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Abstract. Since the memory effect is taken into account, the singularly perturbed sub-
diffusion equation can better describe the diffusion phenomenon with small diffusion
coefficients. However, near the boundary configured with non-smooth boundary val-
ues, the solution of the singularly perturbed subdiffusion equation has a boundary
layer of thickness O(e), which brings great challenges to the construction of the effi-
cient numerical schemes. By decomposing the Caputo fractional derivative, the singu-
larly perturbed subdiffusion equation is formally transformed into a class of steady-
state diffusive-reaction equation. By means of a kind of tailored finite point method
(TFPM) scheme for solving steady-state diffusion-reaction equations and the £1 for-
mula for discretizing the Caputo fractional derivative, we construct a new £1-TFPM
scheme for solving singularly perturbed subdiffusion equations. Our proposed nu-
merical scheme satisfies the discrete extremum principle and is unconditionally nu-
merically stable. Besides, we prove that the new TFPM scheme can obtain reliable
numerical solutions as & < € and e < h. However, there will be a large error loss due
to the resonance effect as  ~e. Numerical experimental results can demonstrate the
validity of the numerical scheme.
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1 Introduction

Since the 19th century, the fractional derivatives are gradually used for modifying tra-
ditional physical models. Nigmatullin [16] uses the fractional Fick law to replace the
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classical Fick’s law and then obtain the subdiffusion equation. The subdiffusion equa-
tion obtained from the modeling takes the memory effect into account, thus can model
the universal electromagnetic, acoustic and mechanical responses more accurately. In
recent decades, many scholars have devoted themselves to the theoretical analysis and
numerical solution of the subdiffusion equation [2,8,10,13,14,17,20,23,24].

In this paper, we study the numerical approximation for the one-dimensional singu-
larly perturbed subdiffusion equation on a bounded domain. We consider the following
initial-boundary value problem on Qf =[—1,1] x (0, T]:

§Dfu(x,t) —20x (a(x)0y ) u(x,t)=f(x,1), (x,t)€Q]f,
u(=1,t)=¢(t), u(l,t)=y(t), 0<t<T, (L.1)
u(x,0)=w(x), xe[-1,1],

where 0<¢<1 is a small parameter and the diffusion coefficient a(x)€CL ([—1,1]) satisfies
the uniform ellipticity condition, that is, there are two constants 0 <a; <a; <+oo such that

a <a(x)<a,, Vxel[-1,1]. (1.2)

Here, the Caputo fractional derivative §D%w(t) of order a € (0,1) in time direction is
defined as follow:

19 _ 1 ! —&,.
OCth(t)—m/o (t—s)~w'(s)ds,

where I'(z) is the Gamma function. Besides, we assume the initial value condition w(x) €
CZ%([—1,1]) and the initial boundary value condition satisfies the following compatibility
conditions:

¢(0)=w(=1), $(0)=w(1). (1.3)
We also assume that the source term f(x,t) € C%([—1,1],L&((0,T])). The existence and
uniqueness of the solution for the initial-boundary value problem (1.1) can refer to the
work in [11].

According to the work in [12], near the boundary configured with non-smooth bound-
ary values, the solution u(x,t) of the initial-boundary value problem (1.1) has a boundary
layer of thickness O(e). Besides, the singularity is mainly concentrated in the boundary
layers, and the solution u(x,t) changes gently outside the boundary layers. The fine struc-
ture associated with the small parameters e contained in the boundary layers brings great
challenges to the construction of an effective numerical scheme. Scholars have paid at-
tention to the numerical solution of the singularly perturbed subdiffusion equation with
low diffusion coefficient [3,9,18,21,22].

The tailored finite point method adaptively selects the local interpolation function ac-
cording to the characteristics of the problem to be solved. In this way, the fine structure of
the solution related to the small parameter & can be captured on a relatively coarse grid.
The tailored finite point method has been successfully used for the numerical solution
of many singularly perturbed problems, please refer to the literature [6]. In [22], a tai-
lored finite point scheme is introduced to solve the singularly perturbed time-fractional
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convective diffusion equation with constant diffusion coefficient. In [12], the singularly
perturbed subdiffusion equation is transformed into a singularly perturbed diffusive-
reaction equation by discretization of the Caputo fractional derivatives. Then the sin-
gularly perturbed diffusive-reaction equation is discretized by a class of TFPM scheme.
The L£1-TFPM scheme proposed in [12] can degenerate to the scheme in [22] when the
diffusion coefficient is constant.

In fact, the £1-TFPM scheme proposed in [12] is unconditionally stable, but not un-
conditionally consistent. For example, if we select h = Cet*’2, as h, T — 01, the difference
equation discretized by this scheme will approximate the following partial differential
equation:

§ Dfu(x, ) —*A(x)9x (A(x)a(x)0y ) u(x,t) = f(x,t)

with the coefficient A(x) defined by

/\(x) - CC _ C # 1.
\/a(x)F(Z—a) [62\/F(27a>a(x) —e 2\/r(27o¢)a(x):|

Therefore, as h~eT*/2, this scheme may not be able to obtain a reliable numerical solution

for the singularly perturbed subdiffusion equation (1.1). We will construct a new class of
L1-TFPM scheme to overcome this deficiency.

By decomposing the Caputo fractional derivative, the singularly perturbed subdiffu-
sion equation can be formally transformed into a family of steady-state diffusion-reaction
equations with respect to the spatial variable x. By constructing a TFPM scheme for
solving the steady-state diffusion-reaction equation, we can obtain a semi-discrete TFPM
scheme for solving the singularly perturbed subdiffusion equation. The extremum prin-
ciple is an important characteristic satisfied by the subdiffusion equation, which can en-
sure the stability of the solution. We can show that our proposed semi-discrete TFPM
scheme satisfies the semi-discrete extremum principle. Furthermore, the semi-discrete
scheme is unconditional stability and unconditionally consistent. It can be proved that
when & <, the newly proposed semi-discrete TFPM scheme can still obtain high preci-
sion numerical solutions.

The solutions of ordinary differential equations discretized by the semi-discrete TFPM
scheme cannot be given analytically. Since the solution u(x,t) of the subdiffusion equa-
tion will have a weak singularity at the initial time [19], and we use the £1 formula on
the graded grids {t*=T(k/ M)} to approximate the Caputo fractional derivative in the
ordinary differential equations obtained by discretization above. Thus, we can obtain
a new L1-TFPM scheme for solving the singularly perturbed subdiffusion equation. The
newly proposed L£1-TFPM scheme is unconditionally stable and unconditionally con-
sistent. The results of numerical experiments show that the newly proposed £1-TFPM
scheme can effectively solve the singularly perturbed subdiffusion equation as ¢ < h
and h < e. However, as h ~ ¢, the resonance effect results in a large loss of numerical
accuracy.
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This article is organized as follows. In Section 2, we propose a new L1-TFPM scheme
to numerically solve the singularly perturbed subdiffusion equation. In Section 3, we
give some numerical experiments to show that the newly proposed £1-TFPM scheme
are valid. In Section 4, a brief summary is given.

2 The semi-discrete TFPM scheme and the £1-TFPM scheme

In this section, we investigate the numerical solution of the singularly perturbed subdif-
fusion equation. We denote that the number of grids per unit length in spatial direction
is N with a space step h=1/N and x;=jh—1, and the number of grids per unit length
in time direction is M with a time step of T=1/M and t,, =nt. Besides, we denote that
U;(t) is a semi-discrete approximate value of u(x;,t) and Q) is the semi-dispersion of the
domain Qg,

QF ={(xjt)| —-1<x;<1,0<t<T}.

In addition, we denote that U]-” is an approximate value of u(x;,t") and QO _is the grid
division of the domain ng,

O ={(xt") | -1<x;<1,0<#" <T}.

2.1 The asymptotic analysis for the singularly perturbed subdiffusion
equations

From the asymptotic analysis results proposed in [12], we know that the singularity of
the solution u(x,t) for the initial-boundary value problem (1.1) is concentrated in the
space direction. Therefore, our research focuses on the numerical discretization of the
spatial direction. Next, we briefly review the asymptotic analysis results of the singularly
perturbed subdiffusion equation.

For convenience, we mark as follow:

u(")(x,t):w(x)—l—ﬁ/ot(t—s)“_lf(x,s)ds. (2.1)

If the boundary value on the boundary is consistent with u("), the boundary value is said
to be smooth, otherwise it becomes a non-smooth boundary value. Through the asymp-
totic analysis results showed in [12], in general, we can find that the solution of (1.1) has
rapidly changing boundary layers near the boundaries 't ={+1} x [0, T] configured with
non-smooth boundary values.

Proposition 2.1 ([12]). If a non-smooth boundary value is configured at the boundaries T 1 =
+1x[0,T], the solution u(x,t) of the initial boundary value problem (1.1) can be decomposed as
follows:

u(x,t) =1 (x,t) +8 <xT+1t> +7 (%t) FR(x,b). 2.2)
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Among them, the first item of decomposition is defined as in (2.1). However, the second and third
terms of the decomposition satisfy the following estimates:

o(1)] <c<a>v<t>exp{é<a> [(1;?2] - } 3)

()| c<oc>fy<t>exp{é<oc> = } 24

where C(a) and E(a) are positive constants independent of x and t, and the function y(t) is
defined by

36—120—a?

’y(t) — T +et” 2-6a

Furthermore, the fourth term of the decomposition R(x,t) = (e?) as e—0*.

Through asymptotic analysis, we can decompose the solution of the singularly per-
turbed subdiffusion equation (1.1) into three parts: the smooth part u(%), the singular part
6-+17 and the relatively small residual term R. The singular part §+ 7 shows that there are
boundary layers of thickness O(g) near the boundary I';. configured with non-smooth
boundary values. As e <1, the drastic changes of large gradients in the boundary layers
will bring great challenges to the construction of efficient numerical methods. In addi-
tion, for the asymptotic property of 95u(x,t),k=1,2, we need the following proposition:

Proposition 2.2 ([12]). For the initial boundary value problem (1.1), if the k=1,2 order deriva-
tive oKu(x,t) of its solution with respect to x exists and is continuous, we have the following
estimates as e— 07" :

(1+x)2

1
_ 2—u
|0%u(x,t)| < C(T,w) 1+8_2keiE(“){ e } +e ke

1
sy a=x2] 7T
E(ﬂé){ €2t } +82 , (25)

where the constants C(T,«), E(«) are independent of x,t and .

Remark 2.1. By the mathematical induction, we can generalize the result of the Propo-

sition 2.2 to the spatial partial derivatives of any order agck)u(x,t),k =1,2,3,..., that is,
ase—07,

1 1
_E_ (1+x>2 2—u _E_ (1—3()2 2—u
|0%u(x,t)| < C(T,a) | 1+& e (a){ - } +& %k (a){ . } +&2|, (2.6)

where the constants C(T,«), E(«) are independent of x, and «.



6 W. Kong and Z.Y. Huang / CSIAM Trans. Appl. Math., 6 (2025), pp. 1-30

2.2 The semi-discrete TFPM scheme

Using the idea of the line method, we firstly discretize the partial derivative of the spatial
variable x in the singularly perturbed subdiffusion equation.

First, we decompose the Caputo fractional derivative { D¥u(x,t) in the singularly per-
turbed subdiffusion equation into two parts

1 .
m/o (t—s) *0su(x,s)ds

1 G- L
=T e

For the first term of this decomposition, we have

6 Dfu(x,t) =

.t[<t—5)_“ —t7%]0su(x,s)ds.

/Ott_"‘asu(x,s)ds =t"u(x,t)—u(x,0)]=t""u(x,t)—t *w(x), t>0.

If we denote
flx,t) :f(x't)+1“(le>c)t'"w(x) —ﬁ/ot[(t—s)”‘—t“]asu(x,s)ds,

the singularly perturbed subdiffusion equation can be rewritten as
1 ~
— 2 JE— — —
€0y (a(x)0y ) u(x,t)+ FT(1—a) u(x,t)=f(xt), (xt)e(-1,1)x(0,T]. (2.7)

Next, we will use the idea of the tailored finite point method showed in [6] to con-
struct a semi-discrete numerical scheme for solving Eq. (2.7). Without loss of generality,
we consider a tailored finite point scheme to solve the following differential equation on
the grid {x;|x;=jh—1}:

—&(a(x)?' (%)) +0(x) = g(x) 28)
with the small parameter & defined by
g=¢&(t,w,e)=4/T(1—a)t*e.

At grid point x;, we need to discretize the first term numerically in Eq. (2.8).
First of all, we define a new function w(x) as follow:

w(x) =a(x)o'(x),

and then we need to examine the numerical approximations to w’(x;). Let us take the
derivative of x on both sides of Eq. (2.8) and multiply both sides by a(x). So, a simple
calculation tells us that w(x) satisfies the following differential equation:

—&%a(x)w" (x)+w(x) =g(x) (2.9)
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with the force term defined by
g(x)=a(x)g' (x).
On the interval I; = [xj_1/2,Xj;1/2], we can use constants to approximate the diffusion
coefficient a(x) and the force term g(x) as follows:
a(x)ma(x) =a;,  g(x)~=g(x) =g
Hence, we can obtain an approximation of Eq. (2.8) on the small interval I;

=2 =
—eajwy (x)+wy(x)=gj, xelj= [xj,%,xﬁ%]-

The general solution to the above differential equation can be written as

1 1
wy(x) = AeV" +Be V7 +(A+B)g;, ABER. (2.10)
At Xj, we can get
1
VT
B wh(xj+%) _wh(xj—l)

— _ 2y 2.11
E 211)

1 o
wy,(xj) = <Ae\/“—ffx—Be \/“_ffx)

where we denote a corrected step size /1; as follow:
o I
B =Ry ) = fae (e V'™ —e” V7).
By our definition of w(x), Eq. (2.9) can be rewritten as

—&2w' (x) +o(x) =g(x),

and then we can approximate w’(x) at the grid point x; by (2.11), that is,

w(xy) -~y

"x;) ~ _
w (x]) i
() (kg y) —a(x )V (%)
hj
9 (gey) - () 212)

Next, our research focuses on the numerical dispersion of v’ (xjil /2). On the interval
I;11/2=[xj,xj41], we use constants to approximate a(x) and g(x) as follows:

a(x)%a(ijr%)éajJr%, g(x)%g(x]#%) ég]-Jr%.
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So, we approximate Eq. (2.8) on the interval I, 1as follows:

—_ZajJr%UZ(X)—FUh(X):ngr%, xEIH% = [x]-,xj+1] .

Thus, the general solution of the above differential equation can be written as
1 R N
oy (x) = Ae T | Be VIHE 4 (A+ B)ngr%, A,BeR. (2.13)
Similar to (2.11), we can obtain,

Uh(xj+1)—vh(xj)
0;1 (xj+%) = 7

) (2.14)

i1
J+3

where we denote

_ ] ]

h]+% :]jl]+% (t,lX,€,”l) — \/aj+%§<e V%+1/2% —67 \/ﬂj+l/22g) '

And then we can approximate v/ (x) at Xj11/2 by (2.14) as follows:

(X —o(X; 0Vi41—0;
o (x;,1) & (i) 70(%) _ Dj170) (2.15)
’ My My

Similarly, we can discretize v’ (x;_1,2) as follows:

o/ (xyy) 220 B0
-1

]—% J=2

(2.16)

=

In summary, at the grid point x;, we can discretize the differential equation (2.9) nu-
merically by the following tailored finite point method:

=2 . . . .
g Vi1 —0 Vi —0i_1
—— (aHl L —a L >+vj:g]-, —1<x<1 (2.17)
itz i~3

with the parameters g, Flj and Flj:tl /2 defined as above. For convenience, we make the
following notation:

i1
2 1p=g;, —1<x<1. (2.18)

j
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Applying the above numerical scheme to the discretization of the first term of (2.7), we
can obtain a semi-discrete TFPM scheme to solve the initial-boundary value problem (1.1)

2 -
SD?uj(t)—ﬁ [ 18Uy (D—a 5U ()] =f(x0),  |xjl<1, 0<t<T,
U()(t):(l)(t), u2N+1<t):lI)(t), 0<t§T, (219)
Uj(0) =w(xj), —1<x;<1,

where the notations 5, U? /2 and h are defined as before. Let us define a vector function
Uy (1) as follows:

Uy, (1) = [Uy (1), Ua(t),--- , Upn 2, uZNfl]T/

and then the semi-discrete TFPM scheme (2.19) can be rewritten as the following system
of ordinary differential equations:

SDYU(H)+AL(HU(t)=F(t), 0<t<T, 2.20)
U(0) = [w(x1),w(x2), -+, w(xan—2),w(x2n-1)]
where the stiffness matrix Aj () is defined below
O ‘
—ay(8) ()R —B(E)
n(t) = ‘ -
“31}31 ORI ):ﬁZN 2(H) , —Bin- 2(t)
L —a5n-1(t) a1 () +B5N 1 ()]
with the coefficient equation (x;‘f'h (1), lth defined as below
e2a. 1 €2a. 1
M)y =—2, p(=-L2, j=12,..,2N-2,2N-1,
hihyy hilisy
and the force term F(t) is defined by

= T
F(t) = [f(x1,t) +ai" (P (8), f(x2,8), - f(xan—2,8), f (xan-1,8) +agy_y ($(H)]
Remark 2.2. Different from the numerical scheme in [12], the corrected step size fzjil /2

and h j for the spatial direction used in our new scheme is independent of the time step 7,
which avoids the inconsistency in some certain algebraic relations between / and 7.
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Remark 2.3. As h< e and t >0, by the Taylor expansion, we can get

v B L B Y L
N VA28 8a; g )’

__h h hz h3
\/f2e N o .
e V=l \/a_j2§+8a]-€2+o<€3>

Thus, we have

Similarly, we can get
hiy=h+0 (2—2) , h<e.
Hence, as h < ¢, the given numerical scheme (2.19) will degenerate into the following
traditional finite difference method (FDM) scheme:
2
~ [aH%Aqu% (H)—a; AU, (t)] —fi(t), t>0, (2.21)

2

6 DFU;(t)

where we denote
AxUj+% :U]'—H —Z)]', Axvjf% :U]'—U]'_l.

Besides, as h — 07, the difference equation (2.19) will approach the singularly perturbed
subdiffusion equation (1.1).

2.3 The stability and convergence of the semi-discrete TFPM scheme

In [1, 15], a class of extremum principle for the subdiffusion equation over an open
bounded domain is formulated and proved. Furthermore, the boundedness of the so-
lution for the singularly perturbed subdiffusion equation can be obtained.

Proposition 2.3 ([1,15]). Let u(x,t) be a classical solution of the initial-boundary value prob-
lem (1.1). Assume the force term f(x,t) € C(Q)), the boundary values ¢(t),p(t) € C([0,T]) and
the initial value w(x) € C([—1,1]). If we denote

Mo =max{|[w(x)lc(-1,1)). 1) llco,m). 1¢E) cior) }
Mi=|f(xt)lc@)

then the following estimate of the solution norm holds true:

0

T

T M. (2.22)

Next, we show that the semi-discrete TFPM scheme (2.19) satisfies the semi-discrete
extremum principle. Before that, we need the following lemma.
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Lemma 2.1 ([1]). Suppose that f € C(*)([0,T]) and satisfies f(t) < f(to) (t < to) for some
to€(0,T). Then we have
§ D1 f (o) > 0. (223)

where
c([o,1)):={feC([0,7)|§DLf () €C([0,T])}.

The semi-discrete maximum principle for the semi-discrete TFPM scheme (2.19) is
given by the following proposition. The proof of this proposition is based on the idea for
the continuous case proposed in [1,15].

Proposition 2.4 (Semi-Discrete Maximum Principle). Let the grid function {U;(t),|x;| <1}
be a solution of the semi-discrete TFPM scheme (2.19). If the force term f;(t) <0, and then either
U;(t) <0 or the function {U;(t)} attains its positive maximum on the bottom or back-side parts

St = {(x;,0) %i\’oU{xofsz} x (0,T), i.e.

U;(t) <max {O, max Tuj(t) }, V(x;,t) €Qp ={x; }%2’0 x [0,T]. (2.24)
(xj,t)eSh

Proof. We prove this theorem by contradiction. We first suppose that the statement of the
theorem does not hold true, that is, there exists a point (xjo,to), |x]-0 |<1,0<ty<T such that

Ujo(to)>/\/l:max{0, max Uj(t)}>0.

(xj,t)GS[
Let us introduce a number A= Uj, (ty) — M and define an auxiliary grid function

éT—t

_ T
T/v](t)—u](t)—f—2T, (x]',t)GQh.

The following results can be easily obtained:

W) <Uj(t)+3, (xj,t)€Qy, (2.25)
Wi, (to) = U (to) = A+ M > A+ U;(t)
A_A
2A+Wj(t)—525+wj(t), (xj,t)€S). (2.26)

From the inequality (2.26), we can know that W;(t) cannot reach a maximum on SI. If
the maximum point of the grid function {W;(t)} over the grid O} is denoted by W, ()
with [x;, | <1,0<t; <T and

W, (t1) > W (to) > A+ M >A.
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According to the result of Lemma 2.1, we can know that
§ DIW;, (t1) >0.
Furthermore, we can easily get
= (318, sy (B = g8,y
:ah—%g"wh—% (t1) T+ xWJ’1+% (t1)
> % (2W, — Wi 41— W, _1) (f1) >0,

According to the definition of W;(t), we have

By simple calculation, we can get

§DF(1-T)=

Furthermore, we can get the following relation:

C C A H !
DDCU' )= D[XW' H+————.
0+t ]( ) 0+t ]( ) 2T r(z lX)

Additionally, we have

Combining (2.27)-(2.29), we can obtain

1—
A B
2TT(2—u)

Ly U, (1) =G5 DIW;, (1) +

1
Ji—2

where the discrete operator Lj defined by

2
€ -
LZUJO) :CD?Uj(t) — Fl—] <Elj+%(5xuj+% —Llji

On the other hand, by the conditions of the theorem, we have

LU, () = £ <0,

(2.27)

(2.28)

(2.29)

(2.30)

which contradicts the inequality (2.30). Above all, the assumption made at the beginning

of the theorem proof is wrong and thus this theorem is proved.

O
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Substituting —U;(t) instead of in the reasoning above, the semi-discrete minimum
principle can be obtained.

Proposition 2.5 (Semi-Discrete Minimum Principle). Let a grid function {U;(t),(xj,t)€Q} }
be a solution of the semi-discrete TFPM scheme (2.19). If the force term f;(t) >0, and then either
U;(t) >0 or the function {U;(t)} attains its negative minimum on the bottom or back-side parts

S;{: {(x]-,O) ]ZEOU{XO,XZN} x (0,T], i.e.

U;(t) >( m)I?STU (1), V(x,t)eQf. (2.31)

Based on the semi-discrete extremum principle above, we can prove that the semi-
discrete TFPM scheme (2.19) is unconditionally stable.

Theorem 2.1 (Stability for the Semi-Discrete TFPM Scheme). Let a grid function {U;(t) }]250
be a solution of the semi-discrete TFPM scheme (2.19). If we denote

Mo =max {[|w(x) lc(-1,1). 19 (E) le(om), 1¥ (B) leqo7y) }-

My zog}ggN £ (i t) leqo,m))-

and then the following estimation for the solution {U;(t) }%i\’o holds true:

o

T
max MO leqom = Mo+ Ty

_max M;, 0<t<T. (2.32)
j=0,...,

Proof. To prove the theorem, we first introduce an auxiliary grid function {W;(t)},

Then, we know

M
L SD " < fi(t) — My <0.

Ly, W;(t) =L, U;(t) — Tta)

Then, according to Proposition 2.4, we can get that for any (x]-,t) S QZ,

Wi(t) §max{0 max_W; (t)}
(xjt)ES;

Smax{O, max _Uj(t)— M t”‘}
(x;t)€ST I(1+a)

gmax{O, max U]-(t)}gMo.

(x]‘,f)ESZ



14 W. Kong and Z.Y. Huang / CSIAM Trans. Appl. Math., 6 (2025), pp. 1-30

Furthermore, we can obtain for any (x]-,t) € QZ,

M, M
u: <M <M r*.
i) 0 F(l—i—uc)t 0 I'(1+a)

Besides, we first introduce another auxiliary grid function {V;(t)},

It follows from a simple calculation to obtain

Ml C

Then, according to Proposition 2.5, we can get that for any (x]-,t) S QZ,

Vi(t)> min V;j(t)> min {Uﬂt)%—%t“}

T (xjh)est (xj,t)eSt 1+a
> min U;(t) >—My
(xj,t)eSk

Furthermore, we can obtain for any (x]-,t) € Q;,

My My
(> —My— ——— &> - T*
Uj(t) = =Mo T(14+a) = Mo T(14a)
In summary, the content of the theorem is proved. O

Remark 2.4. From the stability of the semi-discrete TFPM scheme (2.19), we can know
that the numerical solution obtained by the numerical scheme (2.19) is unique and con-
tinuously depends on the initial-boundary values ¢(t),¥(t),w(x) and the source term

f(x,t).

Next, we examine the convergence of the semi-discrete scheme (2.19). The truncation
error of the semi-discrete TFPM scheme at the internal points (x;,t) is defined as below

T;ﬂlj(f) :ng‘uj(t) — E—] (aH%gqu% —aj_%gxuj_%> (t) —fj(t),

where we denote
uj(t):u<xj/t)/ Mji%(t):u(xji%,t).

In this paper, we hope that the truncation error Tu;(t) is small even when 0 <e < h. It
means that we used a coarse mesh comparing with the small parameter e. Using the es-
timations in Propositions 2.1 and 2.2 for the solution u(x,t) of the initial-boundary value
problem (1.1), we have the following results:
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Theorem 2.2 (Error Estimation for the Semi-Discrete TFPM Scheme). As 0<e<<h, that is,
there exists a positive parameter 1 and a positive constant Cy such that 0 <e < C{h'*™, if we
define the error function e;(t) as follow:

€j<t) = M(Xj,t) — LI](t),
and then we have the following error estimation:

oI lej(t)llc(jo,m))

<C(T,n) {€2+812exp [—E(oc,T) <g> o

+exp [—C(oc,T)g]}

exp [—E(oc,T)h%] +exp [— C;DZT)} }, (2.33)

242
<t

where the constants C(T,a),E(a,T),C(a,T) are independent of x,t,e. Besides, as 0 <h <, the
following estimation holds:

A
> (2.34)

, < —+>+—+—
jzf(gﬁéN\\ej(t)!IC([o,r]) <C(T,u) <h+ T Tats

with the constant C(T,«) independent of x,t,e.

Proof. Let us start with the case of e <. We can decompose the truncation error Tj,u;(t)
into two parts

Tpu;(t) =Tyuj(t) —Tpyou;(t),
where we denote
Ty,1u(t) =6 Dfu;(t) — f;(t), (2.35)

2
€ - -
Thlzuj(t) = P_l_ (aH%(quH% —aj_%éxuj_%> (t) (236)

For the first term T, yu;(t), it follows from the results in Proposition 2.2 and the following
facts:
h—1<x;<1-h, 0<t<T,

to obtain

Ty pu(xjt)| = |0 (a(x})dx)u(xj,t)|
< |e?a(x;)0xxu(xj,t) |+ €%a’ (x))0xu(xj,t)|

_ |:(1+xj)2

2—n :
_E _E(a) | Y2
SC(T,DC) 82—|—(1—|—€_2)€ (@) €2t } +<1+€_2)€ (Dé){ e2 i
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1
= w2\ 2—«a = 2\ 2—a
<C(Ta) | 4o FOER)T L2, E0(3R) (2.37)

with some constants C(T,a),E(«a) independent of x,t and «.

Next, we estimate the second term T, ,u;(t). It follows from the estimation (2.22) in
Proposition 2.3 to obtain that the solution u(x,t) for (1.1) is uniformly bounded to ¢, that
is, there is a constant C(T,«) independent of x,t and ¢ such that

ju(xj,t)] <C(T,a).

Besides, as ¢ < h, we have

exp [ ] (a)t2eexp [C(a)ht 2e71], (2.38)
b 1> aﬁ%éex > C(a)t2eexp [Ca)ht~2e ] (2.39)
= e | > ’ |

with a constant C(T,«) independent of x,t and €. Hence, we can obtain

2 2 2 2
T ou(xj,t)| < 7t i (B) [+ 7—[uj—1 () [+ lujy1(t)]

iy k) il il
1 1
<2C(T,(x)82<_ 4 )
Piltiey ity

<C(T,w)t 2exp [—2C(u¢) til } ,

2¢

h h
<C(T,oc){t 2exp {—C(rx) - }}exp {—C(rx) - ]

t T2e
SC(T/‘X)eXp |:_C((X) I,i :|I (240)

T2e

where the constant C(T,a),C(«) are independent of x,t and . To sum up the above
estimations (2.37) and (2.40), we can obtain the following truncation error estimation:

Ty (£)| < |Tpqu;(t) |4 [Thou;(t)
w{_cm}
T2 €

<C(T,u) {s —i——exp[ (Of) - &
+exp [—C((x,T)ﬂ } (2.41)

T2—=

2
2*0(

=C(T,u) {8 +—exp[ E( (xT

where the constant C(T,a),C(«,T), E(«,T) are independent of x, t,¢.
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In fact, according to the definition of truncation error Tju;(t), the error function e;(t)
satisfies the following differential equations:

2

€ = -
gD?eﬂ'(t)_ij[”f+;‘5x€j+;(f)—aj_;éxej_;(t)] =Tuuj(t), 0<t<T, |xj]<1,
eo(t)=ean+1(t) =0, 0<t<T, (2.42)

According to the result proposed in Theorem 2.1, the solution ¢;(t) satisfies the following
estimation:

i(t
]-:r(f}i)éz\f||€]( Meqom
Tﬂ(

< A
_MO+F(1+0() M,

(14
=0+ Ty 125 T D oy

<C(T,u) {s +lexp [ E(a,T) <h> o

with some constant C(T,a),C(a,T), E(a,T) independent of x,t,¢.
Next, we consider the case of ¢>>h. From the Taylor’s expansion, we can get

+exp [— C(a,T) g] } (2.43)

i i n
h]:h|:1—|—cj(06)€—2:|, h]+é:h|:1+c]+l( )82:|

Hence, we have

hZ

(F‘fﬁ,‘%)*l h [1+C ()SZ], (Ejﬁjf )*1 h™ [1+C%(w)l‘:—§}

And then, we can decompose the truncation error T u;(t) into two parts
Thuj(t) :Th,1uj(t) —Thlzuj(t),
where we denote
2
e
T 05(6) = § Dy (£) = 75 [y (11— 45) —a,. %<u] —u] DIO-FB, @4
Thouj(t) =Cpp 1 ()ay 1 (w1 —uy) () = C;_y (a)a;_y (uj—uj1)(t). (2.45)

For the second part of the above decomposition, the following estimator can be obtained
from the mean value theorem:

|Th,2”]( ) <C(a Ha ”( j+i t)“"a u ]+1 t)H
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<2C(a)hf|9xu(-t)[le

2 12—«
SCl(tx)h+C2((x)§2exp —E(a) [h_}

<C(a) <h+ 8%) (2.46)

with some constant C(«) independent with /,t and e. As for the first part Ty, u;(t), it
follows from the Taylor’s expansion and the mean value theorem that there are some
constants & € [x;_1,x;11],k=1,2,3,4 such that

e2h? e2h?
T11(t) = -0 (1) (x, £) + ——a® (&2)3% u(x; 1)
2h2 2h2
+£—ﬂ/(53)3a(c3)“(xjff)+ =

: P u(EL ).

12 Y

Then, from the estimation (2.6), we can get

2 2 2
L h) (2.47)

with some constant C(«) independent with #,t and €. Therefore, for truncation error
Tyu;(t), we have the following estimation:

h KW KW K
. < _ __ __ __ .
|Tyui(t)| <C(T,a) <h+8+€2+£4+86> (2.48)
with some constant C(«) independent with /,t and €. So, we have as 0 <h K¢,
h W KW K
max i (0)llor) < (T (It 2+ + 5+ ) 2.49)
with some constant C(«) independent with /,t and e. O

Remark 2.5. From the error estimation (2.33), we know that for a given h, the approxi-
mate solution {U;(t)} obtained by the semi-discrete TFPM scheme (2.19) becomes more
and more accurate as y; — 400 and € — 0". For a given ¢, it can be seen from the es-
timation (2.34) that as h — 0", the numerical solution U;(t) converts to the analytical
solution u(x;,t).

Remark 2.6. In the estimation (2.33), as 1 — 0", the exponential items will bring rela-
tively large errors because of the resonance effect, which will affect the numerical pre-
cision of the newly constructed TFPM scheme. How to eliminate the resonance effect
at h ~ ¢ will be the focus of our future research.



W. Kong and Z.Y. Huang / CSIAM Trans. Appl. Math., 6 (2025), pp. 1-30 19

2.4 The L1-TFPM scheme

In generally, the analytical solutions of ordinary differential equations (2.20) cannot be
written. Therefore, we need to solve the ordinary differential equations (2.20) numeri-
cally.

Since the solution u(x,t) of the subdiffusion equation will have a weak singularity at
the initial time t =0, we will use the following graded grid proposed in [19] in the time
direction

te=T(k/M)". (2.50)
As v =1, we can get a uniform grid with step size T=1/M, as 7y > 1, the graded grid
becomes finer near t =0 to capture the singularity at the initial time.

We exploit the £1 formula proposed in [20] to approximate the Caputo fractional
derivative D¥U(t) in (2.20), that is,

«)

(
"oa
Cyayy n—k 0 k—1
D{U(t) =~ AU (t 2.51
0 tU< ) ](ZZ:lF<2_DC) TU( 2)/ ( 5 )
where the coefficients a,(fi) . are defined by
n_ gk—I\1—a _ (gn _ 4k\1—a
N UL ame b S

Tk

_ k-1

with the time step 7 defined as 7, = £k , and we denote

1
Arwk_i = wk—wh 1.

If we set

a, k—1
D" = n—k A zw,
v ,{;F(Z—(x) ’
U= [U?IUS/‘"IUSN—ZUQNA]TI

the initial value problem (2.20) can be discretized as follows:

DYU"4+AS (#1)U" =F(t"), 0<#"<T,

{ﬁg 0=k, o<r<T, o5
UY=[w(x1),w(x2), -, w(xan—2),w(x2n-1)] -

Furthermore, we give a new L1-TFPM scheme to solve the initial-boundary value prob-
lem (1.1)

2
£ 5 5 T
DLy - - (a]-+%c5xll}q+% —aj_%éxll]’ig =11, (gt eql,
Ug=¢(t"), Uin=9(t"), 0<t"<T, (2.53)
up =w(x;), —1<x <1,

where the notations D% ll]’?,gx U]’?il s, and h; are defined as before.
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Remark 2.7. Similar to the discussion in Remark 2.1, we can know that as h <¢, the newly
proposed L1-TFPM scheme will degenerate to the traditional £1-FDM scheme,

&2

o n n n o "
Dety =72 [ J’+%A"uj+%_aj—%Axujf%] =fi' t">0, (2.54)

so it is an unconditionally consistent numerical scheme.

Next, we show that the newly proposed L£1-TFPM scheme (2.53) satisfies the discrete
extremum principle. Before that, we need the following lemma.

Lemma 2.2. Let the grid function {o*}M. | be defined on the grid {t*}M . If o" is the maximum
point of {v"}M |, then we have
D" >0. (2.55)

Proof. We can write D3v" as

D" = v—v

I M:

NIH

o
SIS
i(i )Aﬂ’

According to the definition of D}v", it is easy to see that

k
Y b :a,(f:)k, k=12,...n.
=1

(@)

If we set a;; / =0, we can obtain

_ () (w) _
bk—anoik—anoikﬂ, k=1,2,...,n.

It follows from Lagrange’s mean value theorem that there exists a parameter 0 < 6, <1

such that
() 11—«

T T g () — (1— 6 )1~

According to the monotonicity of the function H(#) = (1—a)t %, we can obtain that

by>0, k=1,2,...n
If 9" is the maximum point of {vk}f(\i 1, and then we can obtain

o"— >0, k=1,2,...n
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Furthermore, we can get

n
D" = Z ot —ok 20.

The proof is complete. U

The discrete maximum principle for the £1-TFPM scheme (2.53) is given by the fol-
lowing proposition.The proof of the following proposition is based on the idea for the
traditional £1-FDM proposed in [1].

Proposition 2.6 (Discrete Maximum Principle). Let a grid function {U7,(x;,t") € QF ) be
a solution of the L1-TFPM scheme (2.53). If the force term fj” <0, and then either LI]’ﬂ <0 or the
function {U'} attains its positive maximum on the bottom or back-side parts

ShT_{ x]/to U{ Oltn 7’1 OU{ xZN/tn 7’1 O/
ie.

U}’Smax{o . rtrnl)aexsT U]-”}, v (x;,t") €Qf . (2.56)

h,T

Proof. We prove this theorem by contradiction. We first suppose that the statement of the
theorem does not hold true, that is, there exists a point (xjo,t”O), —-1< Xjy < 1,0< o <T
such that

U"°>./\/l max{O max ll”}>0.
(xjtm)est .

Let us introduce a number A = U]'.;O — M and define an auxiliary grid function

AT—t"
W U”+ET, (x]-,t”) GQZ;,T‘

The following results can be easily obtained

A

T

Wi <Uj'+=, (xj,t") €Y o, (2.57)
A_A T

Wil 2Ujl =B+ M2 A+UF 2 A+ W =5 > S+ W/, (xt") €5 (2.58)

From the inequality (2.58), we can know that W]-” cannot reach a maximum on S;, - If
the maximum point of the grid function {Wj”} over the grid QZ/T is denoted by W].tl1 with
—1<x; <1,0<t" <Tand

W]tll zw"o >A+M>A.
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According to Lemma 2.2, we know that

o n
DTlel >0. (2.59)
Furthermore, we can easily get

(W —a SN
~ (b )

n— n— 2
10y W”1 16, WM

j—— C1 T %30

>T n n ny
> (2W W W

i+l - 1>20'

According to the definition of W, we have

AT—t"
n__An
U]- —W]- T

By simple calculation, we can get

Dy ~T) =

Furthermore, we can get the following relation:

n\l—a
szun Dawn_}_ﬁ (t )

TTE—m)" (2.60)

Additionally, we have

5N n o n T ATl
(g SU = U ) == (o, B~ BT )20 (26D)

1
113 =3 =3
Combining (2.59)-(2.61), we can obtain

: U”IZD“W”UrA(t”l)l‘“_i( SWM  —a. 15, WM
et T T 2TT(2—a) Ty, \ i+ ey B2y

) >0, (2.62)

where the discrete operator Lj . defined by

2
a1 n n
s W=D — h]<]+15 Uy —a ydUr %>.

On the other hand, by the conditions of the theorem, we have
€ no__ gm
h,Tujl _f]'l SO/

which contradicts the inequality (2.62). Above all, the assumption made at the beginning
of the theorem proof is wrong and thus this theorem is proved. O
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Substituting — U/ instead of in the reasoning above, the discrete minimum principle
can be obtained.

Proposition 2.7 (Discrete Minimum Principle). Let a grid function {U7,(x;,t") € QOf .} be
a solution of the L1-TFPM scheme (2.53). If the force term f]” >0, and then either U]’? >0 or the
function {LI]”} attains its negative minimum on the bottom or back-side parts

2N ™ ™
She=1 (5t HoU{ ot L2 US (o)}~

ie.
ur> min U, V(xt")€Q) .. (2.63)

] (x]',t")GSZ;,T ] ’

Based on the discrete extremum principle above, we can prove that the newly pro-
posed L1-TFPM scheme (2.53) is unconditionally stable.

Theorem 2.3 (The Stability of the L1-TFPM Scheme). Let a grid function {U, (x;,t") ey}
be a solution of the L1-TFPM scheme (2.53). If we denote

Mo =max{||w(x)l|c-1,1) 1¢E) lco,m ¥ (Ol cqo,m) I
M= f(xt)llcq).

and then the following estimate of the solution norm holds true:

TDC
HU}“UOOSMM*F(H“)ML (2.64)

Proof. To prove the theorem, we first introduce an auxiliary grid function {W]?q I3

M, .
n__qjrn_ n
W= F(1+zx)(t) .

According to the analysis in [14], if we denote

tﬂé
t)= ,
wl-HX( ) 1—'(1"—0()
we have that
c n otk .
§Dfwise(t") = Diwi =) tk_laJﬂ’M(s)Hkan,a(t” —s)ds,
k=1

where the operator Il is an interpolation operator with

ﬁka_a(tn —S) Z 0.
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Besides, we can obtain
W, (F) = —# <0, t>0.
Furthermore, we can get
Diwi > ng‘wHa(t”) =1
Then, we know
Wi =L Ui =MD, < fi' = M1 <0.

T
h, T’

Then, according to Proposition 2.6, we can get that for any (x;,t") € Q)

W]-”gmax{o, max W]-”}gmax{o, max U]-”— M (t”)”‘}
(xj/tn)GSZ,T (xj,tn)es;xfﬂ F(1+0¢)

gmax{O, max U}‘}SMO.
(xj,t”)eS{T

T

Furthermore, we can obtain for any (x;,t") € O,

M,
I'(1+a)

M
(#")* < Mo+ ———T%.

ur<m
j = Mot T(1+a)

Besides, we first introduce another auxiliary grid function {V]” I3

M,
‘rl’l J’Z n\o
=4 F(1+uc)(t )

It follows from a simple calculation to obtain
Z,ijn = Z,T ])'q—i_Mngw?Jrac 2f]n +M; >0.

T
h, T’

Then, according to Proposition 2.7, we can get that for any (x;,t") € Q)

M,
V!> min V"> min ur+ t" ”‘}
P (ymest (xj,t”)EShT/T{ ] F(1+Dc)( )
> min U'>—M,.

- (x/',i")EShT/T J

Furthermore, we can obtain for any (x]-,t”) € Q}{T,
M1 Ml
ur>—Mpn— nyw e T o
j=0 F(1+oc)( )"z Mo I(1+a)
In summary, the content of the theorem is proved. O

Remark 2.8. From the stability of the £1-TFPM scheme (2.53), we can know that the
numerical solution obtained by the numerical scheme (2.53) is unique and continuously
depends on the initial-boundary values ¢(t),(t), w(x) and the source term f(x,t).
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3 Numerical experiments

In this section, several numerical examples are given to demonstrate the validity of the
newly proposed £1-TFPM scheme (2.53). We consider an initial-boundary value problem
on O=[—-1,1] x[0,1] as follow:

§D¥u(x,t) — 20y [(x2+1)0y Ju(x,t) = 03¢+ (1—22), (x,t)€Q,
u(=1,t)=t, u(1,t)=t? 0<t<1, (3.1)
u(x,O):eﬁ, xe[-1,1].

We use the L1-TFPM scheme (2.53) to solve the above initial-boundary value problem.

We first examine whether the newly proposed £1-TFPM scheme (2.53) can satisfy the
discrete extremum principle. The source term f(x,t) = t(x*+2) of (3.1) is non-negative
and both the initial and boundary values of (3.1) are non-negative. According to the
extremum principle, the solution u(x,t) of the initial-boundary value problem (3.1) is
greater than zero in Q%= (—1,1) x (0,T]. Fig. 1 shows the numerical solution computed
from the £1-TFPM scheme of (3.1) for different &« and ¢ on a uniform grid with 4, 7=0.01.
It can be seen that for different ¢ and &, the numerical solutions U}, ; are all greater than 0
on the internal grid. Thus, the numerical solution computed from the £1-TFPM scheme
(2.53) satisfies the discrete extremum value principle.

(1) a=0.2, e=1 (2) a=0.2, e=0.1 (2) a=0.2, e=0.01

(6) 0=0.5, e=0.01

Figure 1: The numerical solution of the initial-boundary value problem (3.1) for different & and ¢ as h,7=0.01.
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Next, we examine the numerical precision of the £1-TFPM scheme. Since the ana-
lytical solution u(x,t) for the initial-boundary value problem (3.1) cannot be given, the
numerical solution on a uniform grid with 7 =1/1600, T = 0.0005 is selected as the refer-
ence solution U’ , ot And then we use the L® error norm EZ/T defined below to examine
the numerical error of the numerical solution

Cract |

no__ n
Eh,T_ max ‘u'_ exact,j

0<j<2N+1' J
We compare the newly proposed L£L1-TFPM scheme with the traditional £1-FDM scheme
and the £1-TFPM scheme given in [12]. For convenience, we will label the newly pro-
posed L1-TFPM scheme as L£1-TFPM-I scheme, and then label the £1-TFPM scheme
given in [12] as £1-TFPM-II scheme.

Fig. 2 shows the numerical precision for the £L1-TFPM-I scheme as < e. The step
size we chose for the time direction is a uniform grid with T=0.0005. It can be seen that
for different ¢, the L* error E }Il\fr decays with a first-order velocity when 1 — 0", which is
consistent with the convergence rate given by the estimation (2.34).

Tables 1-3 show the L*° errors of the numerical solution for (3.1) with different ¢ and &
as T=0.0005 and % =0.05. It can be seen that as e — 01, the numerical error of the nu-
merical solution obtained by the £1-TFPM-I scheme approaches zero, which is consistent
with the error estimation (2.33) in Theorem 2.1. As h ~eT*/2, the numerical precisions of
the £1-TFPM-I scheme and the £1-FDM scheme are close, and both are higher than the
numerical precision of the L1-TFPM-II scheme. In the case of 0 < e < h, the numerical
precisions of the L1-TFPM-I scheme and the £1-TFPM-II scheme are similar and much
higher than that of the £1-FDM scheme.

Tables 4-6 show the L™ errors of the numerical solution for (3.1) with different spatial
step h and « as T=0.0005. When /> ¢, both of the numerical solutions obtained by the

Me=1 @)e=0.1

10" 10"

—o0—0=0.2 —Oo—q=0.2
—=—g=0.5 ——q=0.5
——@=0.8 —=0-0.8
10’
gk
= £ 10
= m"
1071
10” L 107 L
10? 10" 107 107 10"
h h

Figure 2: The numerical precision for the L1-TFPM-I scheme as h<¢: (1) e=1; (2) €=0.1.
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Table 1: L* errors of the numerical solution for (3.1) with different ¢ as «=0.2,h=0.05 and T=0.0005.

Table 2: L errors of the numerical solution for (3.1) with different € as « =0.5,h=0.05 and T=0.0005.

Table 3: L errors of the numerical solution for (3.1) with different € as « =0.8,h=0.05 and T=0.0005.

€ L1-TFPM-I scheme | L£1-TFPM-II scheme | £1-FDM scheme
0.1 3.4528 x 1072 4.0608 x 102 3.3228 x 102
0.01 5.3799 x 1073 1.8642 x 102 3.7036 x 102
0.001 8.9405x10° 8.9405x107° 6.4459 x10~4
0.0001 3.3023x 1078 3.3023x 1078 6.4210 x10~°

€ L1-TFPM-Ischeme | L£1-TFPM-II scheme | £1-FDM scheme
0.1 3.1803 x 102 1.1670 x 101 3.0844 x 102
0.01 1.4503 x 102 9.1132x1073 3.3846 x 102
0.001 8.9571x107° 8.9571x107° 4.7084 x 10~4
0.0001 3.8543 %1078 3.8543 %1078 4.6884 x107°

€ L1-TFPM-I scheme | £1-TFPM-II scheme | £1-FDM scheme
0.1 2.8829 x 102 5.6539x 10! 2.8382x 1072
0.01 2.1181x 102 2.4831x1073 2.8873x 1072
0.001 7.6790 x10° 7.6790 x 10~° 3.3392x10~*
0.0001 4.8452 %1078 4.8452 %1078 3.3362x107°
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Table 4: L% errors of the numerical solution for (3.1) with different spatial step & as a =0.2,¢ =0.001 and

7=0.0005.
Spatial step h | L1-TFPM-I scheme | L£1-TFPM-II scheme | £1-FDM scheme

1/10 8.9001 x10~° 8.9001 x10~° 1.5197 x 104

1/20 8.9405 x 10~° 8.9405x 10~° 6.4459 x 10~*

1/40 9.4109 x10~° 9.3687 x10~° 2.5944 x 1073

1/80 1.3711x 104 4.3844x107% 1.0232 x 102

1/160 3.9536x 1073 7.4460 x 1073 3.1271x 102

1/320 9.0141x1073 5.9844 x 102 3.9864 x 102

Table 5: L% errors of the numerical solution for (3.1) with different spatial step i as « =0.5,6 =0.001 and

7=0.0005.

Spatial step i | L1-TFPM-Ischeme | L1-TFPM-II scheme | £1-FDM scheme
1/10 8.9571x10~° 8.9571x10~° 1.0933 x 104
1/20 8.9571x10~° 8.9571x10~° 47084 x10~%
1/40 9.4609 x10~° 9.1500 x 10~° 1.8954 x 103
1/80 3.6310x10~* 9.1500 < 10~° 7.5452 x 1073

1/160 8.9952 x 1073 2.9487 x 1073 2.6133x1072
1/320 2.2670x 1072 5.9480 x 102 41473 %1072




28

Table 6: L errors of the numerical solution for (3.1) with different spatial step h as a =0.8,¢ =0.001 and
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T=0.0005.
Spatial step i | L1-TFPM scheme 1 | £1-TFPM scheme 2 | £1-FDM scheme
1/10 7.6790 x 10~° 7.6790 x 10~° 7.6152x107°
1/20 7.6790 x 10~° 7.6790 x 10~° 3.3392x 104
1/40 1.9843 x 107 7.7653 x 1070 1.3438 x 1073
1/80 1.1916x1073 7.7653 x 1070 5.3727 x 1073
1/160 1.3215x 1072 6.1004 x 1074 2.0384 %1072
1/320 3.5114 x 1072 3.4073 x 1072 4.2229 x 1072

L1-TFPM-I scheme and the L£1-TFPM-II scheme are more accurate than that obtained by
L1-FDM scheme. However, in the case of h—¢, the precision of numerical solutions given
by these three numerical schemes decreases due to the resonance effect, especially the £1-
TFPM-II scheme. However, in this case, the accuracy of our new £1-TFPM scheme is still
higher than that of the traditional £1-FDM scheme for different «. It can be seen from the
numerical results that the smaller « is, the more obvious the resonance effect will be.

In addition, we also investigate the numerical accuracy of the time direction for the
L1-TFPM-I scheme. Fig. 1 shows that the solution u(x,t) of (3.1) has a weak singularity
at the initial time t = 0. We use the £1-TFPM-I scheme to solve (3.1) on graded grids as
¢=0.001 and 1=1/1600. We still use the L* error norm Ej/ . defined above to investigate
the numerical error. Fig. 3 shows the numerical accuracy in time direction for different «
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Figure 3: The numerical accuracy in time direction for different & as e=0.001 and h=1/1600.
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and 7. The £1-TFPM-I scheme only has O(7*) precision on the uniform grid due to the
non-smooth initial value. However, the numerical accuracy can be greatly improved by
using a non-uniform grid with v >1 in the direction of time.

To sum up, the newly proposed L£1-TFPM scheme can maintain the discrete extremum
principle and has high numerical accuracy as h>>¢e. However, as h ~¢, the resonance ef-
fect results in a large loss of numerical accuracy. How to eliminate the effect of resonance
will be the focus of our future research.

4 Conclusion

For the singularly perturbed subdiffusion equations on a bounded domain QE, the solu-
tion u(x;t) has a boundary layer of width O(e) near the boundary imposed non-smooth
boundary values, which presents great challenges for the construction of efficient numer-
ical scheme. In order to construct a high-precision numerical scheme for the singularly
perturbed subdiffusion equations on rough grids, we construct a new scheme based on
the idea of tailored finite point method. The newly proposed £1-TFPM scheme can pre-
serve the discrete extremum principle and has a higher numerical accuracy than the tra-
ditional £1-FDM scheme as h > ¢. But when ¢ ~ h, the resonance effect will reduce the
accuracy of the newly proposed scheme, which needs our further study.
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