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Abstract. In this paper, two kinds of synchronization between two complex networks with non-delayed 
and delayed coupling are discussed by the pinning control method, that is, inner synchronization and outer 
synchronization. Based on the Lyapunov stability theory and linear matrix inequality (LMI), some sufficient 
conditions for the synchronization are derived by adding linear feedback controllers to a part of nodes, and 
the linear feedback controllers are designed. Under suitable conditions, not only inner synchronization but 
also outer synchronization can be asymptotically achieved. Numerical simulations are presented to show the 
effectiveness of the proposed synchronization scheme. 
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1. Introduction 
In the past few years, the control and synchronization problem of complex networks has been 

extensively investigated in various fields due to its many potential applications [1-3]. And various control 
schems including pinning control [4-5], adaptive control [6], impulsive control [7-9], etc., have been used to 
study the above problem. Generally speaking, network synchronization can be classified into inner 
synchronization and outer synchronization [10]. In brief, the synchronization in a network is called inner 
synchronization, i.e., the synchronization of all the nodes within a network, it has been investigated recently 
[3-9]. On the other hand, outer synchronization [10-14] occurs between two or more complex networks 
regardless of synchronization of the inner network. One important example is the infectious disease that 
spreads between different communities. Therefore, how to realize the synchronization between different 
networks is very interesting and challenging work. Li et al. [10] pioneered in studying the outer 
synchronization between two unidirectionally coupled complex networks and derived analytically a criterion 
for them having the identical topological structures. The adaptive-impulsive synchronization between two 
complex networks with non-delayed and delayed coupling was discussed in Ref. [14]. Another interesting 
work is how to realize the inner synchronization inside each network and the outer synchronization between 
two different networks simultaneously. Recently, Sun et al. [15] investigated the hybrid synchronization 
problem of two coupled complex networks by using the linear feedback and the adaptive feedback control 
methods, but the time delay was ignored. To simulate more realistic networks, time delay should be taken 
into account. Sun et al. [16] studied two kinds of synchronization between two discrete-time networks with 
time delays, including inner synchronization within each network and outer synchronization between two 
networks. In the above literatures [10-15], the networks are coupled by full states of nodes in the networks, 
which means all the states in the drive network must be transmitted to the response network. However, for 
the complexity of the network, it is difficult to realize the synchronization by adding controllers to all nodes. 
To reduce the number of the controllers, a natural approach is to control a complex network by pinning part 
of the nodes in the networks. As far as the authors know, there is few work on pinning synchronization 
between two coupled dynamical networks, although some pinning control schemes have been proposed for 
inner synchronization.  

Motivated by the above discussions, this paper will focus on the synchronization problem of two coupled 
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dynamical networks with both delayed and non-delayed coupling via pinning control method, including 
inner synchronization within each network and outer synchronization between two networks. Some criteria 
for the synchronization are derived. Analytical results show that two networks can realize the 
synchronization: the outer synchronization between the drive-response networks, and the inner 
synchronization in the drive network and the response newtwork, respectively. 

2. Problem description and preliminaries 
In this paper, we consider the two coupled complex dynamical network consisting of linearly coupled N 

identical dynamical nodes, with each node being an n-dimensional dynamic system respectively. 
The drive coupled complex network is characterized by 
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Consider the response coupled complex dynamical network as follows: 
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where 1 2( ) ( ( ), ( ),..., ( ))T n
i i i inx t x t x t x t R= ∈ is the drive state vector of the ith node, 

1 2( ) ( ( ), ( ),..., ( ))T n
i i i iny t y t y t y t R= ∈ is the response state vector of the thi node, : n nf R R→  is a 

smooth function, the constant 1 0c > and 2 0c >  denote the nondelayed and delayed coupling strength 

respectively, 0τ >  is the time delay. iu  are linear controllers to be designed. 1 2
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matrices respectively, where ija  and ijb  are defined as follows: If there is a connection from node i  to 

node j  ( ),j i≠  then the coupling 0;ija ≠  otherwise, 0ija =  ( ),j i≠  and the diagonal elements of matrix 

A are defined as 
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Suppose 0 0([ , ], )nC t t Rτ−  be the Banach space of continuous vector-valued functions mapping the 

interval 0 0[ , ]t tτ−  into nR  with the norm 
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solution with respect to these initial conditions. For the functional differential equation (2), its initial 
conditions are given by 0 0( ) ([( , , .) ] )n
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In order to derive our main results, some necessary definitions and lemmas are needed. 
Definition 1 The coupled network (1) and the coupled network (2) are said to attain inner and outer 
synchronization simultaneously if  
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Assumption 1 (A1) (see[17]) Assuming that there is a positive-definite diagonal 
matrix ),...,,( 21 npppdiagP =   and a diagonal matrix ),...,,( 21 nddddiagD =  such that f satisfies the 
following inequality: 
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Lemma 1 (see [17]) Assuming N NA R ×∈  satisfies the following conditions: 


