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Abstract. Non-overlapping domain decomposition methods are well-suited for ad-
dressing interface problems across various disciplines, where traditional numerical
simulations often require the use of interface-fitted meshes or technically designed ba-
sis functions. To remove the burden of mesh generation and to effectively tackle with
the flux transmission condition, a novel mesh-free scheme, i.e., the Dirichlet-Neumann
learning algorithm, is studied in this work for solving the benchmark elliptic interface
problems with high-contrast coefficients and irregular interfaces. By resorting to the
variational principle, we carry out a rigorous error analysis to evaluate the discrepancy
caused by the boundary penalty treatment for each decomposed subproblem, which
paves the way for realizing the Dirichlet-Neumann algorithm using neural network
extension operators. Through experimental validation on a series of testing problems
in two and three dimensions, our methods demonstrate superior performance over
other alternatives even in scenarios with inaccurate flux predictions at the interface.
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1 Introduction

Many problems in science and engineering are carried out with domains separated by
curves or surfaces, e.g., the abrupt change in material properties between adjacent re-
gions, from which the interface problem naturally arises. A widely studied benchmark
example is the elliptic interface problem with high-contrast coefficients [6,36,40], whose
solution lies in the Sobolev space H!™¢(Q) with € >0 possibly close to zero [44]. Due to the
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limited regularity of solution, classical numerical methods, such as finite difference and
finite element methods [3}34], require the generation of an interface-fitted mesh for the
discretization of domain [6], which can be technically involved and time consuming es-
pecially when the geometry of interface gets complicated and the dimension of problem
increases. To ease the burden of mesh generation, numerical approaches based on un-
fitted meshes, e.g., the immersed interface method [36] and many others, have emerged
as attractive alternatives [40]. However, using unfitted meshes, e.g, a uniform Cartesian
mesh, often requires technical adjustments to the basis function to enforce the jump con-
dition with high accuracy [5}17].

Note that the computational domain has been separated as the union of multiple non-
overlapping subdomains, each of which corresponds to a local boundary value problem
after endowing the interface with an appropriate boundary condition [52]. As a result,
the non-overlapping Dirichlet-Neumann algorithm [52,|68,69] is developed to address
elliptic interface problems, where decomposed subproblems are alternatively solved us-
ing mesh-based numerical methods [3|34,35]. However, the complex geometry of sub-
domain interfaces remains a major concern during the meshing process. Fortunately,
many domain decomposition methods [9,52}60] can be formulated at the continuous
level, thereby making it computationally feasible to adopt the meshless deep learning
technique [14,29,70] as the local problem solver [19]. Thanks to the rapid develop-
ment of artificial intelligence science, much attention has recently been paid to com-
bining deep learning with insights from domain decomposition methods. The physics-
informed neural networks (abbreviated as PINNs in what follows) [29-31} 53], among
others [56,70,72] has been utilized to solve Dirichlet and Neumann subproblems within
the classical Dirichlet-Neumann algorithm [39], which is named “DeepDDM” and ap-
plied to several interface problems as a proof of concept. To further enhance its scal-
ability properties, the DeepDDM method is extended with the aid of coarse space cor-
rection [45,52]. Note that in the degenerate case of homogeneous jump conditions, the
continuity of averaged solution between neighbouring subdomains, as well as its first
and higher-order derivatives, are explicitly enforced through additional penalty terms in
a series of papers [22,24,27,43,55,67|]. Designing specific network architectures is another
way of dealing with the complex geometry and jump condition [10,21}61,64], e.g., using
adaptive activation functions [25,26], augmenting an additional coordinate variable as
the input of the solution ansatz [32], replacing neural network structures with extreme
learning machines [10}/11] or graph neural networks [59], to name a few. Additionally,
an efficient hybrid approach [4,64] is developed to address the singular and regular so-
lutions using neural network and finite difference methods, respectively.

However, when solving the Dirichlet subproblem using neural networks, the gradi-
ent of trained model often exhibits higher errors at the boundary compared to its in-
terior domain, which poses challenges when explicitly enforcing the flux transmission
condition along subdomain interfaces. In contrast, a novel Dirichlet-Neumann learning
algorithm using neural network extension operators is studied in this work for tackling
high-contrast coefficients as well as irregular interfaces, alleviating the issue of inaccurate
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Dirichlet-to-Neumann map by resorting to the variational principle. Moreover, a rigor-
ous error analysis is established to estimate the discrepancies caused by the penalty treat-
ment of boundary conditionsﬂ [7,47,71], which also sheds light on the setup of penalty
coefficients. Additionally, we present a comparative study to theoretically illustrate the
robustness and effectiveness of our methods over the DeepDDM scheme [38]], followed
by a series of numerical examples to validate our findings.

The rest of this paper is organized as follows. In Section [2, we begin by recalling
the Dirichlet-Neumann algorithm for solving elliptic interface problems in the contin-
uous level, then the subproblem solver using mesh-based and mesh-free methods are
briefly reviewed and compared. We also conduct experiments to illustrate the motiva-
tion behind our work, with a particular focusing on the Dirichlet-to-Neumann map of
trained network solutions for the Dirichlet subproblem. To combine domain decom-
position methods with deep learning solvers in a consistent manner, a rigorous error
analysis of boundary penalty treatment for both Dirichlet and Neumann subproblems
is presented in Section 3| followed by implementation details of our Dirichlet-Neumann
learning algorithm. Next, numerical results on a series of benchmark problems are re-
ported in Section[d] Finally, we summarize our work in Section

2 Preliminaries and motivation

2.1 Elliptic interface problem with high-contrast coefficients

Let QO C R be a bounded domain with Lipschitz boundary 90, which is assumed to be
composed of two non-overlapping subdomains as illustrated in Fig. (1} that is,

QO=0:N0y, O NWL=0, T=00Q;N00,.

We consider in this work an elliptic interface problem with high-contrast coefficients and
natural jump conditions [40], which is often formally written as:

—V-(c(x)Vu(x))+u(x)=f(x) inQ,
u(x)=0 onoQ, (2.1)
[u(x)]=0 and [c(x)Vu(x)-n]J=g(x) onT.

Here, f(x) represents a given function in LZ(Q), n=mny (n1) the unit outer normal vector
for subdomain ), ((2;), and [-] the difference of quantity across the interface, i.e.,

lim u(x)= lim u(x) and — lim c(x)Vu(x)-n— lim c(x)Vu(x)-ny=gq(X)

X‘Qlﬁx XlQZHX X|Q1*>X x|02*>X

tEssential boundary conditions are included as additional penalty terms, posed in a “soft” manner.
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Figure 1: A Lipschitz domain Q C R? or IR? that is decomposed into two subdregions.

for any point X € T'. In particular, c(x) is a piecewise constant function that has a finite
jump of function value across the interface I', that is,

c1>0 in (),
c(x)= .
crp>c1 in )y,

which is typically caused by the abrupt change in material properties or the interaction
of fluid dynamics [40]. Notably, ¢; =c, can be regarded as a degenerate case of (2.1). By
setting V; = {v; € H' ()| vilaanan, =0}, V= H}(€Y), and defining

bi(ui,vi):/ .(ciVueri—i—uivi)dx, (f,vi)i:/n‘fvidx, and (q,vz)Lz(r):/rqus,
for i =1,2, the Green’s formula implies that the weak formulation of interface problem
(2.1) reads: find u; € V5 and u; € V; such that

by (M],Ul) = (f,Ul)l for any v1 € Vlo,
ui=up; onl, (2.2)
ba(u2,v2) = (f,v2)2+ (f,R17002)1 — b1 (u1,R17002) — (9,02) 121y for any vz € V3,

1
where v =0|r is the restriction of v€ H'(€);) on the interface I' and R;: H})(I') — V; any
differentiable extension operator.

By choosing a suitable relaxation parameter p € (0,pmax), an iterative scheme, known

as the Dirichlet-Neumann algorithm [52,|68]], can be established for solving (2.2): given

1
an initial guess of the unknown solution at the interface u[ro} € Hg,(T'), then solve for k>0,

. 1
1) ugk]: argmin [k]ibl(ul,ul)—(f,ul)l; (2.3)

u1€Vy, g |r:Mr

1
2) ”gk]Zargmmibz(uzfuz)—(f/”2)2+bl(“£k}fR170“2)—(ffRnouz)ﬁ(q/uz)Lz(r); (2.4)

u2€V2
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3) u[rkH] :pugk]—f—(l—p)u[rk] onT, (2.5)

until certain stopping criteria are met [52,60]. Here, the flux transmission between (2.3)
and (2.4) is enforced without explicitly computing the Dirichlet-to-Neumann map [58].

Remark 2.1. Though the entire solution of problem lies in the space H'*¢(Q) with
€ > 0 possibly close to zero [44], solutions of decomposed subproblems and
are typically regular under mild geometric assumptions on the boundary [11}/13]. More
precisely, we assume that ugk] € H?(Q)) and ugk] € H?((),) for error estimates in Section
Remark 2.2. In the case of an inhomogeneous jump condition [u(x)] = p(x) #0 in 2.1),
the update of solution value at the interface turns out to be [1,/68]

u[rkﬂ] :pugk] —I—(1—p)u[rk} +p onT.

2.2 Related work

Traditional numerical methods for tackling elliptic interface problems can be roughly cat-
egorized into two groups by using either an interface-fitted or -unfitted mesh in the dis-
cretization of domain. Provided a mesh that aligns precisely with the boundary of each
subdomain, the former enables absorption of interface jump conditions into the finite
element formulation [3], leading to accurate approximations with nearly optimal error
bounds [6]. However, it necessitates the requirement of an interface-fitted mesh genera-
tor, which can be time consuming for intricate geometries in two and higher dimensions.
In contrast, the latter employs interface-unfitted meshes (e.g., the Cartesian mesh) and is
renowned for its easiness of mesh generation, but necessitates the construction of basis
functions that fulfill the interface jump conditions. A rich literature in this direction in-
cludes immersed interface methods [36], extended finite element methods [12], to name
a few. In recent years, there has also been a rapid emergence of methods that integrate
classical numerical methods with contemporary deep learning techniques, which have
achieved success to a certain extent.

For instance, the Dirichlet-Neumann algorithm illustrated in section which is of-
ten expressed in terms of differential operators [60], namely, for k>1,

—V-(un[lk])—i—ugk] =f in Oy,

ugk] =0 on o \T, (Dirichlet subproblem)

uf! =puf 4 (1-p)u onT,

(2.6)
—V-(CZVung])%—ung} :f in 02,
ugkﬂ} =0 on 0, \I', (Neumann subproblem)

C2Vu£k+1] Ny = —q—c1Vu£k] -n; onT,
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is also a continuous method for solving the elliptic interface problem (2.I), thereby mak-
ing it feasible to integrate with techniques from the deep learning community [14}29].
Specifically, one of the most straightforward method [39] is to employ PINNs [53] for
solving all the decomposed subproblems in (2.6). It is also worthwhile to note that similar
idea has been applied in areas of overlapping domain decomposition methods [37-39,54],
where updated interface conditions are of Dirichlet type and are taken from the interior
of neighbouring subdomains.

In fact, the advantage of mesh-free feature has spurred the proposal of various neural
network models for addressing the elliptic interface problem (2.1). A deep Ritz-type ap-
proach is developed in [63] through the usage of one single neural network, whereas an
improved procedure involves employing a piecewise neural network on multiple sub-
domains [15,/17]. In addition, configuring appropriate penalty weights among various
loss terms is a critical yet laborious task, which can be mitigated by assigning adaptive
weights to different loss terms [62,65]. Note that in the case of homogeneous jump condi-
tions, the continuity of averaged solution between neighbouring subdomains, as well as
its first and higher-order derivatives [22,24,27,55,67], can be explicitly enforced through
additional penalty terms posed on the interface. A convergence analysis of PINNs in
conjunction with domain decomposition techniques for solving elliptic interface prob-
lems has recently been established under sufficient regularity assumptions [66]. Another
way of dealing with the jump conditions is to design specific network architectures that
can capture jump discontinuities across subdomain interfaces [21} 32,61} 64] or employ
hybrid schemes that can take both advantages of neural network and finite difference
methods [4,64].

2.3 Motivation of our work

Undoubtedly, flux transmission between neighboring subdomains plays a crucial role in
(2.6), however, gradients of trained models often exhibit higher errors at the boundary
compared to its interior domain [1}8,58,62], which may degrade the numerical perfor-
mance. As an illustrative example, we consider the Dirichlet subproblenﬂ in with

O = {(x,y) ) \/x2+y?2 < %—k%sin <12arctan(i)> }, I'=00),

c1=1, f(x,y) and uq (x,y)|r being derived from the exact solution

2 233 . B _E . z
up(x,y)=(x"+y )Zsm<27u/x2+y2 T 2sm<12arctan(x))>.

We begin our exploration by studying the soft-constrained PINNs approach [53]], adopt-
ing the ResNet structure (depth =8, width =100) [18] with a constant penalty coefficient

K]

tHere, the superscript [k] of u i is omitted for brevity and #; indicates the network solution for i=1, 2.
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Table 1: Trained models il of Dirichlet subproblem using different strategies, as well as their error profiles.

| i | un =] || [9x(ur —00)] | [9y(ur — )]

ResNet
Sof‘t—constr_aint
B = 400 [18]

Transformer
soft-constraint || o

adaptive B [62]

ResNet
hard-cpnstraint
[57)

for solving the Dirichlet subproblem. As can be observed from the error profile |u; — 11|
in the trained network solution closely aligns with the true solution. However,
the accuracy of derivatives d,7l; and dy i, particularly at and near the boundary, is not
that satisfactory. Next, we use the transformer network architecture, accompanied by an
adaptive strategy for fine-tuning the penalty coefficient [62]. Numerical results shown in
[Table T|reveal similar error patterns as before, with a marginally improved performance.
Finally, we conduct an experiment using the hard-constraint strategy [57]], where the sat-
isfactory of Dirichlet boundary conditions is significantly improved. Unfortunately, ac-
curacy in the corresponding derivative values deteriorates as shown in[Table 1}

Consequently, when solving the Neumann subproblem through (2.6), the flux trans-
mission condition is approximately enforced by

caViy-my~—g—c1Vily-n; onl,

which ends up with the following error estimation
A €1l on
Vuz—Vuzmc—(Vul—Vul) onT. (2.7)
2

This indicates that the error incurred by Vil; —Vu, along the interface, as shown in
may propagate to neighbouring subdomains through 2.7). Such an issue is often
overlooked due to the impact of high-contrast coefficients c; < ¢ but should not be dis-
regarded especially when ¢y and c; are of comparable magnitude.
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Moreover, considering the experimental observation that the Dirichlet-to-Neumann
map of trained network solutiorﬁr often exhibits higher errors at the interface, it also mo-
tivates us to use the interior solution Vil |, for flux exchange rather than the straight-
forward approach in (2.6).

3 Method

In this section, we begin by revisiting variational problems and from the per-
spective of network training. Then, the convergence analysis of our Dirichlet-Neumann
learning algorithm for solving is studied in the weak sense, which also sheds light
on the setup of penalty coefficients during the training process. Finally, implementation
details for realizing our learning approach is summarized in Algorithm [1, accompanied
by discussions on additional tricks to further enhance the numerical performance.

3.1 Variational problem revisited

To realize the iterative scheme (2.3[{2.5) using neural networks [14], the essential bound-
ary condition of Dirichlet subproblem is treated in a “soft” manner by augmenting
the energy functional with boundary penalty terms [29//56||70]], namely,

N R R - k
= argmin *bl(ulzul)—(frul)ﬁ@ (Hul||%2(anlma())+|’”1_upH%Z(r))r (3.1)
ﬁ1€H1(01)2 2

alM

at the k-th outer iteration, where Bp >0 is a user-defined penalty coefficient [62].
On the other hand, by extending the local solution u; € V> of Neumann subproblem
to its neighboring subdomain (not relabelled for notational simplicity),

Riyouz (x) =uz(x) € V1, 3.2)
the modified loss functional associated with our Neumann subproblem (2.4) gives

2

~ [k k ~
[} [} 7"“2HL2(80)

N A . NI .
U, :argmmsz(uz,uz)—(f,uz)z—i—bl(ul ,Mz)—(f,uz)1+
,eH1(Q)

+(q,%2) 12(r), (3.3)

where B >0 represents another penalty coefficient. Obviously, the interior data Vﬁ[lk] |0,

is employed for flux exchange in (3.3), rather than the Neumann trace Vﬁgk] Ir. Itis also
noteworthy that the minimizer of functional (3.3) is now defined globally over the entire
domain, which differs from the traditional mesh-based treatment [60].

tHere and in what follows, we exclude the hard-constraint strategy and defer it for future investigation.
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3.2 Error estimates

Before introducing the neural network parametrization of unknown solutions, the error
estimation induced by the relaxation from exact boundary or interface conditions to a
penalization-based approach are established for (3.1) and (3.3) in what follows.

Theorem 3.1. Let ug Vand [  be the solution of minimization problems 2.3) and (3.1) respec-
tively, then there holds

12—l 1 ) < C(QulT) 21 (3.4)

a
Bp \ &’
where ¢1 = max{cy,1}, ¢4 =min{cy,1}, and C (Ql,u[lk}) represents a generic constant that de-
pends on the subdomain () and the solution ugk] of Dirichlet subproblem (2.3).

Proof. Step 1) We first denote by L;(il1) the loss function of problem (3.1), that is, a func-
tional on H!(()1) taking on the form

. 1, . k
La(i) = 5bn () ~ ()4 B2 (1 Baan o+l —ul2r)), 39

and then derive optimality conditions that are satisfied by the unique global minimizer.
To be precise, the function 1; € H 1 (()1) is decomposed as a sum of two local functions,

e, iy =0l ]+g with u[ ] € H'(();) satisfying

—V- (e V) + V‘]zf in Q,
1M+ eptvall =0 ona0ynan, (3.6)

]—i—c 5Dlv4’4 1y —ugc] onT,

in the sense of dlstrlbutlons Then, by applying the Green’s formula [11] to (3.6), a direct
calculation of (3.5) implies thaf|for any i; € H'(();),

erti) = La(al)+ [ (G104 lgR )+ B2 [ lgPds> a(al)

Or, equivalently, the unique weak solution of elliptic equations is the global mini-
mizer of energy functional (3.5). Notably, when comparing with the Dirichlet sub-
problem (written in terms of differential operators), i.e.,

-V (C1Vu[k}) [k]:f in O,

ulf =0 on 90, N3N, (3.7)

(K] _ [K]

uy =up onT,

*More details can be found in the technical Appendix A.
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the Dirichlet boundary condition is modified to be of a Robin type due to the boundary
penalty treatment in (3.1).

Step 2) Now, we are ready to quantitatively estimate the error induced from the soft
boundary enforcement, that is, the distance between weak solutions of (3.7) and (3.6).

To deal with the inhomogeneous boundary conditions in (3.7) and (3.6), let us write

u[lk] =w; +g1 with an extension g; € V; of M[rk Vinto Oy [13], namely,

—V'(C1vg1)—|—g1:0 in (g,
—V-(c1Vw)+w = in g,
(Vi) i =f ! g@1=0 ondNIQ,  (3.8)
ZU1:0 01’1801, k]
g1=1uy onT,
and ﬁgk] =11 +¢$1 with another extension $; € H(Q)) of u[rk Vinto 0),, that is,
—V-(c1V$1)+81=0 in )y,
—V'(Clvwﬂ—i—ﬁh:f in (), . (1_1g1)A s 1
R e S1+cipy Vgi-n =0 on 900);NaQ), (3.9)
1 +c1Bp Vi1-n1=0 onaQ)y, (K]

§1+C1/351V§1-n1:ur on F,
then it immediately follows from the triangle inequality that

Ak k N N N N
12— 1 0y = 1 (@1 +81) — (w1480 1 0y < 101 =01 [ 111 ay) + 1181 — &1 111 (-

Step 3) Based on the variational formulation, the extension function g; in satisfies
b1(81,81) = /Q (c1Vg1-Véi+g181)dx= /an (c1Vg1-n1)§1ds=(c1Vg1-n1,81) 1230, )/
- 1 1

with ¢; € H'(Q);) being used as the test function, while the extension function ¢; of (3.9)
is the minimizer of energy functional]

IR PEPIEA . . K A .
f1(81)=§b1(81/81)+%]3(HglH%Z(aolmaoﬁ(gl—2“[r],81)L2(r))—bl(glzgl)

+(1Vg1-11,81) 1200
1 . . _
= (@ —gugi—g)+E2 (181+e185'Vg1m 2 oo, oy
X - K 1
+Ig1 185 Vgrm —uf H%Z(r)> —5b1(81,81)

B _ k
_,37D (HClﬁDlvgl.nl||%2(301QBQ)+||ClﬁD1Vg1.n1_u%] ||%2(F)>/

*Here, we do not distinguish between the non-optimal and the optimal solution for notational simplicity.
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and from which we can conclude that the function ¢; is also the minimizer of

. 1. . . _
G1(§1) =5b1(& —gllgl—gl)+’[37D <H81 +e1Bp Ve mllf2 0,000
A — k
+1g1+c1Bp! Vgrm —uf’ ||%2(r)>‘

On the one hand, by defining ¢; =min{c;,1}, it is obvious that
. 1. A €1 A 2, 1 2
G1(81) 2 5b1(&1-81,81-81) :/ S5 IV& =g 58—l | dx
M

1 4
> =&l ) (3.10)

On the other hand, due to the fact that g1 € H>(Q)1) under mild assumptions [11], we have

by using the trace theorem [41] that (Vg1-11)[a0, € H 2(9C)) and therefore there exists a
function ¢ € H!(€)1) such that ¢|yn, = —(Vg1-1m1) a0, -

Then, by choosing §=c18,'¢+g1 and using boundary conditions of g; (3.8), the op-
timality of ¢; among all functions in H*(();) implies that

a - - c 1
(§1) <0u()=cipi? [, (5 1Vof+5loR ) dx
o\ 2 2
k ¢ _
B2 (I511B2 0,000 + 51— 2 1B ) < 22521012 00
where ¢; =max{cy,1}. As a direct result, we have by (3.10) that

A C1 C1
181 =811l () < B a”‘l’HHl(Ql)-

Step 4) It remains to show that the solution @; € H'(Q);) of Robin problem can con-
verge to the solution w; € Hé (1) of Dirichlet problem as Bp — oo [7,71]. Similar
as before, by employing @; € H'(()1) as the test function in and resorting to the
variational problem of (3.9), the weak solution @, € H 1(Q1) minimizes

PN N . . . .
Ty(d1) = Ebl(wllwl) - (f,w1)1+'37DHw1H%z(an) —by(w1,@1) +(f 1)
+(c1Vwy - n1,@1) 1230,
1 N . . _
= 551(%01 —w1,dn —w1)+'87DHw1 +a1Bp Vo -m H%Z(aol)
1 Bp -
—§b1(w1,w1) - 7HC1:BD1VZU1 m H%%aal)'

and therefore is also the minimizer of the energy functional

. 1 N . _
Ji(@1) = b (1 — w1, 1 —w1)+57DHw1 +e1Bp! Vi m |72 o0, )
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Note that w; € H?(Q);) under the same geometric assumption, the trace theorem implies

that (Vwy-m)|an, € H 2(90)) and therefore there exists a function @ € H' () such that
?laa, = —(Vwi-n1)]a0, [41]. As a consequence, by employing a particular function @ =
c1 ,851 @+w; € H(Qq) and using the boundary condition of w; in (3.8), we have

Jl(%)ﬁﬁ(w)zc%ﬁpz/()( IVol*+ |<P\2>dX+ 0117200,

A

C1 2p-2
SEcerD H(PHHl ()
On the other hand, it is obvious that

R 1. ~ c N 1, .
jl(wl)Z*bl(wl_wlzwl_wl):/g (21\V(w1—w1)|2+2]w1—w1]2>dx
1

SN

> *le_wln%—]l(ﬂl)/

which leads to the error estimation

. 1
le—wlqu(Ql)ﬁﬁfD aH(PHHl(Ql)/

that completes the proof. O

Theorem 3.2. Assume that ﬁD — 00 in 1) (or Theorem , let u 5 and 0 [k] be the solution
of minimization problems 2.4) and (3.3] respectzvely, then there holdi

185 |0, — 5111y < C(O2 0 22\ [ 2, (3.11)
BNV &
where &, = max{cy,1}, ¢ =min{cp,1}, and C (Qz,u[zk]) represents a generic constant that de-
pends on the subdomain Q) and the solution ugk] of Neumann subproblem (2.4).

Proof. Step 1) We first denote by Ly (il») the loss function of problem (3.3), that is, a func-
tional on H!(Q))

1
Latz) = ol )~ (f, )+ by () = (£, 0201+ (4,0 20+ B2 2 o), (312)

and then derive optimality conditions that are satisfied by its global minimizer. Notably,
the function i1, € H!(Q)) is defined over the entire domain, which greatly differs from the
standard Neumann subproblem that only depends on the subdomain ().

(K]

*Here, the minimizer 4, € H 1(Q) of functional (3.3) is restricted on the subdomain O, (denoted by ﬁ[zk] l0,)-
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As such, we decompose 1i; € Hl(Q) as a sum of two global functions, namely, i, =

ﬁg{] +g, where the restriction of ﬁg(] € H'(Q)) on subdomain ) (not relabelled) is required
to satisfy the equations

— V- (Vi) +al = ¢ in (),
2l e, vl m =0 on 30, N3N, (3.13)

C2Vu[2} Ny = —q—c1Vugk] -n; onT,

in the sense of distributions. The extension of function i, [K] |0, to the other subdomain ()
is required to be weakly differentiable and to satisfy the Robin boundary condition

ne +01/3N1Vu1} -n1=0 on d)1 NI, (3.14)

in the sense of distributions. Then, by applymg the Green's formula to equations (3.13),
(3.6), and using the jump condition (2.1), it can be deduced directly from (3.12) thal

~ C£ 2 1 2 ‘BN/ 276> - []
Lai) = ol [ <2|Vg! +5lg >dx+ o[ IgPds> La(al?),

namely, the global minimizer of (3.12) can be characterized by the function ﬁg{] e HY(O)

that satisfies and (3.14). It's worth noting that only the restricted solution ﬁgk] lo, €
H 1(02), or equivalently, the weak solution of subproblem (3.13) is relevant for the fol-
lowing error estimation, which is still denoted by ﬁ[zk} for short in the remaining of this
proof. It is also noteworthy that when compared to the original Neumann subproblem

(2.4) (written in terms of differential operators), that is,

-V (CzVugk]) gk} =f in )y,
ull =0 on 90, M2QY, (3.15)

C2Vu[2} “ny = —q—c1Vu£k] -n; onT,

a Robin boundary condition is imposed on 902, Nd() instead of the Dirichlet type, while
the interface condition can be rigorously maintained as fp — co in (3.1) or Theorem

Step 2) To simplify the error analysis, we assume that the parameter fp — co, namely,

ﬁ[lk] = ug lin 313) and (.15 (3.15). With the weak solutlon u[ e (0)2) being used as the test
function, the mtegratlon by parts for subproblem (3.15) implies that

R

*More details can be found in the technical Appendix B.
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which can be employed to reformulate the energy functional of subproblem (8.13), i.e.,

. 1, K . . .
]—"z(ug‘]) = sz(ug{],ug‘]) — (f,u[zk])z+ (q+C1Vu[1k} -nl,ugk]) || ||L2 (90,190)

= 2ba(alf ) - bz(ugk],ﬁgk]) T (evuld. nz,u[z])Lz(amaQ Py

1
L (a0 gl ) 4 B

2 —Uy iy

qlk 12
112" 2 00, ro)

R k
H []—|—C2,B Vu[z}'nZHU(anﬂBQ)

1 _ k
- sz(M£ ],uL]) ﬁTNHCﬁvaug ] '"2H%2(802m80)'

As a result, we conclude that the weak solution 7 [ l'e HY(0) of (B13) is also the mini-
mizer of functional

G () = b (¥l gl My ﬁNH A 4 cpprt vl S A

Clearly, be defining ¢, =min{c,,1}, it is obvious that

N c R 1
02(04') > a0~ )= [ (vl 1l -l )z
¢
Ezuu[k] ) |2 - (3.16)

On the other hand, note that ugk] € HZ(Qz) under same assumptions [11}13], we have by
the trace theorem [41] that (Vugk] 12) a0, €H 2(90),), and therefore there exists a func-

tion ¢ € H'(Q),) such that |50, = —(Vugk] -12) a0, Moreover, the trace operator has a
continuous linear right inverse and hence there holds

k
12l <CUVa mall 1y o < Cllty gy,

)

where C >0 is a generic constant that only depends on the subdomain ), [2].
Then by setting a=c28x'{+ u[zk] and using the boundary condition ug{] =00on 002N}
in (3.15), the optimality of ﬁ[zk} among all functions in H!(Q)) implies that

- _ _ c 1
2(14") <Ga(m) =cis? [ (S92 516 )t Bk o
C2;8N2H€||H1 ()’

where ¢; =max{c,1}. Consequently, we have by (3.16) that

A~k 2
Jis' = 0y < 5oy 52 0o

which completes the proof. O
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In other words, by sending penalty coefficients fp — co in (3.I) and Bx — oo in (3.3),
minimizers of our relaxed optimization problems could converge to that of the
classical Dirichlet-Neumann algorithm 2.4), which provides the theoretical ground-
work for establishing the Dirichlet-Neumann learning algorithm. Moreover, our quanti-
tative error analysis also indicates that the choice of penalty coefficient is closely tied to
values of high-contrast coefficients, e.g., Bp =400c; and Bn =400c,, differing from other
work that set fp =Bn [39] during training.

3.3 Dirichlet-Neumann learning algorithm

Next, unknown solutions in and are parametrized using neural networks [14]
2y (x) =01 (x;617) and 2y (x) =p(x;05),

where 91[1{] represents the collection of trainable parameters at the k-th outer iteration for
i=1, 2. For example, fully-connected neural networks [51]], ResNets [18]], or other kinds
of architectures can be adopted to construct the solution ansatz (more details about our
model setup are included in Appendix C). Extensive studies have thus been conducted
on the approximation error [7,20,/47], which is not discussed here. Moreover, thanks to
the mesh-free feature of neural networks, the extension operator in (3.2) can be realized
in a very straightforward way;, that is,

Riyofia(x,02) =12(x,02), (3.17)

and is required to be differentiable within (); and to satisfy the zero boundary values on
001 NoQ) through an additional penalty term in (3.3). One can also employ a piecewise
neural network [17] to realize the extension operation (3.17).

Next, to discretize the functionals and (3.3), the routine way of generating train-
ing sample points inside each subdomain and at its boundary is to use the Monte Carlo
method or its variants [46], namely,

Xo,={x¥},%, Xp,={xD})", and Xr={<})"

where D;:=00;N0Q), Na,, Np,, and Nr denote the sample size of training datasets Xq,,
Xp,, and Xr, respectively. As a result, by defining the empirical loss functions

Nq,
. 1 /¢ o , R ,
Loy () = iy 1 (5 V(758 P = FGa),(736,) ).

Np.
. 1 <. b
Lo, (i) = 5 1 i (<3736,
in=1



Q. Sun, X. Xu and H. Yi / Commun. Comput. Phys., 38 (2025), pp. 248-284 263

1 M
Lrp (i, uf" —*Z‘,Wl x50 —ul (D)2, Ley (8 Zq 2 (x7,;62),
Nr
Nq
. 1 ! N N
LN(uz,ul):NQ Y. (61Vu1( x1;61). Vuz(xfflﬁz)—f(xih)uz(x?lﬁz))/
1 n=1

for 1 <i,j <2, the learning task associated with our Dirichlet subproblem (3.1) reads

ng] =argminLq, (1) + [%D (LD1 (1) +Lr, (ﬁl,ugd )) : (318)
1

We also note that as an alternative to the deep Ritz method [70], the Dirichlet sub-
problem or (2.6) can also be solved using PINNSs [53]], which is known to empirically
work better for local problems with sufficient smooth solutions. To be precise, by incor-
porating the residual into the loss function, the learning task of Dirichlet subproblem in

can also be formulated as

ng} = argminLgf\IN(ﬁﬁ + '87[) (Lp, (1) + Lr, (1)), (3.19)
61

where

1Y

2
LgiNN(ﬁ ) NQ V-(ciVﬁi(xfff;Gi))+ﬁi(x?f;6i)—f(xf}i) fori=1,2.

On the other hand, the learning task of Neumann subproblem takes on the form

0 = argminLo, (#) + L (i, i) + Lr, () + 2 (L, (d2) + Lo, (). (320
0>

It is noteworthy that though the loss value of or continues to decrease as
the training proceeds, the gradient of trained model is often observed to possess higher
precision inside the domain rather than at its interface [1,8,58,62], which may degenerate
the performance when explicitly exchanging the flux data through (2.6). Fortunately, by
employing our learning algorithm (3.20), the flux transmission condition is enforced in a

variational way, employing Vﬁ[lk} |, rather than Vﬁ[lk} |r that allows for better precision.

In addition, domain decomposition leads to simpler functions to be learned on each
subdomain, which allows us to incorporate the residual loss into (3.20), that is,

6l —argmin Lo, (1) + Ly (i12,81) + Lr (1) + 5N (Lp, (1) +Lp, (1))
)

—|—)\ LPINN( )
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Algorithm 1 Dirichlet-Neumann Learning Algorithm

% Initialization
— specify the network architecture 7;(x;0;) (i=1, 2) for each subproblem;
— generate the Monte Carlo sampling points X, X, and Xp, fori=1, 2;
% Outer Iteration Loop
Start with the initial guess u[ro | of unknown solution values at the interface T’;
for k<0 to K (maximum number of outer iterations) do

while stopping criteria are not satisfied do

% Dirichlet Subproblem-Solving via the Deep Ritz or PINNs Approach

9%“ =argminLq (11)+ 'BTD (LD1 (11) +Lr(ﬁ1,u[rk] )) ,
61

% Neumann Subproblem-Solving via our Compensated Deep Ritz Method
6} = argminLa, (1) + L (12, 2}") 4 Lry (12) + '%N (Lp, (2) +Lp, (112)),

6>
% Update of Unknown Solution Values at Interface
k+1 ~ k k .
ur () =pta (i) + (1—p)ur (x]), i=1,- N,
end while
end for

where Ay €R. is set by the user. The last loss term can be regarded as a regularization
term that helps improve the approximation accuracy and prevent the training process
from getting trapped in trivial solutions especially when c; >1.

More specifically, the detailed iterative scheme is summarized in Algorithm (I} and
Fig. 2, where the stopping criteria can be constructed by measuring the difference in nu-
merical solutions between two consecutive iterations [17,39]. Moreover, our learning al-
gorithm can be naturally modified to adapt to a parallel computing environment [68]. We
also note that, in addition to the previously mentioned approximation error, the general-
ization error of trained network models has been extensively studied [7,4266]]. However,
the quantification of optimization error [16,28,33|] remains an open issue due to the highly
non-convex nature of the loss landscape and the substantial number of trainable param-
eters. Therefore, a comprehensive error analysis of our proposed learning algorithm is
deferred to future research.

4 Numerical experiments

In this section, numerical experiments on a series of interface problems (2.1) are carried
out to showcase the effectiveness of Dirichlet-Neumann learning algorithm (referred to as
DNLA hereafter, with the type of deep learning solver used for solving the Dirichlet sub-
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(backpropagation)

(solution ansatz)

(input 1101’111»'-:/ : % . ity (x) J Ly(@ (x:8))) | (train-loss)

: La(ita(x;65)) | (train-loss)

(solution ansatz) T

(backpropagation)

Figure 2: Computational graph of our Dirichlet-Neumann learning algorithm for (2.6).

problem specified in the bracket). Throughout all experiments, we employ ResNets [18]
for addressing our local problems, deferring the exploration of more intricate architec-
tures [21,23]] to future investigations. Additionally, to meet the smoothness requirement
of the extension operator (see also or (3.15)), we select the hyperbolic tangent
activation function rather than the ReLU activation function [[14].

As a comparison to our algorithm, we also conduct numerical experiments using the
most straightforward approach, that is, employing PINNs [53] for solving all the decom-
posed subproblems as proposed in [39], which is referred to as “DeepDDM”. For a
fair comparison, the same relaxation parameter p is set for both equations and (2.5),
and the mean value and standard deviation of the discrete relative L? error

VEM () =19 ()
€=

Z%:l |u(xm) ’2

2] (x;G{k]) if x 661,
ﬁz(x;ng]) if xe )y,

, where ﬁ[k}(x):{

along outer iterations are reported over 5 independent simulations. Here, {x,, }M_, rep-
resents testing points that are uniformly distributed over the domain (). When the maxi-
mum number of outer iterations is reached, i.e., k=K in Algorithm [1} the trained model
is denoted by ii(x) instead of #lK!(x;8) or 1 (x;6/X) for notational simplicity.

Additional details regarding our experimental setup, such as the depth and width of
network, training and testing datasets, and penalty coefficients, can be found Appendix
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C. The stopping criterion of our method requires that either the relative L error of two
consecutive iterations is less than 0.001 or the number of outer iterations reaches 30. All
experiments are conducted using PyTorch [49,/50] on Nvidia GeForce RTX 3090 Cardﬁ

4.1 Flower-shape interface problem in two dimension
First, we consider an interface problem (2.1) whose solution is continuous [40], i.e.,

=V (¢;Vui(x,y))+ui(x,y)=fi(x,y) inQY,
ur(x,y) =g2(x,y) onapNaQ, (4.1)
uq(x,y) =uz(x,y) and —c1Vuy(x,y)-n1—c2Vua(x,y)-na=q(x,y) onI'=00)y,

fori=1, 2, where

1 1
(112 _ [2 2t Lo ¥
Q=(-1,1)" and O {(x,y)‘ x4y §2+4sm<12arctanx)}.

The source term f;(x,y), boundary data g»(x,y) and jump condition g(x,y) in equations
are derived from the exact solution

u(,y) = oy (62 42) 2sin (271 /%2 +y2 — m— Fsin(12arctan¥))  for (x,y) €,
= c; (62 42) 2sin (271 /%2 +y2 — m— Fsin(12arctan¥))  for (x,y) € My.

More specifically, the exact solution is shown in Fig. |3, where the high-contrast coeffi-
cients are given by (cy,c2) = (1,1) and (1,10%) respectively. Clearly, both cases should be
resolved with a reasonable good accuracy to meet the robustness requirement regarding
varying coefficients. The initial guess of the unknown value at interface is set to be

ul (x,y) = u(x,y) ~1000x(x~1)y(y —1).

T shows the error profile |i(x,y) —u(x,y)| of different methods in a typical simula-
tion|l} while the discrete relative L2 error is reported in Clearly, problem with
a high-contrast coefficient (c1,c2) = (1,10) could be effectively solved via the DeepDDM
scheme [39]. However, its effectiveness degrades when coefficients are set to be (c1,¢2) =
(1,1). On the other hand, our methods consistently demonstrate promising performance
in all scenarios.

In addition, we report the error profile ||Vil—Vu|| 2 of trained network solutions in
Obviously, the precision of Dirichlet-to-Neumann map for Dirichlet subproblem
is not as satisfactory as that of the gradient in the interior domain, therefore our learning
methods have demonstrated superior performance in both cases of Moreover,
it can be inferred from that the Neumann subproblem solver could benefit from a
good approximation of Vugk] within the subdomain (), thus DNLA (PINNs) empirically
performs better than DNLA (deep Ritz) as shown in[Table 2|

SSource code is available on GitHub at https:/ /github.com/ AI4SC-TJU /DNLA-IntfcProb.
IThe corresponding iterative solutions are depicted in Appendix C owing to space constraints.
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-1 1] 1
uwith ¢, = 10° fi with ¢, = 10° uwithe, =1 2 with ¢ = 1

Figure 3: Exact and network solutions for testing example with (c1,¢c2) =(1,1) and (1,103), where the
DNLA (PINNSs) is employed.

Table 2: Error profile |1 —u| of different methods for testing example @.I).

| DeepDDM ‘ DNLA (PINNSs) ‘ DNLA (Deep Ritz)
ci=1
ca =103
P —_
1 = 1
Cy = 1
p =105

4.2 Citrus interface problem in three dimension

In addition to the mesh-free feature, which is attractive for addressing intricate interface
geometries, another key advantage of using artificial neural networks is their ability to
tackle challenges stemming from the curse of dimensionality. To this end, we consider a
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Table 3: Relative L2 errors (mean =+ standard deviation over 5 runs) for example (@.I).

Outer Iterations 1 » 10 15
Coefficients
DeepDDM 29691 +0.17 | 0.584+0.33 | 0.04 + 0.02 -
(1,10%) || DNLA (PINNs) | 296.17 + 0.14 | 0.02+0.01 | 0.01 £ 0.00 -
DNLA (Deep Ritz)| 295.49 +0.45 | 0.07 £0.03 | 0.05+0.01 -
DeepDDM 5221 222 | 37.85+3.39 | 8.64 £2.63 | 3.12 +1.46
(1,1) DNLA (PINNs) | 31.01 +0.02 | 1552 +0.00 | 0.07 +0.00 | 0.02 + 0.00
DNLA (Deep Ritz)| 30.96 £0.05 | 15.48+ 0.03 | 0.07 £ 0.00 | 0.03 £ 0.01

Table 4: Error profiles | Vil— Vu|| 2 of different methods for testing example (&.1).

DeepDDM

| DNLM (PINN)

| DNLM (Deep Ritz)

|0.03

| 0.02

0.04

5 L
[ S Y

Il

—

0.25
0.2
0.15
0.1
0.05

three-dimensional problem with homogeneous jump conditions, i.e.,

=V (eiVui(xy)) = filxy) inQ;

uz(x,y)=g2(x,y) onadpNoQY,
up(x,y) =uz(x,y) and —c1Vuy(x,y)-n1—c2Vua(x,y)-n2=0 onT'=09Qy,
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Figure 4: Exact and network solutions for the Dirichlet subproblem of testing example with (c1,07) =
(1,10%) and (1,1), where the DNLA (PINNs) is employed.

uy with ¢ = 10° i, with ¢, = 103 1y with ¢y = 1 iy with ey = 1

Figure 5: Exact and network solutions for the Neumann subproblem of testing example with (c1,¢2) =
(1,1) and (1,10%), where the DNLA (PINNSs) is employed.

fori=1, 2, where

0 =(—0.5,0.5) x (—0.5,2.5) x (—0.5,0.5),
01 ={(x,y,2)[16(x*+2%)+y°(y—2)> <0}.

The source term f;(x,y) and boundary data g»(x,y) are derived from the exact solution

2¢; Miny (x,y,2) +0.5 for (x,y,z) €Yy,

Y L (4.3)
2¢c, Iny(x,y,z)+(c;  —c; ) Ind+0.5 for (x,y,z) €y,

u(x,y,z)= {

where 7(x,y,z) =y(y —2)%+16(x>+22) +2. More specifically, the exact solution is shown
in Fig. 4 and Fig. 5, where the high-contrast coefficients are given by (c1,c2) =(1,1) and
(1,10%) respectively. The initial guess of the unknown value at interface is set to be

u[ro] (x,y,z) =u(x,y,z) —1000cos(27tx)sin(27t(y —1) )sin(27z).

Considering the increased complexity of problem (4.2), the maximum number of epochs
for each subproblem is 3k, with an initial learning rate set to 10~*.
Error profiles |i;—u;|, ||Vi;—Vu;||;2, and relative L? errors for different learning

methods in a typical simulation are displayed in [Table 6| [Table 7, and [Table 5| respec-
tively. The solution of Dirichlet subproblem is depicted on a citrus subdomain with a
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Table 5: Relative L2 errors (mean =+ standard deviation over 5 runs) for example (@2).

Outer Iterations 1 5 10 15
Coefficients
DeepDDM 76.6940.27 | 0.084+0.00 {0.01+0.00 -
(1,10%) || DNLA (PINNs) |62.46+1.43| 0.00+0.00 | 0.00+0.00 -
DNLA (deep Ritz)| 63.58+1.04 | 0.01£0.00 |0.00£0.00 -
DeepDDM 54.4140.66 | 21.374+2.77 | 0.0240.00| 0.0140.00
(1,1) DNLA (PINNs) |36.26+3.16|23.36+1.63|0.114+0.00 | 0.01+0.00
DNLA (Deep Ritz)| 50.41£0.23 | 25.0640.06 | 0.1040.00 | 0.02£0.00

quarter of its volume removed and the same is applied to the Neumann subproblem. No-
tably, by fine-tuning the hyperparameter at each outer iteration, it can be observed from
that the trained network solution of DeepDDM approach aligns closely with the
true solution for (c1,c2) =(1,1). However, its corresponding Dirichlet-to-Neumann map
still exhibits significant errors as shown in [Table 7

On the contrary, our learning algorithms rely on a variational approach rather than
directly exchanging the Dirichlet-to-Neumann map. Moreover, as indicated in
the accuracy of gradient for Dirichlet subproblem is higher within the interior domain
than at the boundary, therefore achieving superior performance as shown in[Table 5

4.3 Octagonal interface problem in two dimension
Finally, we consider the following elliptic interface problem
—V-(c;Vui(x,y))=fi(x,y) inQy,

ux(x,y)=g(x,y) on oM,
up(x,y) =uz(x,y) and —c1Vui(x,y)-n1—caVua(x,y) -ny=q(x,y) onT =00y,

(4.4)

fori=1, 2, where

3(676—26c0s(25arctan ¥
Q=(-1,1)x(-1,1) and 01:{(x,y>‘\/@g ( Cg;éo arc anx))}-

Differing from example (4.1), the exact solution of is set to be

Y
B o on3 . >, 37m(81—9cos(8arctany))
u(x,y) =054+ (x"+y*)2sin (871\/9( +y %0 ,

thereby the force term of may manifest multiscale phenomena due to the impact of
high-contrast coefficients. When solving the Neumann subproblem (2.6) via the usage of




Q. Sun, X. Xu and H. Yi / Commun. Comput. Phys., 38 (2025), pp. 248-284 271

Table 6: Error profile |1; —u;| of different methods for testing example ([2).

\ DeepDDM | DNLA (PINNs) | DNLA (Deep Ritz)
o .L I
ca=1 L
c2 = 10° fe—19)
p = 1'{} an
(K =4)
€1 = 1
Cr = 1 g
p=05 s i
(K = 20)

PINNSs [53], the inclusion of a relatively large force function within the residual loss can
pose additional difficulties for network training.

Similar to previous examples, we set (c1,c2) = (1,10%) and (1,1) to assess the robust-
ness with respect to varying coefficients, and the exact solution is displayed in Fig. [6}
Moreover, the initial guess of the unknown solution’s value at interface is set to be

MP] (x,y) =u(x,y) —100cos(1007tx)cos(1007ty),

while error profiles |#; —u;|, ||} — Vu;|| 2, and relative L? errors for different methods in

a typical simulation are presented in[Table 9| [Table 10} and [Table 8 respectively.




272 Q. Sun, X. Xu and H. Yi / Commun. Comput. Phys., 38 (2025), pp. 248-284

Table 7: Error profiles | Vil;— Vu; || of different methods for testing example (&2).

| DeepDDM | DNLA (PINNs) | DNLA (Deep Ritz)
- 0wz T s
o (K=4) (K =2)
p = 1'9 i 0% i
i X .J\ 'z::
o %\ 4
(K=2)
] = 1 Sl .
b (K = 20) (K = 20)
p=05 .
(K = 25) (K=20)

As can be seen from [Table 9)and [Table 8] the performance of DeepDDM approach is
unsatisfactory even for high-contrast coefficients (cy,c2) = (1,10%), primarily attributable
to the large force function within the residual loss term. In contrast, our learning algo-
rithms circumvent this issue by utilizing the variational form (3.20). Additionally, our
methods demonstrate superior performance even in the case of inaccurate Dirichlet-to-
Neumann map shown in

Notably, our method utilizes variational loss functionals to enforce flux transmission
and addresses the decomposed subproblem through a standard network training pro-
cess, thereby possessing the potential to handle higher-dimensional problems.
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uwithe =1

u fi with ¢; = 10°

Figure 6: Exact and network solutions for testing example with (c,¢2) = (1,1) and (1,103), where the
DNLA (PINNSs) is employed.

Table 8: Relative L? errors (mean =+ standard deviation over 5 runs) for example (4.4).

Outer Iterations 1 5 4 10
Coefficients

DeepDDM 11.06+0.85| 1.454+0.51 |1.51+0.38 | 1.52+0.77

(1,103) DNLA (PINN) |10.53+1.12| 0.04+0.01 | 0.03£0.01 -

DNLA (deep Ritz)| 11.624+0.73 | 0.04£0.01 | 0.04+0.01 -
DeepDDM 18954296 |10.88+1.79 | 7.52+0.79 | 3.35+0.25
(1,1) DNLA (PINN) |11.59+1.16| 5.35+1.36 | 1.41+0.27 | 0.0340.01
DNLA (Deep Ritz)| 12.93£2.54 | 6.43+1.31 | 1.674+0.34| 0.03£0.01

5 Conclusion

Motivated by the continuous formulation of classical Dirichlet-Neumann algorithm, the
adoption of deep learning techniques as subproblem solvers has recently attracted con-
siderable research interest owing to their meshless feature and effectiveness in address-
ing high-dimensional problems. However, when employing artificial neural networks
to solve the Dirichlet subproblem, it is often empirically observed that the gradient of
trained network solution often exhibits higher errors at the boundary compared to its in-
terior domain. Such a pattern of error distribution may result in a degradation of overall
performance when the flux transmission condition is explicitly enforced between neigh-
bouring subdomains. Thanks to the variational principle, the exchange of flux data can
be facilitated using the interior gradient instead of the Neumann trace, thereby motivat-
ing the development of our Dirichlet-Neumann learning algorithm. Moreover, a rigorous
error analysis is established to obtain the error bound of boundary penalty treatment for
both the Dirichlet and Neumann subproblems, which also sheds light on the setup of
penalty coefficients. Finally, a wide variety of numerical examples are carried out to vali-
date the effectiveness and robustness of our methods, achieving promising performance
even in the presence of inaccurate Dirichlet-to-Neumann map.
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Table 9: Error profile |i; —u;| of different methods for testing example [@.4).

| DeepDDM | DNLA(PINNs) | DNLA (Deep Ritz)
' 8 I 0.06
0.04 ;
5 ) .“" lc-ns
4 0.03 il
L= 1 0 .
¢ = 10° d' [0.02 0 0.03
—-10 2 0.02
P : 1 2! 0.01
-1 -1
-1 0 |
0.03
2.5 0.04 0.025
“ 0.03 0.02
aa=1 15 - | 0.015
cz=1 1 ' 0.01
p =05 05 0.01 0.005
Table 10: Error profiles ||Vi; — Vu;|| 2 of different methods for testing example (&.4).
DeepDDM [ DNLA (PINNs) | DNLA (Deep Ritz)
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1.2
30 i
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1 0.3
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We believe that our theoretical and experimental studies could be generalized to the
Robin-Robin algorithm [48,52], while substantial improvements can be made by using
coarse grid correction [45], adaptive sampling strategy [17], special network structures
[38], and more comprehensive error analysis [7,71].
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Appendices

A Detailed proof of Step 1) in Theorem

Recall that the function i1, € H! (€)1) is decomposed as a sum of two local functions, i.e.,

= ﬁ[lk} +g, then

La() = 2b<“‘]+g, a4 )+ B2 (11 g1 ooy + 180+ g )

_(f'ﬁl +8)h
=£1(a£”>+b1<u£” 8) = (£.8)1+B0 (#),8) 120,000 + (8~ 8)12(r) )

1
+§b1(g, g)+ HgHLZ (00)

Note that the function ﬁgk] € H'(();) is required to satisfy Eq. (3.6) in the sense of distri-
butions, that is,

by (a1,8)+ B0 ((017,8) 12000, 00 + (0 — 1) 12(r) ) = (f.gh for any g€ HZ (),
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and therefore we arrive at
erti)=La(al)+ [ (G104 lsR )+ B2 [ lgfds= £a(al)

for any 117 € H'(()).

B Detailed proof of Step 1) in Theorem

Recall that the function i, € H? (Q)) is decomposed as a sum of two global functions, i.e.,
;=11 +g, then

1, [k Ik . T

o)) +g,0))+8) — (£,850+)o+b1 (2} 05+ ) — (£,85" +¢)1

2
k
01 9) )+ 1 gl e

= Lo(ay) +ba(2)),9) — (f,9)2+b1 (2)),8) — (f,.9)1 +(0.8) 12y

+ﬁN(ﬁz rg)LZ(aQ)+§b2(8z8)+'37”8||%2(89)f

Lo(11p) =

for any ¢ € H'(Q)) defined over the entire domain. Note that ﬁgk} € H'(Q) and ﬁ[zk} lo, €
H! (Q)2) are required to satisfy (3.6) and (3.13) in the sense of distributions, namely,

by (2l,g1) — (vl n1,81)12(00,) = (f,g1)1 forany g1 € H' ((),

and

ba(03),82) — (213 +112,82) 1200 = (f82)2 foranygzeH1<nz>

respectively, we then have by the boundary conditions imposed in (3.14) and (3.13) that

k]

R [k [k R
EZ(”Z):(Clvup'n1+.BNu£]/g)L2(anaQ) (CZV 2. "2+/3N”z /8)12(30,1900)

(C1vu[k] n1+C2Vﬁg{]'n2+%8) 2ty 172(8; )+ HSHLZ 20) +E2(ﬁ£])
c 1
— i’y [ (GIVePlsl)ax B [ hies ),
for any i, € H' (Q)).

C

The hyperparameter configuration used for our numerical experiments is summarized in
followed by the iterative network solutions using different deep learning-based
methods for each numerical example.
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Table 11: Hyperparameter configuration used for our experiments.

Training Perfaycy Network Trainable
Datasets Coefficients (depth, width) | Parameters
(No,, Np, No) | (Bp, Bn) P
DeepDDM |  (20k,5k,5k) 2k (4,100) 20701
=103 DNLA
(PINNG) (20k, 5k, 5k) (2k,2m) (4,100) 20701
DNLA
(deep Ritz) (20k, 5k, 5k) (2k,2m) (4,100) 20701
DeepDDM | (2k,5k,5k) (2k,2k) (4,100) 20701
=1 || DNLA
(PINNG) (2k,5k,5Kk) (2k,2k) (4,100) 20701
DNLA
(deep Ritz) (2k,5k,5k) (2k,2Kk) (4,100) 20701

Table 12: Iterative solutions @#%l of different methods for with (c1,c2) = (1,10%).

200 !

DNLA
(deep Ritz)

015
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Table 13: Iterative solutions @¥] of different methods for with (c1,60)=(1,1).

'}

. :
Ite=1 Ite=35

Table 14: The iterative solutions #/¥ (x,y;0) of different methods for numerical example with (c1,¢2) =
(1,10%).
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Table 15: The iterative solutions 2K/ (x,;6) of different methods for numerical example with (c1,62) =
(1,1).
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(PINNs) \\m i P i

Dirichlet TR |- " i, [ - ¢
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Hr:i h ”.a=1.ﬂ N fh‘=1.5 - He:ZEI“

DeepDDM %% oo 7 G "

Dirichlet Q g & ;' =
Subproblem . e ' i ; . s

i f:g:'fn“ He=2.ll . Ite =25

DeepDDM | ' S '

Neumnan ‘_ i * s
Subproblem l L= I..-
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Table 17: Tterative solutions 2%l of different methods for (&2) with (c1,c;) = (1,10%).

DeepDDM
Dirichlet
Subproblem

18
1"

180

DeepDDM
Neumann
Subproblem

L]
= 187
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