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Abstract: Wavelet based methods are the new development in the area of applied mathematics. Wavelets 

are mathematical tools that cut functions or operators into different frequency components, and then study 

each component with a resolution matching to its scale. In this paper, we proposed Biorthogonal wavelet 

based full-approximation scheme for the numerical solution of Burgers’ equation arising in fluid dynamics 

using biorthogonal wavelet filter coefficients as prolongation and restriction operators.   The proposed 

method gives higher accuracy in terms of better convergence with low computational time, which has been 

demonstrated through the illustrative problem.  
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1. Introduction 

 Partial differential equations (PDEs) arise frequently in Mathematical Physics and all branches of 

Engineering and other allied areas.  For this reason the study of such equations is of great important.  In this 

paper, we consider the solution of Burgers’ equation, which is nonlinear Parabolic PDE. These equations are 

time dependent i.e. the solution depends not only on the   spatial variable, but also the time dependent.  The 

one dimensional Burgers’ equation [1] is, 

                                                         𝑢𝑡 + 𝑢𝑢𝑥 = 𝜐𝑢𝑥𝑥 ,                                                                      (1.1) 

where ′𝜐′  is the coefficient of kinematic viscosity. This is the suitable model for considering problems 

associated with nonlinear convective terms, possesses the same form of convective linearity as the inco--

mpressible Navier–Stoke’s equation and has readily evaluated to get exact solutions for many combinations 

of initial and boundary conditions. 

In last two decades, many authors are applied various numerical methods to solve Burgers’ equations, 

some of them are finite element method [2], Least-squares quadratic B-spline finite element method [3] etc. 

For large systems, these methods are inefficient in terms of both computer storage and computational cost.  

In numerical analysis and computational science the development of effective iterative solvers for 

nonlinear systems of algebraic equations has been a significant research topic.  Classical multigrid begins 

with a two-grid process. First, iterative relaxation is applied, whose effect is to smooth the error. In this 

paper, we describe how to apply multigrid to nonlinear problems. Applying multigrid method directly to the 

nonlinear problems by employing the method so-called Full Approximation Scheme (FAS). Nowadays it is 

recognized that FAS iterative solvers are highly efficient for nonlinear differential equations introduced by 

Brandt [4]. Full approximation scheme is suitable for nonlinear problems, which treats directly the nonlinear 

equations on finer and coarser grids.  In FAS, a nonlinear iteration, such as the nonlinear Gauss-Seidel 

method is applied to smooth the error and the residual is passed from the fine grids to the coarser grids. 

Vectors from fine grids are transferred to coarser grids with Restriction operator (R), while vectors are 

transferred from coarse grids to the finer grids with a Prolongation operator (P) respectively.  For a detailed 

treatment of FAS is given in Briggs et al. [5]. An introduction of FAS is found in Hackbusch et al. [6] and 

Wesseling [7]. Many authors applied the FAS for some class of differential equations. The full-

approximation scheme (FAS) is largely applicable in increasing the efficiency of the iterative methods used 

to solve nonlinear system of algebraic equations. FAS are well-founded numerical method for solving 

nonlinear system of equations for approximating given differential equation.  In this paper, we developed 
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the full-approximation scheme (FAS) for the numerical solution of Burgers’ equation.  However, when 

problems with discontinuous or highly oscillatory coefficients, multigrid procedure converge slowly with 

larger computational time or may break down. To overcome this difficulty, wavelet plays a very important 

role. 

"Wavelets" have been very popular topic of conversations in many scientific and engineering 

gatherings these days. Some of the researchers have decided that, wavelets as a new basis for representing 

functions, as a technique for time-frequency analysis, and as a new mathematical subject. Of course, 

"wavelets" is a versatile tool with very rich mathematical content and great potential for applications. 

However wavelet analysis is a numerical concept which allows one to represent a function in terms of a set 

of basis functions, called wavelets, which are localized both in location and scale. The development of 

multiresolution analysis and the fast wavelet transforms by Avudainayagam and Vani [8] and Bujurke et al. 

[9-10] led to extensive research in wavelet multigrid schemes to solve certain differential equations arising 

in fluid dynamics. Shiralashetti et al. [11] had proposed Wavelet based multigrid method for the numerical 

solution of poisson equations.  

This paper outspreads the same approach for the numerical solution of Burgers’ equation arising in 

fluid dynamics i.e. Biorthogonal wavelet based full-approximation scheme (BWFAS) for the numerical 

solution of Burgers’ equation. BWFAS is formulated rather than having one scaling and wavelet function, 

there are two scaling functions that may generate different multiresolution analysis, and accordingly two 

different wavelet functions.  

The dual scaling and wavelet functions have the following properties: 

• They are zero outside of a segment.  

• The calculation algorithms are maintained, and thus very simple.  

• The associated filters are symmetrical.  

• The functions used in the calculations are easier to build numerically than those used in the     

Daubechies wavelets. 

 The organization of the paper is as follows.  In section 2, Properties of Biorthogonal wavelets are given. 

Section 3 deals with Biorthogonal spline wavelet operators. Section 4 describes the method of solution.  

Numerical findings and error analysis are presented in section 5. Finally, conclusions of the proposed work 

are given in section 6. 

2. Properties Biorthogonal Wavelets 

The framework of the theory of orthonormal wavelets to the case of biorthogonal wavelets by a 

modification of the approximation space structure is extended by Cohen et al. [12]. In [13], Ruch and Fleet 

build a biorthogonal structure called dual multiresolution analysis that allows for the construction of 

symmetric scaling filters and that can incorporate spline functions. They used instead of scaling {𝑎𝑛} and 

wavelet {𝑏𝑛} filters, the new construct yields scaling {𝑎̃𝑛} and wavelet {𝑏̃𝑛} filters as decomposition and 

reconstruction. Instead of a single scaling function 𝜙(𝑥)  and wavelet function 𝜓(𝑥) , the dual 

multiresolution analysis requires a pair of scaling functions 𝜙(𝑥) and 𝜙̃(𝑥) related by a duality condition 

similarly, a pair of wavelet functions 𝜓(𝑥) and 𝛹̄(𝑥). To construct the BDWT matrix, the same thing is 

used in to build the orthogonal discrete wavelet transform matrix. Due to excellent properties of 

biorthogonality and minimum compact support, CDF wavelets can be useful and convenient, providing 

guaranty of convergence and accuracy of the approximation in a wide variety of situations. 

Let’s consider the (5, 3) biorthogonal spline wavelet filter pair, 
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To form the highpass filters. We have   𝑏𝑘 = (−1)𝑘𝑎̃1−𝑘and𝑏̃𝑘 = (−1)𝑘𝑎1−𝑘. 

The highpass filter pair 𝑏𝑘and𝑏̃𝑘 for the (5, 3) biorthogonal spline filter pair. 
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In this paper, we use the filter coefficients which are,  


