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Abstract. In this paper, the homotopy perturbation transform method (HPTM) has been applied to obtain
the solution of the linear and nonlinear Klein-Gordon equations. The homotopy perturbation transform
method is a combined form of the Laplace transform method with the homotopy perturbation method. This
scheme finds the solution without any discretization or restrictive assumptions and avoids the round-off
errors. The fact that this technique solves nonlinear problems without using Adomian’s polynomials can be
considered as a clear advantage of this technique over the decomposition method. The results reveal that the
proposed algorithm is very efficient, simple and can be applied to other nonlinear problems.
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1. Introduction

Nonlinear phenomena have important effects on applied mathematics, physics and related to engineering;
many such physical phenomena are modeled in terms of nonlinear partial differential equations. For example,
the Klein-Gordon equations which are of the form

utt(x,t)—uXX (x,t)+au(x,t) =h(x,t), (1)
with initial conditions
u(x,0) =f(x), u, (x,0)=g(x), 2

appears in quantum field theory, relativistic physics, dispersive wave-phenomena, plasma physics, nonlinear
optics and applied physical sciences. Several techniques including finite difference, collocation, finite
element, inverse scattering, decomposition and variational iteration using Adomian’s polynomials have been
used to handle such equations [5, 6, 7, 48]. He [1-4] developed the homotopy perturbation technique for
solving such physical problems. In recent years, many research workers have paid attention to study the
solutions of nonlinear partial differential equations by using various methods. Among these are the Adomian
decomposition method (ADM) [8], He’s semi-inverse method [9], the tanh method, the homotopy
perturbation method (HPM), the differential transform method and the variational iteration method (VIM)
[10-17]. He [25-38] developed the homotopy perturbation method (HPM) by merging the standard homotopy
and perturbation for solving various physical problems. The Laplace transform is totally incapable of
handling nonlinear equations because of the difficulties that are caused by the nonlinear terms. Various ways
have been proposed recently to deal with these nonlinearities such as the Adomian decomposition method
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[39] and the Laplace decomposition algorithm [40-44]. Furthermore, the homotopy perturbation method is
also combined with the well-known Laplace transformation method [45] and the variational iteration method
[46] to produce a highly effective technique for handling many nonlinear problems. In a recent paper Khan
and Wu [23] proposed the homotopy perturbation transform method (HPTM) for solving the nonlinear
equations. It is worth mentioning that this method is an elegant combination of the Laplace transformation,
the homotopy perturbation method and He’s polynomials and is mainly due to Ghorbani [20, 21]. The
homotopy perturbation transform method provides the solution in a rapid convergent series which may lead
to the solution in a closed form. The advantage of this method is its capability of combining two powerful
methods for obtaining exact solutions for nonlinear equations. In this article, we apply the homotopy
perturbation transform method (HPTM) for solving the linear and nonlinear Klein-Gordon equations to show
the simplicity and straight forwardness of the method.

2. Homotopy perturbation transform method (HPTM)

To illustrate the basic idea of this method, we consider a general nonlinear partial differential equation
with the initial conditions of the form:

Du(x,t) + Ru(x,t) + Nu(x,t) = g(x,1t), (3)
u(x,0) = h(x), ut(x,O) =f(x),

where D is the second order linear differential operator D = 82/8t2 , R is the linear differential operator of

less order than D, N represents the general nonlinear differential operator and g(x, t) is the source term.
Taking the Laplace transform (denoted in this paper by L ) on both sides of eq. (3), we get

L[Du(x,t)]+ L[Ru(x,t)]+ L[Nu(x,t)]=L[g(x,1)]. (4)
Using the differentiation property of the Laplace transform, we have
LLu(x 0] =700+ 25 S L0 0]- 5 LIRUG O] - S LINUGKOL )

Operating with the Laplace inverse on both sides of eq. (5) gives

u(x,t)=G(x,t)—L‘1{i2L[R u(x,t)+Nu(x,t)]} (6)
S

where G(X,t) represents the term arising from the source term and the prescribed initial conditions. Now

we apply the homotopy perturbation method

u(x,t):Zp”un(x,t) (7)
n=0
and the nonlinear term can be decomposed as
Nu(x,t)=> p"H_(u), (8)
n=0
for some He's polynomials Hn (u) (see [21, 46] ) that are given by
H _L Ny =
”(uo’ul""’u”)_ﬁap” i;p u. .n=0,1,2,3... 9)
p=0
Substituting eq. (7) and eq. (8) in eq. (6), we get
Zp u (xt)=G(x,t)-p L = {RZp u (X, t)+2p H (u)} , (10)
S
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