Sigmoidal functions. By exploring the smoothness of the target and network, we
drive improved convergence rate.

The paper is organized as follows. In Section[2, we give some notations and mathematical
background used in this paper. Section [3| provides a brief overview of our main results.
In Section {4} we present our proof framework. In Section |5, we summarize our findings
and conclude the paper. Some technical detailed proofs are given in Section [A]

2 Notations and background

In this section, we provide all the notations we need in this paper. For k € R, we define
R.oj:={xeR|x >k} and No:={xeN|x>0}. f xR, | x| :=max{k€Z: k<x} denotes
the largest integer strictly smaller than x. € €R is a positive constant number, and &(d)
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is a polynomial that depends on d. For two function spaces A and B, A© B means A is
embedded into B. We use the usual multiindex notation, i.e. for « € N% we write ||a||;:=
a1+--+agand al:=aq!---- agl.

Let O C R be some open set. For a function f:Q — R, we denote by

DA f e a\lw\hf

- axl"‘l 8x2“2 ce axd”‘d

its (weak or classical) derivative of order a. For s€ NgU{oo}, we denote by C*(Q)) the set
of s times continuously differentiable functions on (). Additionally, if Qis compact, we
set, for f € C*(Q))

I fllcs(@y:=_max_ sup|D*f(x)].

0<af1<s yed

2.1 Sobolev space
For any s € Ny and 1 < p < co, we define the Sobolev space W3 (Q)) by

WP(Q) := {feLP(Q): D*f e LP(Q), Ya € NG with ||a]|; gs}.

In particular, when p=2, we define H*(Q):=W*%?(Q) for any s € Np. Moreover, for any
feWs?(Q) with 1 <p < oo, we define the Sobolev norm by

1
p
||fHW5fP(Q)::< ) HD"‘fop(Q)>-

0<|lall1<s
When p =00, we have

[ fllwse():= max_||D*f|lp~(c)-

0<lal1<s

2.2 Holder space

Let =s+r>0,r€(0,1] and s= | 8| € Ny. For a finite constant B >0, the bounded Holder
class of functions H# (Q),B) is defined as

13 _a
Hﬁ(Q,B):{f:QﬁlR,max ID%f |, < B, max sup |2 Drf(yﬂgB}, 2.1)
e+ <s la 1= x 2y [x—yll3

where the norm || f{|5s () is defined as

Y et ¥ sup 2SI =D )]

el <s afr=s ¥y x—yll5

For any f € HP (Q,B), all partial derivatives of f up to the | B]-th order exist.
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2.3 Neural network

Let W,L,dngeIN, MeR and M >0, d>2. We consider the function f: RY— R that can be
parameterized by a neural network of the form

fo(x)=x,
fo(x)=p(A¢fra(x)+by), £=1,--,L—-1, (2.2)
f(x)=fr(x)=Arfr—1(x)+br.

The network weights A, are defined as Ay: RNe-1 — RN¢, where Ny=d, Np =1, and N,
represents the width of the ¢-th layer of the network. The numbers W and L represent
the largest width and depth of the network, respectively. ng denotes the total number of
nonzero weights, while p represents the activation function. In this paper, we focus on
two specific activation functions: ReLU and Sigmoidal. When the activation function p
is clear, we use the notation NN (W,L) to represent a neural network with a width of
W, depth of L, and NN (L,ng) to represent a neural network with a depth of L and total
number of non-zero weights ng.

We introduce the concept of a norm bounded neural network, which is defined as a
network whose output function fy is constrained by a value of M using a specific norm
|-]. This type of network is denoted as NN (W,L,|-|,M) or NN (L,ng,|-|,M). The choice
of norm used in the constraint depends on the desired smoothness of the function space.
Throughout the paper, we denote P as a function class consisting of feedforward neural
networks parameterized by 0:=((A1,b1),---,(AL,br)).

3 Main result

We provide convergence analysis for deep regression model and deep Ritz method [53]
for solving elliptic partial differential equation. These two problems are not only rep-
resentative model problems in deep learning but also of great practical interest in their
own right. We analyze ReLU and Sigmoidal activation functions, which are the two most
common types.

3.1 Regression model

Consider a nonparametric regression model

Y=fo(X)+¢, (3.1)

where Y € IR is a response, X € R? is a d-dimensional vector of predictors, fo: [O,l]d —R
is an unknown regression function, ¢ is an error with mean 0 and finite variance VZ,
independent of X. A basic problem in statistics and machine learning is to estimate the
unknown target regression function fy based on a random sample, S, = {(X;, i)}, C
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[0,1]? xR, where # is the sample size, that are independent and identically distributed
(i.id.) as (X,Y).

A basic paradigm for estimating f; is to minimize the mean square error or the L2
risk. For any (random) function f, let Z= (X,Y) be a random vector, the least-squares
estimation is to find a measurable function fy:RY — R satisfying

fO::argrr}in/l(f):argrr}inI§|Y—f(X)|2. (3.2)

However, in applications, the distribution of (X,Y) is typically unknown and only a ran-
dom sample S, ={(X;,Y;)}/, is available. Let

n

£(f)= YIf(X) -Vl 33)

i=1

be the empirical risk of f on the sample S,. Based on the observed random sample, our
primary goal is to construct an estimators of fy within a certain class of functions P by
minimizing the empirical risk. Then we have the following convergence rate theorem.

Theorem 3.1 (Informal version of Theorem . Let B>0,d>2, >2and k>&(B,d,B). If
fo € HP([0,1)%,B) is the target function of a regression model, there exists an over-parameterized
ReLU network class P =NN(W,L,||-||yi~,2B) with W,L > €(n,d,B,k,B), such that for the
empirical risk minimizer fg=argmin fep L(f),

~ _1
E[|fo— folli2 | <€(Bd,B)n 5.

In contrast to existing convergence results where the number of parameters of neural
networks is required to be smaller than the number of training samples [5}16,17,27,30,42,
44,145 /48/49], Theorem 3.1 holds for any sufficiently large width, i.e., Theorem3.1|applies
to over-parameterization schemes.The proof will be given in Section [4.1]

3.2 Deep Ritz method

Since the ReLU function is not smooth, it may not be suitable for problems that require
high smoothness in the solution. In this section, we present a convergence analysis of
the over-parameterized Deep Ritz Method [53] for second-order elliptic equations with
Neumann boundary conditions. To ensure sufficient smoothness, we use the Sigmoidal
activation function, which is infinitely continuously differentiable.

Let [0,1]¢ be the unit hypercube on R?, Q C [0,1]? be a convex bounded open set and
0Q) be the boundary of (). Consider the elliptic equation on () equipped with Neumann
boundary condition:

—Aut+wu=f on(), aZ:g on dQ). (3.4)

)
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According to the variation method and the integration by parts formula, the energy func-
tional can be defined by

1 1
L’(u):/ﬂ<2|Vu|2+2w]u|2—fu> —/BQ(gTu)ds, (3.5)

where T is the trace operator. We use Monte Carlo method to discretize the energy func-
tional and rewrite (3.5) as

IVu(X)[3 | w(X)u?(X)
ct=lof g [0, 2O oo e0] -pal_E | mung()
(3.6)
where U(Q2), U(9Q2) are the uniform distribution on () and 0Q).
We now introduce the discrete version:
. Niy 2 2 Np
E(u) — ‘Z\(])‘ |: HVu(ZXk) Hz + w(Xk);" (Xk> —M(Xk)f(Xk):| — ’E;\]m Z [M(Yk)g(yk)]/ (3-7)
n k=1 b k=1

where {Xk}i\fgl ~U(Q), {Yk},l(\]i1 ~U(0Q) ii.d.. For the deep Ritz method, we have the
following convergence rate theorem.

Theorem 3.2 (Informal version of Theorem . Let B>0, p>d>2, Njy=N,=n and
p,d,n € No. Suppose that u* € WP (Q) is the target solution of the elliptic partial differential
equation, and it satisfies ||u*||pyap () < B. Then, there exists an over-parameterized Sigmoidal
network function class P=NN (L,ng,||-||c2,2B) with at least ng>&(d,B, p,n) non-zero weights,
such that for the empirical risk minimizer ilg=argmin, cp L (1),

SV

E =7 ) <€, BM)n .
{Xk}k:1r{yk}k:1

There have been several works attempting to explain the mechanisms of DRM and
PINNs from a mathematical perspective [14}15, 23,24, 26,31} 32,{35-39, 41, 46| 47,51} 52].
However, all the studies conducted so far have assumed a scenario where the number
of neural network parameters is less than the number of training samples. Theorem
demonstrates that over-parameterized Sigmoidal neural networks can achieve a conver-
gence rate of n~i in the H! norm in solving elliptic partial differential equations with

Neumann boundary conditions.

3.3 The smoothness of network

We also discuss the impact of the smoothness index on the network’s convergence and
demonstrate that higher smoothness leads to better convergence. To further explore
this topic, we revisit the regression model. Since ReLU networks only have first-order
smoothness, we can impose stronger assumptions by replacing the activation function
with a Sigmoidal activation function. This allows us to investigate how the smoothness
of the network function class affects the convergence rate.
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Theorem 3.3 (Informal version of Theorem . Let B>0,s=[B], 1<t<n<s—1,
t<d/2andt,,d€No. S, ={(X;,Y;) Y1, is a random sample set, fo€ HF([0,1]%,B) is the target
function of a regression model. For each t, there exists an over-parameterized Sigmoidal network
function class P =N N (L,ng, |- ||ct,2B) with ng > €(d,B,s,n,n,t), such that for the empirical
risk minimizer fo= argmingep L(f),

B [[fo—follag ] < €5 B .

From Theorem3.3) we observe that the upper bound of excess risk is inversely propor-
tional to the smoothness index of the Sigmoidal neural network t. Therefore, the higher
the smoothness, the better the convergence.

4 Proof sketch

This section presents the proof sketches for Theorems and [3.3} with each proof
consisting of four steps.

4.1 Proof sketch of Theorem [3.1]

Assumption 4.1. Assume that the target function fy belongs to 7 ([0,1]%,B) defined in
(2.1) for a given f>2 and a finite constant B > 0.

For any estimator J?g, we evaluate its quality via its excess risk, defined as the differ-
ence between the L, risks of fg and fo, then

L(fo) =L (fo) =E[Y = fo(X)P=E[Y ~ fo(X) P =Elfo(X) ~ fo(X) P = | fo— foll T2 (4.1)

where u denotes the marginal distribution of X. A good estimator ]?9 should have a small
excess risk || fo— fol|, (o Thereafter, we focus on deriving the non-asymptotic upper

bounds of the expected excess risk ISEH]/(;) —fo H%z(y)

Step 1. Error decomposition. We decompose the expected excess risk into approximation
error and statistical error and analyze them separately.

Proposition 4.1. Suppose that P=NN (W,L) (or NN (L,ng)), then

£11F—follZz ntE

E|fo—follfa| < in inf iupw(f)—Z(f)!] : w2

gﬂpp Esta
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The approximation error &,p, describes the expressive power of the network class P
in L2 norm. The statistical error £, can also be referred to as the generalization error,
which is caused by the Monte Carlo discretization of £(-) defined in (3.2) with £(-) in

53

Step 2. Approximation error bound. In this part, we follow the constructions out-
lined in [28,54] and [21] to derive a novel approximation error bound for the Holder
smooth functions with smoothness index > 2 using ReLU activated neural networks.
We demonstrate that large ReLU networks can not only achieve accurate approximation
of a target function in terms of function value, but also approximate the first derivative
of the target function.

Theorem 4.1. Consider ReLU activation function. For any k € INo which satisfies k >
log,@,(d,s)+1 and f € HF([0,1]%,B) where B>2, s=|B], d>s and d,s € Ny, there exists
foE NN (W, L) where

W=¢,(d,s)2k 1,

L=4[log,(d+s—1)]+2,

such that
Hf_fﬂle,oo([Orl]d) §2€2(d,s)2*kB <B, (4.3)

where € (d,s) and €, (d,s) depend on d and s.

While Hieber [44], Suzuki [48] and Chen et al. [11] established approximation error
bounds for ReLU deep neural networks in the L* space, our paper presents a novel
bound for approximation error specifically in the Sobolev space W1,

Since HF(]0,1]) is embedded into W ([0,1]¢) and f, € HP([0,1],B), by the approx-
imation result and the triangle inequality, we have || fo|lyyie((o.1)0) < Il fo— follwree((o,1)
| follwres(jo,17¢) < 2B. It is reasonable to add a constraint to the neural network: for any
fo €P, |l follwis(jo,1¢) < 2B, because the network function class P defined in this way is
non-empty and contains the best approximation element fy. According to the definition,
we can say that P =N N (W,L,||-|yi~,2B) when the width of the network is W and the
depth is L. We summarize the above analysis in Corollary

Assumption 4.2. We assume that the ReLU neural network function class P is W*-
norm bounded by 2B, i.e. P=NN(W,L,||-||y1~,2B).

Corollary 4.1. Let >2,s=|p], d>sand d,s € Ny, p be ReLU activation function. Assume
that the problem satisfies Assumption 4.1{and the neural network function class P satisfies As-
sumption For k € No which satisfies k >log, €, (d,s)+1, there exist neural networks fg € P
with

W=_¢,(d,s)2"T,

L=4[log,(d+s—1)]+2,
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such that )

1.f—fel Wi ([0,1]4) < 2¢,(d,s)2 *"B<B, (4.4)
where €1(d,s) and €(d,s) depend on d and s.
Proof. Directly from Theorem O

Step 3. Statistical error bound. We provide a statistical error bound for W*-norm
bounded ReLU neural networks from the perspective of function space. Our primary
contribution lies in demonstrating that norm-bounded over-parameterized neural net-
works can achieve convergence, with their complexity controlled by the metric entropy
of the function space, independent of the number of parameters.

We define the Rademacher complexity of function class F associate with random
sample {X; }IV | as

7

1 N
R(F)= E sup— Y ok f(Xk)
{Xkoe iy [fegngll /

where {0} }Y | are i.i.d Rademacher variables with IP(0y =1) =P(0;, = —1) = 3. Then we
can drive the statistical error bound by calculating the Rademacher complexity of the
function space P.

Lemma 4.1.

5sta =E
Z

Suplﬁ(f)—f(f)ll <2R(P). (4.5)
fep

In order to bound the Rademacher complexity of P, we recall the definition of the
covering number.

Definition 4.1. Let W be a function class. For any € >0, let V be an € —cover of W with
respect to the distance do, that is, for any u € W, there exists a v€ V such that de (4,v) <e,
where d, is defined by

deo(u,0):=||u—0|| L.

The covering number C(€,W,d) is defined to be the minimum cardinality among all
€ —cover of W with respect to the distance d.

By applying Dudley’s Theorem our objective is to limit the covering number,
which can be bounded above using the following theorem.

Theorem 4.2. Let F be the norm-ball of radius 2B in W ([0,1]%). Then for any € >0
logC(e,F,ds) < €(d)(2B)%e *=¢(d,B)e". (4.6)
Proof. See [19], Theorem 4.3.36. O

The most important result in this section is now the following, in which we can see
that the upper bound of £, is independent of W and L.
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Theorem 4.3. Let the sample size is n and d >2, d € IN. For the regression model, if the neural
networks satisfy Assumption[d.2 i.e. P=NN (W,L,||-||y1~,2B), we have

sup| £(f)—L(f)|| <€(d,B)n~4. (4.7)

gstu =E
z fep

Step 4. Total error bound. By combining Steps 1 to Step 3, we can obtain our main result.

Theorem 4.4. Let p be ReLU function. Let B>0, p>2,s=|B|, d>sand d>2,d,;se
INg. For the problem satisfies Assumption there exists an over-parameterized neural net-
work function class P that satisfies Assumption If the sample size is n, when k € Ny,
k >max{log,?>(d,s)+1,&(d,B,s)log,n} and

W =¢;(d,s)2k 5,
L=4[log,(d+s—1)]+2,

we have that for the estimator fg eP,

=

E(Ifo~follt| <€(s.d By, 4.8)

where €1 (d,s) and €, (d,s) depend on d and s, and €(d,B,s) depends on d,B,s.

Remark 4.1. While our work is deeply rooted in classical theory, focusing on exploring
size-independent generalization bounds, we recognize that our contributions are just the
beginning of our exploration into this complex field. The challenges we’ve encountered
in applying constraints to the W ([0,1]?) norms within neural networks have not only
highlighted certain limitations but also underscored the need for more detailed explo-
ration and refinement in future research. Specifically, these limitations stem from the
fact that approaches to effectively regularize the W»*([0,1]%) norm are not yet well-
established in the current literature. Despite these challenges, it’s worth noting that our
work provides a valuable perspective for understanding common techniques like weight
clipping, batch normalization, and spectral normalization, shedding light on their poten-
tial effectiveness in regulating neural network regularity.

4.2 Proof sketch of Theorem

Deep Ritz method have been proven numerically to be efficient in solving partial dif-
ferential equations. For the second-order elliptic equations with Neumann boundary
conditions (3.4), we make the following assumption on the known terms in equation, for
l<p<oo: fEW?P(Q), g€ w3*%'p(an), w(x) € C*(Q), and [|w(x)]|c2(r) > c1 where ¢; is
some positive constant. Assume that M =max{||f|lw2» ), HgHWS’%/”(aQ)' [wllc2(qr) }, and

00 e CL.
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Lemma 4.2. The unique weak solution u* € H*(Q) of is the unique minimizer of L(u) over
H'(Q). Moreover, u* € W+ (Q)).

Proof. See [1], Theorem 15.2. O
Assumption 4.3. Assume that p>d and ||u*[| s, ) < B.

Step 1. Error decomposition.

Proposition 4.2.
AY! 2 HwHL""(Q)\/1 2
o =1 [ ) S L) =L (™) < ———=—[lu—1" [} -

The above statement highlights the properties of the loss function. The following
proposition plays a crucial role by dividing the total errors into two distinct types.

Proposition 4.3. Suppose that P=NN(L,ny)), then

E HLA‘O_”*H#(Q)
X ikt | |
2 (MV1, . "
< 1{ inf ||[u—u ]|%{1(Q)+2 E sup|L(u)—L(u)] }
an nep b gty [weP
gﬂpp gstu
Proof. The proof is similar to the proof of Proposition 4.1} O

Step 2. Approximation error bound. Following the results in [20], we show that for an
arbitrary accuracy € >0 and B >0, every function from the ball of the Sobolev space W**

Foap={F €W (1007): 11 fller 0230y < B}

can be e-approximated in weaker Sobolev norms W7 (with s,17,p € No, s > 1+1 and
1 <p <o) by neural networks with Sigmoidal activation function.

X

Theorem 4.5. Let s,n,d,p €No, s >n+1, 1 < p < oo, p be tanh function Zf;iix or sigmoid
function -

Trex- Forany e >0and f € F, 4, there exists a neural network fo € NN (L,ng) with

d
depth L and total number of nonzero weights ng > €e  s~1-#1 such that

Hf_fBHW'/,p([oll]d) <g,
where y is an arbitrarily small positive number and L,& depend on d,s,p,n,u,B.

Proof. See [20]. The main idea is based on the common strategy of approximating f by
localized polynomials which in turn are approximated by neural networks. O
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Since the region [0,1])¢ is larger than the region Q) we consider (recalling that we as-
sumed without loss of generality that Q C [0,1]¢ at the beginning), we need the following
extension result.

Lemma 4.3. Let €Ny, 1< p<oo. There exists a linear operator E from W'¥ (Q0) to WP ([0,1]7)
and Eu=u in Q).

Proof. See Theorem 7.25 in [18]. O

From Lemma we know that our target function u* € W4?(Q). Hence we are able
to obtain an approximation result in W37 (Q)) norm.

Corollary 4.2. Let s=4, =3 and d €Ny, p be tanh function & P - or sigmoid function I +1e %
For any € >0 and u* € Fy 4, there exists a neural network ilg € NN (L,ng) with depth L and

.
total number of nonzero weights ng > €e -3 such that

" =Tl <6
where y is an arbitrarily small positive number and L,& depend on d,u,p,B.

Proof. Set s =4 and 1 =3 in Theorem {4.5/ and use the fact ||u* —ilg|[ysr(q) < [[Eu*—
ilg st »((01)7), where E is the extension operator in Lemma. O

By Sobolev Imbedding Theorem, when p >d, W3P(Q) O W2°°(Q) and W47 (Q) O
W2*(Q)). Then [|u* —itg||yze () < [|u* — gl yar (o) <e€. In Assurnptlon [[u* [lwse () <B,
then by the approximation result and the trlangle inequality, we obtain [|ig||y2~(q) <
[|u* — gl wae () + [ 4* [ w2 (o) < 2B. From Corollary we know that il e NN (L,ng) is
an infinitely continuously differentiable function, then we have ||ig||c2() <2B. It is rea-
sonable to add a constraint to the neural network: for any fo € P, || fol/c2(n) <2B, because
the network function class P defined in this way contains the best approx1mat10n element
ilp and is non-empty. According to the definition, we can say that P=N N (L,ng, ||-||c2,2B)

when the depth of the network is L and the total number of nonzero weights is ng.

Assumption 4.4. For s >2,1<t<s-1, t,s € Ny, we assume that the Sigmoidal neural
network function class P =N N (L,ng) is C'-norm bounded, i.e. P :NN(L,ng, | |lct,2B).

Corollary 4.3. Let t =2, p>d, p,d € Ng and p be tanh function & Sre—x Or sigmoid function

Tre=s + - Assume that the problem satisfies Assumption {4.3\and the neural network function class
P satisfies Assumption 4.4} i.e. P =NN(Lng,||-||c2,2B). For any 0 <e < B, there exists a

d
neural network g € P with depth L and total number of nonzero weights ng > €e -3 such that
1" =gl e () <€,

where y is an arbitrarily small positive number and L,& depends on d,u,p,B.
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Proof. Similar to the proof of Corollary it can be drawn directly from Corollary
O

Step 3. Statistical error bound.

Lemma 4.4.

E

GE L [suplL(n)—L(w)|
{Xk}k:w{yk}k:]

ueP

4
<¢(d,M,[2Q|0) Y R(F)),
j=1

where
Fi={+f:Q—=R|3ueP,st. f(x)=|Vu(x)|?},

={£f:Q—=R|JueP,s.t f(x)=u?(x)},
F3=P, Fi=Plaq-
Proof. We can prove this lemma using the same method as Lemma by combining

equations and and applying Talagrand’s lemma. O
Theorem 4.6. Let F be the norm-ball of radius 2B in C*([0,1]%), t >0. Then for any € >0,

d _d _d
t t t,

logC(e, F,de) <€(d,t)(2B) =¢(d,B,t)e
Proof. See [19], Theorem 4.3.36. O

e

When the neural network function space P satisfies the condition in Assumption
we have the following result. This demonstrates that the upper bound of &, is indepen-
dent on ng and L.

Theorem 4.7. Let the sample size is n, t =2 and d >2, d € Ny. For the deep Ritz method, if the
neural networks satisfy Assumption[d.4, i.e. P=NN(L,ng,|||c2,2B), we have

E [sup|£() L(u)|| <e(d,B,M)n 1.

{Xk}km {Yk}k 1 uep

Step 4. Total error bound. Combining Corollary Theorem [4.7] and Proposition
we come to the following conclusion.

Theorem 4.8. Let p be tanh function & Y+e + or sigmoid function 1+ —. Let B>0, t=2, p>d>2,
p,d €INg and p is an arbitrarily small positive number. For the problem satisfies Assumption 4.
there exists an over-parameterized neural network function class P that satisfies Assumption
If the sample size N;,, = N =n, when ng is no less than

max{¢(d,u,B,M,p)n21-3 3# ¢(d,u,B,p)B T 3!*}
and L depends on d,u,B,p, we have that for the estimator iig € P

B [lle—u |3 o)) <€(dp,B,M)n i
{Xk}k;nlr{yk}k:hl
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4.3 Proof sketch of Theorem [3.3

In Theorem we have analyzed the error bound under ReLU neural networks, how-
ever, since the ReLU networks only have the first order smoothness, we can only consider
the network function class P satisfies Assumption If we replace the activation func-
tion with Sigmoidal activation function, we can make stronger assumptions (Assumption
about the network function class and investigate the impact of the smoothness of the
neural network function class on the convergence rate.

Consider the regression model with Assumption Firstly, we can get the
approximation error bound in by Theorem
Corollary 4.4. Let s=|B], 1<t<y<s—1, p=ooand t,,d €Ny, p be tanh function %
or sigmoid function H% Assume that the problem satisfies Assumption and the neural
network function class P satisfies Assumption For any 0 < € < B, there exists a neural

network fg € P with depth L and total number of nonzero weights ng > Ce T such that
}}fo_fBHWW/w<[O,1}d) <€

where y is an arbitrarily small positive number and L,& depends on d,u,B,s,1.

Proof. Since 1<t <y <s—1and fy € HP([0,1]%,B), we have that | follwees (jo174) < B. Re-
gardless of the Assumption we have | follwne(jo,1]¢) < € < B by the approximation
result in Theorem with p =co. Using the triangle inequality, we have || fpl|pyes (o,1¢) <
| fo— follwne(jo,114) + | follwees jo,14) < 2B. Since the activation function is infinitely con-
tinuously differentiable, we have || fo||c:(j91)¢) < 2B. It means that the assumption P =
NN (Lng,||-||ct,2B) is reasonable and does not change the approximation result. The
proof is complete. O

Secondly, we can get the statistical error bound in (¢.2) by combining Lemma
Dudley’s theorem [A.5|and Theorem

Theorem 4.9. Let the sample sizeis n, 1 <t <d/2 and t,d € Ny. For the regression model, if the
neural networks satisfy Assumption[d.4, i.e. P=NN(L,ng,| | ct,2B), we have

gstu =E

n

supr£<f>—ﬁ<f>|] <e(d,B,tni.
fepP

Finally, combining Corollary Theorem[4.9|and Propositionf.1|with s=[B], 1<t<
n<s—1,p=o0,t<d/2and t,i7,d € Ny, we come to the total error bound.

Theorem 4.10. Let p be tanh function gi;g:i or sigmoid function H% Let B>0,s=|p],

1<t<y<s—1,p=oo,t<d/2and t,n,d € Ny, and y is an arbitrarily small positive number.
Consider the problem satisfies Assumption For each t, there exists an over-parameterized
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neural network function class P that satisfies Assumption If the sample size is n, when
t d

ng > max{¢&(d,u,B,s,t,n)n*-m EB~ 511}, € and L depend on d,u,B,s,n, we have that for

the estimator fg € P,

e

S .
E[[[fo— folfzqy | <€(sd Bty pn i,

5 Conclusion

In this paper, we introduce a new theoretical framework based on function space the-
ory and establish the consistency of norm-bounded over-parameterized deep learning.
We demonstrate that the complexity of a neural network can be controlled by the metric
entropy of the balls in certain metric space, which is independent of the number of pa-
rameters. This provides a novel perspective for understanding the good generalization
ability of over-parameterized neural networks.

Further research is needed to explore related issues. One area of focus is finding
new methods for estimating approximation error, particularly for target functions with
smoothness f < 2. Another is extending this framework to include other activation func-
tions and to different kinds of problems.
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A Appendix

A.1 Proof of regression model

A.1.1 Proof of Proposition [4.1]

For any f € P, we have

L(fo)—L(fo)=L(fo) — L(fo)
Z
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where the inequality is due to the fact that £ (fg) — £(f) <0. Take the expectation of both
sides of this equation, we have

E|L(fo) ~£(f0)] <E|L(a) ~L(fo) +L())~L(fo)]
<E|L(f)-L(fo)|+E supr£<f>—2<f>|]

n| feP

:[ﬁ(f)—ﬁ(fo)}HE

SUPlﬁ(f)—f(f)ll :

feP
Since f can be any element in P, we take the infimum of f :

sup|L(f) —f(f)ll :

fepP

E[£(a)=£00)] < inf [£(7) - £ (o)) +E

By |If—folla(,y = £(F) =L (fo),
sn[er follzz } }2 If=foll 2, +IE

A.1.2 Proof of Theorem [4.1]

sup|£<f>—2(f>\] -

fepP

The approximation error depends on P through its parameters and is related to the
smoothness of the target. In this section, the function class P = NN (W,L) consists of
the feed-forward neural networks with the ReLU activation function. We show that ev-
ery function from the unit ball of the Sobolev space W*

Fadooi= {fe W5 ([0,1]d> : Hf||ws/°°([0,1]d) S B}

can be approximated in weaker Sobolev norms W*(with s >2) by neural networks with
ReLU activation function. The main idea is based on the common strategy of approxi-
mating f by localized polynomials which in turn are approximated by neural networks.
Following the constructions in [20] and [28], we can build approximate partitions of unity
which are compatible with ReLU activation function. Firstly, we consider the approxima-

tion of the quadratic function f(x)=x2.

Lemma A.1. Let f(x)=x?, for any k €N, there exists ¢) € NN (2+1,2) such that ¢?(0) =
and

I1f = 9Rllesoy <272, 1F =g llwi oy <27
Proof. We modify the construction in [28]. We define a set of teeth functions T;: IR — [0,1]
by

Ti(x):=¢2(1-x), $<x<1,
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and T; 11 =Ty oT;, for i €IN. It is easy to check that T; has 2i~1 teeth and

271

T(x)= Y, o(1-

=0

2fx—2j—1D.
Since |x| =0(x)+0(—x), the function
fi,j(x):a<1— 2"x—2j—1D

= (1= (2x—2j-1) —o (~2'x+2j+1))

- P Lo 2i _2j+1

_"<1_<2+2]+1>‘7(2i+2j+1x 21‘+2j+1)

ey 2 2j+1
— Z —
(2 +2]+1)‘7< 2i+2j+1x+2i+2j—|—1>>

is in NN(2,2). Then T; € NN (21,2).

For any k€N, let ¢?:[0,1] —[0,1] be the piecewise linear function such that P (ﬁ)
(£)?* for j=0,1,---,25, and ¢{ is linear on (L2, 4] for j=1,2,---,2%. Then, for all xel - ik

2k Izk]

PR - - |
4>,9(x):(ék—(] zk) )(X—]zl()+<]2k> =12, 2

2 P 1)\2
D) =L~

Since || f — ¢ lwre (o)) :max{Hf_(PigHL”([O,l])rHDf_D(P]?HL""([O,l])}r

(b)) (5
| B ()= )

2i—1 2(j—1 2i—1 2
157~ Dl oy =max{ |22 - 2D 2L

1f =l (o)) =

4

Therefore,
Hf—4>k!|wm o) <27% keN.

Furthermore, ¢! | (x)—¢?(x)= )andx ¢)(x)= Tix). Hence,

€[0,1], keN.

k
Pp(x) =x—(x—¢7(x)) —;(cp?,l(x) —¢P(x)) =0c(x) =)

=

[uy

Since YF_,2/+1=2F1—-1, we have ¢) € NN (2¢+1 —1,2), which completes the proof. [



88 Y. Jiao et al. / Commun. Comput. Phys., 36 (2024), pp. 71-103

Using the relation

2
o (LY (1) (1)
2 2 2 ’
we can approximate the product function by neural networks and then further approxi-
mate any monomials x7---x,.

Lemma A.2. Let f(x,y) =xy, for any k €N, there exists ¢p{ € NN (3-2511,4) such that ¢} :
[-1,1)2—[-1,1] and

<6-27%
Wis([-112) =

Hf ‘Pk‘

Furthermore, ¢} (x,y) =0 if xy=0.

Proof. By Lemma if f(x) = x%, there exists network ¢ € VA (251 —1,2) such that
Hf (pk‘ <2 ¥ and ¢2(0) =0. Using

() () (2))

we consider the function

~ 1 1 1
o) i=208 (5lvl ) 208 (3131 ~208 (1)

=2¢ (;a(x+y)+;a(—x—y))

Wloo )

~20} (5o 50(-)) ~268 3000+ 30(-9)).

Then, ¢} (x,y) =0 if xy=0, and, for any x,y € [-1,1],

IX+y| g0 [x+y|
w1°°([01]2 K\ 2

|xv—gitx)|

wis(011)
“W)(Q
Wi ([0,12)
ly|
(%) (5
Wi ([0,12)

<6-27k.
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Finally, let x (x)=0(x)—0(—x)—20 (3x—3)+20 (—3x—3)=(xV—1)Al, then ye NN (4,1).
We construct the target function as

Py =x (B ) = (Fhxy)v-1) AL
Then, for any x,y € [—1,1],

<627k
Wi ([0,1]2)

|xv=oixy) < |[xy— i)

Whe([0,1]?)
Here, ¢} e NN (3-2541 4). O

Lemma A.3. For any k€N, a,b € R with a <b, there exists ¢ € NN (3-2871,4) such that

<6(b—a)?27*,
W1 ([a,b]2)

|xy—¢iGew)|

Proof. See [22]. By Lemma and Lemma there exists ¢{ € NN (3-(25+1-1),4)
such that

<6-27k

RG] B

By setting x =a+(b—a)% and y=a+(b—a)y for any £,7 € [0,1], we define the following
network ¢;
X—a y—a

o=t (G0 4= ) +alx—a) taly—a) +a?

Note that a(x—a)-+a(y—a) is positive. Hence, the width of ¢} can be as small as 3- (2k1 —
1)+1<3-(2K1). Thus, by xy = (b—a)? (% . %) +a(x—a)+a(y—a)+a?, we have

| ¢t Gem) =y

Whe((a,b]?)
x—ay—a\ [(x—a y—a
=(b-a)’ ‘Pk<b a'b— a> (b—u b—a)’wl,w([aw)
<(b—a)?6-27F
This completes the proof. O

Lemma A.4. For any d > 2, m = [log,d| and k € N, k > 2[log,d|+2, there exists ¢}' €
NN (6d-2%,4[log,d]) such that ¢}*:[—1,1] —[—1,1] and

||x1...xd_¢,§n(x)||wl/w([0/1]d)33-22“0‘0’2‘”*1*", x=(x1,,%q) -

Furthermore, ¢}' (x) =0 if x1-- x5 =
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Proof. m=[log,d]. For m=1, by Lemma there exists ¢} € NN (3-2871,4) such that
¢p: 112 = [—1,1] and ||x122— ¢} (x1,%2) HWW([_L”Z) < 6-27% for any x1,x, € [~1,1]. We
define ¢7": [—1,1)>" — [—1,1] inductively by

98 Ger,oe ) =0 (0 (et im0 (gm0 ).

Then, ¢} (x1,--+,xom) =0 if x1---xon =0 because the equation is true for m =1. Next, we
inductively show that ¢!" € NN (3-287" 4m) and

21 22m — @ (31, X2 ) |y g gy 322" K =41 6.27K,

It is obvious that the assertion is true for m=1 by construction. Assume that the assertion
is true for some m—1€ NN, we will prove that it is true for m. By the assumption, ¢}" ' €
NN (3-2"+%=1 4m —4) and

<4m=2.6.27K,

m—1

then we have ¢" € NN (2:3-2mHK=1 4 —4+4) = NN (3-2"+%,4m) and

1+t = (et 20

= g sy — g (B e ) G, ) |

loa e xgmer- (g gg o -22m) = (1,0 1) - (Xgmo1 g+ Xom) e
g (a1 oo | (gt g = x2m) =7 (gt g+, X2 [ s
QP (et ) @ (s, )

— Py (¢Z"1 (21, Xgm1 ), (X1 4y, "rx2"1)> [l ee
<4m2.6.27F 4 (144" 2.6.275)4m2.6.27F +6.27F(1+2.4" 1. 6.27F)?
<4-4m72.6.27F=4m"1.6.27F,

W1leo

where the first inequality is due to the triangle inequality. By the induction hypothesis
and Lemma we get the second inequality. Since k >2[log,d|+2=2m+2, we have
4m=1.6.2=k <1, which can derive the last inequality. Hence, the assertion is true for m,
the proof is complete. O

In Lemma|A.4we construct neural networks to approximate monomials. We can then
approximate any f € W** by approximating its local Taylor expansion.
pp y y app 8 y P

o f (& n«
= L gun ¥ TGy (A1)
ne{0,1,+ N} lafli<s ™
where we use the usual conventions a!=]T%_;a;! and (x— %)*=]T%; (x;— %)". The func-
tions {¢, }, form a partition of unity of [0,1]¢ and each ¢, is supported on a sufficiently
small neighborhood of n/N.
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Theorem A.1. For any N,k €N, k>2[log,(d+s—1)|+2 and f € F; ;o where s € Ng and
s>2, there exists p € NN (W,L) where

W =6s(d+s—1)d* Y(N+1)92"=¢,(d,s)(N+1)42%,

L=4[log,(d+s—1)]+2,
such that S

d —s+1 2[log, (d-+s—1)]-1—k
1f =@ llwres(jo,10) <27°d°B <N s +3'a-2 [logy(d+s—1)] )
=@,(d,s)(N~t1+275B,

where ¢ (d,s) =6s(d+s—1)d* ! and €(d,s) =29d° -3 & .22/10g;(d+s=1) |1,
Proof. Let

p(t)=c(1—|t|)=c(1—c(t)—0o(—t))€[0,1], t€R,
then ¥ € NN(2,2) and the support of ¢ is [~1,1]. For any n= (ny,---,n4) €{0,1,---,N}4,

define

d
Pu(x):=][p(Nxi—n;), x=(x1,--,x5) €R?,
i=1

then 1, is supported on {x€R?: ||x— %] [0 < % 1. The functions {4, }, form a partition
of unity of the domain [0,1]% :

d N

Y pu) =] L ¢(Nxi—n;)=1, xe[0,1]%.

ne{0,1,-- N} i=1n;=0
Let p(x) be the local Taylor expansion (A.1).

= L pn ¥ () R (A2)

o!
nef{0,---,N}4 lall1<s—1

For a fixed n€{0,1,---,N}4 and any x€ {x € R?:|[x— £ || .~ < & }, by the Taylor expansion
there exists a {x € (0,1) such that

Ff(R) (. m\* If(RH8x(x—x)) (. n\«
flx)= ) N (x——) + ) a N (x )

a! N a! N

[lefla<s—1 l[all1=s

We denote the first order derivatives of f by 97 f with ||||;=1. For x€ {x€R?:||x— 1 || 1~ <
%}, by Taylor’s expansion there exists a ¢y € (0,1) such that

Y W( ")“_'_ y 8"‘87f(1’\’]+52(x_1’\’]))(x n)“

o! *“N o!

9f(x) = .

llafly <s—2 [lclly=s—1

o *f(%) (. _n ) P (HAE(—f)) (_mye
<|alz<;s—1 ( > +alzs—1 ( )

o! N o!

N
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Then for any x € [0,1]%, £(x) = Lye (o1, ) (%) £ (3).

e p WGy

1f () =) Lo (0130) =

ne{01, N} lafizs-1
f(+Cx(x—%)) n “)
+ ) x—+) ) —px)
leef1=s al ( N ) L=([0,1]4)
" f(F+Cx(x—%)) no\®
| T i p PRy
ne{0,1,--,N}4 [lall1=s ) L=([01])
B n\“
< X X lglex
n:x—x,noesIblmh:sH“’( N) L= (o119
<29dBNS,
and
"Tf(F T (x—F)) n\®
Df(x)—Dv(x)|l; <2 max N N X——
1A= P o = =11 gy =5 -1 2 ( N> L=([0,1))

S 2dds—1 BN—(S—l) )
Therefore,
£ =P ()l o) = max{ ILF (6) = p () | (0110, 1D F (¥) = Dp () | o)}
<24 BN,

Next, we need to construct the neural network ¢ and bound || p(x) —¢(x) [l w10 jo,1)4)- For

convenience, we denote ¢y, , := J fa(!ﬁ) , then by (A.2

= ¥ T cmn(s-2)

ne{0,- N} a1 <s-1

d o
= Y ) c,,,an(in—ni)<x—N>.

ne{0, -, N} |lalj;<s—1 i=1

We can approximate p(x) by
px)= ), Y. CnaPualx).

ne{0,+ N} |lall1<s—1

When we set m = [log, (d+||«||1)],

Pna ()=} (N1 =), Y (Nxg—na), - =55, )
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where the term x;— % appears in the input only when a; # 0 and it repeats «; times.
Since x;—n;/N=0(x;—n;/N)—o(—x;+n;/N), by Lemma Gnu ENN(6(d+s—1)-
2k,4[log,(d+s—1)]) and the approximation error is

d

[To (Nxi—) (3= 50 ) " = fua ()

i=1

< 3.22Mog (d+lall1)T -1k

Whe([0,1))
Observe that ¢, 4| = |— s f | < B and the number of terms in the inner summation is
Z Y 1<Zd1<sds !
lali<s—-1  j=Ollalh=j ~ j=0
The approximation error is, for any x € [0,1]%,

[p(x) —¢(x lew[m]d <Z Z B

nlafl1<s—1

[To Vs (x-24) ~ualo

i=1

wie([0,1]4)
S zdsds 1B .3 ‘22 Hogz(d-i-s—lﬂ —1—k.

Hence, the total approximation error is
1 () = () llwreo oy < [1f () =P ()l wree 0,010 + 1 (%) =P () [[wres po,114)
<A BN~ (1) 4 pdggs1p.3.02log, (d+5-1)] -1k
—2dgsp (Nfs+1_|_3. 2 .22[log2(d+sfl)]flfk)
=C,(d,s)(N~t1+275)B,

where € (d,s) =2%d°-3- 522108 (@+5=1)1-1_ The width W of the network ¢ is 6(d+s—1)-
2k.5d*"1(N+1) and the depth L is 4 [log, (d+s—1)]+2. O

Theorem A.2. For ke N, k>2[log,(d+s—1)]+2and feHP([0,1]%,B) where B>2,s=|B| €
Ny, there exists p € NN (W, L) where

W =¢4(d,s)25
L=4[log,(d+s—1)]+2,

such that
If = llwreo o) <2€2(d,s)27*B
where €1 (d,s) and €, (d,s) are defined as Theorem

Proof. Choose N = [2571], by the result in Theorem we have W= (d,s)2"+ <
4 [logZ(d—i—s — 1)—| +2 and ”f_quW]'“([O,l}d) < 2@2(d,5)27 B.

Combining Theorem [A.2 with k> log, &, (d,s) +1, we have that || f — || 1. (jo10) < B,
and the proof of Theorem 4.1|is complete. O

Pq
I
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A.1.3 Proof of Lemma
We take Z={Z;}"_, as an independent copy of {Z;}""_,, then

L(F)~£(F) =E(U(,2) - Y 0(F.2)

i=1

= E 1i5(ffzi)—1zn;€(fzzi)]
(Zy, |z i3
1& ~
= — 0f,Z)—C(f,Z;)].
U (52

Since / is the least squares loss function, combined with Talagrand’s lemma [40]], we have

E sup|L(f)—L(f)|[< E sup
{zi }, 1feP {Z 2}, fep

= su 7201[ (fZ)}

{Z Z 03}1 1f€77

ii[(fZ) (fZ)]‘

i=1

< E sup-Y il(f,Z)+ E sup—
{Z ‘71}1 1f€7) Z : {Z 0—1}1 1f€P 2

=2 [E su ail(f,Zi)
{Z Ul}l 1f€7l:7) Z f

R(LoP) SZR(P),

where the second step is due to the fact that the insertion of Rademacher variables doesn’t
change the distribution.

A.1.4 Proof of Theorem [4.3]

Lemma A.5. Let F be a class of functions from () to R such that 0 € F and the diameter of F is
less than M, i.e., ||u|| o) <M, Vu € F. Then

R(F)< inf (45+\F \/log(C(e,]-",doo))de> . (A3)

Proof. The proof is based on the chaining method. Set e; =2 ¥*!M. We denote by F;
such that Fy is an eg-cover of F and | Fi| =C (ek,F,d ). Hence for any u € F, there exists
uy € Fy such that

oo (1, 11y) < €.
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Let K be a positive integer determined later. We have

R(F)= sup oiu
{U—lx}l 1 ue}—NZ
K-1 N N
= NSUP [):Uz ur (X)) + Y Y0 (1 (Xi) =1 (Xi)) +)_oimn (X
(o, }, Nuer j=li=1 i=1
K-1
< E su oi(u(X;)—ug (X)) | + E sup i 1(Xi)—ui(X;)
(o XN, uE.I;"NZ ]21 (0. X3, uEfNZ it j(%3)
+ E sup — Z‘Tl
{o, XN, ue]-'l i=1

We can choose F; = {0} to eliminate the third term. For the first term,

N

1
< B sup o fu-nelps <ex
{‘TLX} 1146]'—

sup — [ZUI k(X))

{(71 X} 1146]'—

For the second term, for any fixed samples {Xl}f\i 1, we define
VjZZ{(l/l]'+1 (Xl)—u]-(Xl),---,u]-H (XN)—M]'(XN)) EIRN: MEJ:}.

Then, for any v/ € V;,

' ; 1/2
HU]HZZ (Z‘”J‘H(Xi)—”j(xz‘)\z) <Vnfuja—ul|
i=1
<vVnuja—ul| o +Vnlluj—u o= Vnej+Vnej=3nej .
Applying Massart’s lemma [40], we have

K-1

1 N
E (sup— Y 0i(ujp1(Xi)—u;(X;)
=, _ueFN; (41 (X0) =5 ()

T Lo | < L2t o]
= su ;0 o il
=1 {0} UIGI; Z _j:1 VN s1Y

By the definition of Vj, we know that |V]‘ < ‘.7-"]} ‘]:j+1‘ < |.7-"]-+1 |2. Hence

Z supNZUZ i1 (Xi) —uj(Xi))

:1 X} —1 ucF
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Now we obtain

eK—i—Z ]H\/log]}"ﬁl

K

12
:6K+m2(e] €41) \/logC (€j,F deo)

<ext—— /\/logCe}'d
€K+1

< i il
_0<1§1<fM<45+ / V1og(C (e, F )de>

where last inequality holds since for 0 <4 < M, we can choose K to be the largest integer
such that ex 1 >4, at this time ex <4eg 1y <49. O

Proof of Theorem From Lemma 4.1 we have

é%ta——ﬂz

sup|L(f) - 3<f)!] <2R(P).
feP

Combining with Lemma[A.5/and Theorem 4.2} when d >2,
2B
< i -
R(P)<, inf <45+ / V108(C(e, P des )de>
2B
/ ~d
0<1§1<f23 / ¢(d,B)e de>

(4
< inf <4é+¢ (d,B) 2(5‘§+1_(23)§+1))
1

0<6<2B d—2

d
2+1>

inf (46 —|—

0<5<2

<&(d,B)n .

O

Therefore, Esy < 2€(d,B)n_E =¢&(d,B)n~

A.1.5 Proof of Theorem [4.4]

Firstly, since fo € HP([0,1]%,B), by Corollary we know that for any k >1log, €5 (d,s)+1
there exists a neural network fg € P with W=¢; (d,s)ZH% and L=4[log,(d+s—1)]+2
such that

[ fo— follwis(jo,11) <2€2(d,s)B 27k

Secondly, by Theorem 4.2} we have that the statistic error

E sup|c<f>—2<f>|] <&(d,B)n1.

n| feP
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Finally, take (2¢5(d,s)B-27%)2 < &(d,B)n n~i, we have that k > — 1log,(¢(d,B s)n*%) =
¢(d,B,s)log,n. Hence take k > max{log,¢,(d,s)+1,¢(d,B s)log2n} and by Proposition
the total error is

1

E|[|fo—follfa | <€(s,dB)n 1.

A.2 Proof of Deep Ritz Method

In this section, P consists of the feed-forward neural networks with the Sigmoidal activa-
tion function.

A.2.1 Proof of Proposition 4.2

For any u€ P, setv=u—u"*, then

L(u)=L(u"+0)
%(V(u*+v),V(u*+v))Lz(Q)+%(u*+v,u*+v)L2(Q;w)—(u*—HJ,f)Lz(Q)
%(V” NU) 120 )+%(u*/u*)L2(Q;w)_<u*lf>L2(Q)
+5 (VU V)12 )+%(0/0)L2(Q;w)+[(vu*/vv)LZ(Q)+(u )2 0m) ~ (O f) 2@ }
=L(")+ 5 (V0,90) 130+ 5 (00) (0001

where the last equality is due to the fact that u* is the weak solution of Eq. equation 3.4}
Hence

c1A1 o 1 1
ol <5(M)—ﬁ(”):*(VUVU)L2( )+ 5 (002
oo
MO o 2,
that is,
! [ R E
=l o) S L) = £ (") £ =S — =13

A.2.2 Proof of Theorem
Since Q1 =1[0,1], by Lemma we have

4
Esta <€(d,M,[0Q,1Q) Y “R(F)).
j=1

Since P =N N (L,ng,||-||c2,2B) and the activation function is infinitely differentiable, for
all j,1<j<4, F;e Mo:={f €C": ||f||c: <2B}. Then by Theorem 4.6} logC (e, Mo,dc) <
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¢(d,B)e™“. By Lemma|A.5/and Theorem when d >2,

)< inf
72(]:]>_0<1§1<2B

G

< inf (45+ } / - W@)
( 2
(

>~
(o9
_|_
&
=
=
\_/
I\)
/N
N
NI
+
—_
—
N
o~
~—
N—
N——

Therefore,

Esta=2 E [sup|£(u)—2(u)|] <&(d,B,M)n"i
(X v, [ueP

A.2.3 Proof of Theorem [4.§]

Firstly, by Corollary[4.3|we know that the assumption P =N N (L,ng, || ||c2,2B) is reason-
able and for any 0 < € < B, there exists a neural network 1y € P with depth L and total

d
number of nonzero weights ng > €(d,u,p,B)e 3 such that
||u* _u9||W2'°°(Q) S € < B,

where y is an arbitrarily small positive number and L depends on d,u,p,B.
Secondly, by Theorem 4.7}

E [sup|£() L(u)|| <e¢(d,B,M)n 1.

{Xk}km {Yk}k 1 LueP

Finally, take €? = C(d,B,M)n*%, we have that ng > C(d,y,B,M,p)nﬂl}iSM. On the other
hand, since e < B, ng > @(d,],t,p,B)e*ﬁ > @(d i,p,B )B’l—LSu

Hence take ng >max{&(d,y,B,M,p)n21-31) 314 &(d,u,B,p)B T 31‘} by Proposmon the
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total error is

0=y |
(Kb (i)t @

2 (MV1, . ~
< /\1{ inf ||u—u H%Il(n)"”z JE sup|L(u)—L(u)| }
“ uep (X}, (), [ueP
gupp 8stu
2 {M\/l , ) .
< inf |[u—u*||5200) +2 E sup|L(u)—L(u)| }
C1/\1 2 uep W2(Q) {Xk}]z{vg,{yk}g:h] weP

g”pp Et
sta

=

<&(d,u,B,M)n"4.

A.3 Proof of smoothness

A.3.1 Proof of Theorem[4.9

For the regression model, by Lemma we have &, <2R(P). Since P=NN(L,ng,]|-
|lct,2B), by Theorem logC(e,P,ds) < (’Z(d,B,t)e*%. By Lemma when t<d/2,

R(P)< inf (4‘”;2% /{;ZB\/Iog(C(e,P,dm))de>

T 0<<2B

< inf 45+12/ZB ¢(d,B,t)e fde
T 0<6<2B VnlJs ”
< inf 45+£¢(d3t)i(y%ﬂ_(ZB)—%ﬂ)
T 0<4<2B v d=2t
< inf (45+€(d’3’t)5$+1>

0<5<2B Vn
<&(d,B,t)yn"d

Therefore,
Esta=E SuP|£(f)—E(f)|] <e(d,B, 1.
nfepP

A.3.2 Proof of Theorem

Firstly, since fo € HP([0,1]%,B), B>2and 1<t <7 <s—1, by Corollary we know that
for any 0 < € < B, there exists a neural network fg € P with depth L and total number of

d
nonzero weights ng > &(d,u,B,s,i7)e -1 such that

1 fo—follwees o110y < [l fo—follwnes o110y <€ <B,
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where y is an arbitrarily small positive number and L depends on d,u,B,s.
Secondly, by Theorem {4.9| we have that the statistic error satisfies

E

n

supr£<f>—2<f>|] <¢(d,B,t)n 1.
fep

Finally, take €2 = @(d,B,t)n_é, we have that ng > Q:(d,“l/l,B,S,iy,t)Tl2<5”7r’1”1) .

On the other hand, since e<B, ng>&(d,11,B,s,17)e " =i >&(d,u,B,s,n)B~ i . Hence
take t .
ng >max{&(d,u,B,s,t,n)n2n-m ,&(d,u,B,s,y)B 1w},

and by Proposition 4.1} the total error is

E|L(fo) =L (fo) | <€(sd,B by p)n .
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