ISSN 1746-7659, England, UK
Journal of Information and Computing Science
Vol. 13, No. 1, 2018, pp.049-055

. AcCADEMIC

A™ \/orid Academic Union

On the fractional derivatives of some special functions

A.Saud, M.Awad, M.Salm and S. K. Elagan"*
1Department of Mathematics and Statistics,Faculty of Science, Taif University, Taif , EI-Haweiah, P.O.Box 888, Zip
Code 21974, Kingdom of Saudi Arabia (KSA)
2Department of Mathematics, Faculty of Science, Menofiya University, Egypt.
(Received December 12, 2017, accepted February 11, 2018)

Abstract. Recently, we realize increasing number of researchers that utilizing the modified Riemann-
Liouville fractional differential operator, which is called the Jumarie's fractional differential operator. One of
the important properties of this operator is the chain rule:
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This rule plays a substantial role to solve nonlinear fractional differential equations such as the fractional sub-
equation method. In the present paper, we deal with the above chain rule in the sense of the Jumarie's
differential operator. We shall show the chain rule for the modefied Riemann -Liouville that it is not valid for
some types of functions. Three cases are illustrated. Also we present new fractional order derivatives of some
functions in Caputo derivative sense.
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1. Introduction

Fractional calculus has been utilized to model physical and engineering processes, which are considered to be
best characterized by fractional differential equations. It is worth nothing that the regular mathematical models of integer-
order derivatives, consisting nonlinear models, do not work sufficiently in wide cases. Recently, fractional calculus has
function a very important role in different fields. The concept of the fractional calculus (that is, calculus of derivatives
and integrals operators of any arbitrary real or complex order) was instilled over three centuries ago. For the first time,
it was studied by Abel in 1823. He generalized tautochrone problem utilizing fractional calculus techniques. Posterior
Liouville employed fractional calculus in potential theory. Nowadays the fractional calculus has exhausted the attention
of many investigators in all areas of sciences (see [1-5]). Anywise, there are various of the fractional order derivatives
definitions in the literatures such as the Riemann-Liouville [1, 2], Caputo [6], Weyl [1,2], Jumarie [7], Davison and Essex
[8], and Coimbra [9]. All these fractional derivatives definitions have their advantages and disadvantages.

Next some preliminaries and notations regarding the fractional calculus are imposed.

Definition 1.1 [1] The fractional (arbitrary) order derivative of the function f of order 0 < <1 is defined by

(t T)a _d o,
()—dtjr(1 f(r)dr =171 0).
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In the sequel, we use the notation 6t_"’

Remark 1.1 From Definition 1.1 , we have

D%t* = Mtﬂ_a’ﬂ > _1,0 <a<l
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and
|oth = F(y+1) t““",,u>—1;a>0.
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The Leibniz rule is
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See[1].
Definition 1.2 The Caputo fractional derivative of order £ > 0 is defined, for a smooth function f (t) by
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where N =[x]+1, (the notation [4] stands for the largest integer not greater than £z ).

The Jumarie's definition of fractional differential operator is the modified Riemann-Liouville fractional
derivative,for a spot continuous function demands not to be differentiable; the fractional derivative of a constant is equal
to zero and more substantially it strips singularity at the origin for all functions for which f (0) = constant for example,
the exponential functions and Mittag-Leffler functions. With the Riemann- Liouville fractional derivative, an arbitrary
function requires not to be continuous at the origin and it admits not to be differentiable.

Recently, Guy Jumarie planned the fractional derivative in the limit form
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where
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Alternatively,
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If 0<a<l,a=0 and y >0, then the definition of Jumarie derivative gives
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This modified Riemann-Liouville fractional derivative has the utility for the normal Riemann-Liouville and Caputo
fractional derivatives: it is proposed for any continuous (nondifferentiable) functions and the fractional derivative of a
constant is equal to zero. Indeed, if the function is not defined at the origin, the fractional derivative will not exist. One
of its important property is the chain rule
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In recent work, we shall introduce a counter example to show equation (2) is not true for all functions. A fractional
sub-equation method is imposed to solve the nonlinear fractional differential equations. Recently, this method is modified
by using the chain rule (2) of Jumarie's derivative see [12-15].

2. Chain rule

Consider two functions T (y) =y and g(X) = X’ suchthat 0< o <1 and 0 < 3 <1 Then (1) implies that
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