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1 Introduction

Consider a metric measure space (Ω,d,µ), where µ is a Borel measure on (Ω,d)
such that 0<µ(B)<∞ for every ball B in Ω. We will always assume µ(Ω)=∞

and µ({x}) = 0 for all x ∈ Ω. Let s > 0 and let X be a rearrangement invariant
(r.i.) space on Ω (see Section 2 below), given f ∈X, a function g∈X is said to be
an s-gradient of f if the following inequality holds:

| f (x)− f (y)|≤d(x,y)s
(

g(x)+g(y)
)

µ-a.e. x,y∈Ω.

We denote by Ds( f ) the collection of all s-gradients of f .
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The fractional Hajłasz-Sobolev space Ms,X(Ω) consists of all functions f ∈X
for which the norm

‖ f‖Ms,X(Ω)=‖ f‖X+ inf
g∈Ds(u)

‖g‖X

is finite (see [17]).
When X=Lp , the spaces M1,Lp

(Ω) (1≤p<∞) were first introduced by Hajłasz
(see [4,5]) in order to obtain extensions of the classical theory of Sobolev spaces to
the setting of metric spaces (for p>1, M1,Lp

(Rn)=W1,p(Rn) (see [4]), whereas for
p= 1, M1,1(Rn) coincides with the Hardy-Sobolev space H1,1(Rn) (see [13, The-
orem 1])). Hajłasz-Sobolev spaces play an important role in the area of analysis
known as analysis on metric spaces, and a large number of papers have focused
on them (see, for example, [1,7–10], and the references quoted therein). When the
measure µ is doubling†, spaces M1,X(Ω) have been considered in some particu-
lar cases, for example, Hajłasz-Lorentz-Sobolev spaces M1,Lp,q

(Ω) (see [12]) and

Musielak-Orlicz-Hajłasz-Sobolev spaces M1,LΦ

(Ω), where LΦ is an Orlicz space
(see [19]). Also in the doubling case, fractional spaces Ms,Lp

(Ω) were introduced
and studied in [6, 11, 21] (if 0< s<1, then Ms,Lp

(Rn)=Bs
p,∞(Rn) (see [21])).

The purpose of this paper is to obtain uncertainty and Strichartz type inequal-
ities for fractional Hajłasz-Sobolev spaces. The theory of isoperimetric weights
and generalised uncertainty inequalities in metric measure spaces developed by
Martı́n and Milman [16] has been a motivation and a model for the research pre-
sented here.

The structure of the paper is as follows, in Section 2, we introduce the notation
and standard assumptions used in the paper, and in Section 3, we obtain uncer-
tainty and Strichartz type inequalities for fractional Hajłasz-Sobolev spaces and
give some examples.

Throughout the paper, we shall write f �g instead of f ≤Cg for some constant
C>0.

2 Notations and preliminaries

In this section, we establish some further notation and background information,
and we give more details about the metric spaces and r.i. spaces we will be work-
ing with.

Let (Ω,d) be a metric space. As usual, a ball B in Ω with centre x and radius
r> 0 is a set B= B(x,r) := {y∈Ω; d(x,y)< r}. Throughout the paper by a metric

†µ is said to be doubling provided there exists a constant C> 0 such that µ(2B)≤Cµ(B) for all

balls B⊂Ω.


