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Abstract. In this work, the homotopy perturbation method, a powerful technique, is applied to obtain an
unknown time-dependent function in a semi-linear parabolic equation with given initial and boundary
conditions. This kind of problem plays a very important role in many branches of science and engineering.
Using the homotopy perturbation method a rapid convergent sequence can be constructed which tends to the
exact solution of the problem. Some examples are presented to illustrate the strength of the method.
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1. Introduction

Most of physical and engineering problems are nonlinear and in most cases it is difficult to solve them,
especially analytically. A number of analytical methods are available in the literature for the investigation of
these problems, such as Adomian decomposition method [1, 2], the & -expansion method [3], the homotopy
analysis method [4-6], the variational iteration method [7-10] and the homotopy perturbation method (HPM)
[11-13]. The HPM was proposed by Ji-Huan He in 1999. The essential idea of this method is to introduce a
homotopy parameter, say m, which takes values from 0 to 1. When m =0, the systems of equations usually
reduced to a sufficiently simplified form, which normally admits a rather simple solution. As m is gradually
increased to 1, the system goes through a sequence of deformations, the solution for each of which is close to
that at the previous stage of deformation. Eventually at m =1, the systems takes the original form of the
equation and the final stage of deformation gives the desired solution.

One of the most considerable features of the HPM is that usually just few perturbation terms are
sufficient for obtaining a reasonably accurate solution.

The HPM is an effective solution method for a broad class of problems. This technique was applied to
nonlinear oscillators with discontinuities [14], nonlinear wave equations [15], nonlinear boundary value
problems [16], a nonlinear convection- radiative cooling equation, a nonlinear heat equation [17], limit cycle
and bifurcation of nonlinear problems [18, 19], nonlinear fractional partial differential equations [20],
inverse heat conduction problem [21] and some other subjects [22-26].

In this work, we consider the inverse problem of finding a pair of function (T, p) in the following semi-

linear parabolic equation:
oT

E(x B)=AT (X t)+p®)T (X t)+¢(X t); X el 0<t <t ,, (1)
with initial and boundary conditions:
TX,00=f (X); X eI, 2
TX,t)=h(Xt); X edl, O<t<t,,, (3)
and an additional condition as an over specification at a point in the spatial domain in the following form:
T (X, t)=E(t);, X,el O<t<t , 4)

where A is Laplace operator, t, ., is final time, 1“=[0,1]d is spatial domain of the problem for d =1,2,3,
X =(X,,...,X4), 0L isthe boundary of I" and ¢,f ,h and E are known functions.
The existence, uniqueness and continuous dependence of the solution upon the data for this problem are
demonstrated in [27-31].

These kinds of problems have many important applications in heat transfer, thermoelasticity, control
theory and chemical diffusion. Equation (1) can be used to describe a heat transfer process with a source
parameter p(t) and (4) to represent the temperature T (X ,t) at a specific point X , in the spatial domain at
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any time.

In [32, 33] the finite difference techniques are used to approximate the solution of this problem. The
Adomian decomposition method for the problem (1)-(4) is proposed in [34]. Authors of [35, 36] applied the
variational iteration method to obtain the analytical solution for this problem. Also Sinc-collocation method
has been used in [37] for solving the one dimensional parabolic inverse problem with a source control
parameter.

In this paper, we use the HPM to derive an analytical solution for the problem (1)-(4).The organization
of the paper is as follows: In Section 2, the homotopy perturbation method is presented. Section 3 is devoted
to some examples. Conclusion is finally discussed in Section 4.

2. Homotopy perturbation method (HPM)

To clarify the basic ideas of HPM, consider the following nonlinear differential equation:
AT)-f(r)=0; refl, Q)
subject to the boundary condition:

Br.2y=0, redr, (6)
on

where T =T (X ,t) is the dependent variable to be solved, A is a general differential operator, B is a
boundary operator and f (r) is a known analytic function.

The operator A can be divided into two parts, which are L and N , where L is a linear and N is a
nonlinear operator. Equation (5) can be, therefore, written as:

LT)+NT)-f(r)=0. ()
By using homotopy technique, one can construct a homotopy
v(r,m):I'x[0,1] >R (8)
which satisfies
H{.m)=0-m)[L{)-LT)]+m[A{)-f (r)]=0, 9)
or
H.m)=L{)-LT,)+mL{T,)+m[N{)-f (r)]=0, (10)

where m e[O,l] is an embedding parameter and T, is the initial approximation of equation (5) which
satisfies the boundary conditions. Clearly, from equations (9) and (10), we have

H{.0)=L{)-L(T,)=0, (11)

Hy,)=AWV)-f (r)=0. (12)

Changing the process of m from zero to unity is just that of v (r,m) changing from T,(r) to T (r). In

topology, this is called deformation and also, L )—L(T,) are called homotopic. According to the

homotopy perturbation method, the parameter m is considered as a small parameter and the solution of
equations (11) and (12) can be given as a series in m in the form [11-13]:

V=T, +mT, +mT, +--, (13)
and setting m =1 results in the approximate solution of equation (5) as:
T = Iimlv =Ty +T,+T,+---. (14)

If we limit the sum to the first n +1 components, we obtain so-called n — order approximate solution of

equation (1):
T=Ty+T,+--T,. (15)

The major advantage of HPM is that the perturbation equation can be freely constructed in many ways
(therefore is problem dependent) by homotopy in topology and the initial approximation can also freely
selected.

For the convergence of the series obtained via HPM, we recall Banach's theorem:
Theorem. Assume that X is a Banach space and N : X — X is a nonlinear mapping and suppose that

WyeX; [INV)-N@)[<y|lv-v], 0<y<l
Then N has a unique fixed point. Furthermore, the sequence
Vn+l = N Nn)
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