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Abstract: Let n = p*, where p is a prime and k > 2. In this paper, a construction for weakly pandiagonal
strongly symmetric self-orthogonal diagonal Latin squares of order n is given by using frequency squares
over finite field of order p. It is proved that there exists a weakly pandiagonal strongly symmetric self-
orthogonal diagonal Latin square of order n for n > 4.
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1. Introduction

A Latin square of order n is an n X n array such that every row and every column is a permutation of
an n-set S. A transversal in a Latin square is a set of positions, one per row and one per column, among
which the symbols occur precisely once each. A diagonal Latin square is a Latin square with the additional
property that the main diagonal and back diagonal are both transversals.

Two Latin squares of order n are orthogonal if each symbol in the first square meets each symbol in
the second square exactly once when they are superposed. A Latin square of order n is self-orthogonal if it
is orthogonal to its transpose.

Letl, ={0,1,---,n— 1}. A Latin square of ordern over [, L = (li,j) is called strongly symmetrical
if li,j + lTL—l—i,TL—l—j =n—1forall l,] S In.

The investigation of the existence of a strongly symmetrical self-orthogonal diagonal LS(n) was
started by Danhof et al [2]. They show that there exists a strongly symmetrical self-orthogonal diagonal
LS(n) for eachn € {4,5,7,8,12} and a strongly symmetrical self-orthogonal diagonal LS(n) does not exist
for eachn € {2,3,6,10}. Du and Cao proved that a strongly symmetrical self-orthogonal diagonal LS (n)
exists for all positive integers n = 0,1,3(mod4) andn # 3,15 in 2002 [3]. Cao and Li completely solved
the existence of SSSODLS (n) [4]. They proved the following.

Lemma 1.1 ([4]) There exists strongly symmetrical self-orthogonal diagonal LS (n) if and only ifn =
0,1,3(mod4) andn # 3.

LetA = (al-,j) be an n X n array, we index its rows and columns by I,, = {0,1,---,n — 1}. Fork € I,
the set {a;x4+;| i € I} and {a;,_;| i € I,} are called k-th right diagonal and k-th left diagonal of A
respectively, where the additions of the subscripts are all taken modulo n.

If Ais a Latin square with the property that every right diagonal and every left diagonal is a
transversal, then A is said to be a pandiagonal Latin square or a Knut Vik design, denoted by pandiagonal
LS(n). It has been used in statistical designs to eliminate sources of variation along four dimensions ([10])
and in n-queens problems ([11, 12]) etc. Hedayat proved in [16] that a pandiagonal LS(n) and orthogonal
pandiagonal LS(n) exist if and only if n = 1,5(mod6).

Xu introduced a weak form of Knut Vik design to construct pandiagonal magic squares ([5]). A Latin

square A = (ai,j) of order n over I, is called weakly pandiagonal, if the sum of n elements in each right

diagonal and each left diagonal is the same, i.e. for each w € I, X150 L i1y = 27D and o liwei =

2
"(n_l), where the operations in the subscripts are all taken modulo n. Clearly, a pandiagonal LS(n) is

necessarily a weakly pandiagonal LS(n). Xu proved in [5] that
Lemma 1.2 ([5]) An weakly pandiagonal self-orthogonal LS(n) exists if n = 0,1,3(mod 4) andn =/=
3,6(mod?9).
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A weakly pandiagonal strongly symmetrical self-orthogonal diagonal LS (n) is denoted by *LS(n).
The existence of *LS(n) is an intriguing problem itself and it is also an improvement question of Cao and
Li's result.

The only known result of *LS(n) attributes to Zhang et al [6]. Although they proved that there exists
a weakly pandiagonal strongly symmetrical self-orthogonal LS(n) provided n = 1,5(mod6),n =5, it is
easy to verify that their result is also true for diagonal cases. So we have
Lemma 1.3 ([6]) There exists a *LS(n) provided n = 1,5(tnod 6),n > 5.

In this paper, we shall further investigate *LS(n) especially when n is a prime power. We shall use
frequency squares to give a construction and prove the following.
Theorem 1.4 There exists a *LS(n) for n > 4 and n is a prime power.

A construction based on frequency squares will be discussed in section 2, and the proof of Theorem
1.4 will be given in section 3.

2. A construction for *LS(n) based on frequency squares

Frequency square will be used in our construction for *LS(n)s. Letn = mA. An F(n; 1) frequency
square is an n X n array in which each of m distinct symbols occurs exactly A times in each row and column.
Moreover, two such squares are orthogonal if when superimposed, each of the m? possible ordered pairs
occurs A2 times.

Forn = mA4, it is known that the maximum number of mutually orthogonal frequency squares of the
form F(n; 1) is bounded above by (n — 1)%2/(m — 1). Further, if g is any prime power and i > 1 is a
positive integer, then using linear polynomials in 2i variables over the finite field F;, a complete set of
F(qi,qi‘l) mutually orthogonal frequency squares can be constructed. Specifically, take the polynomials
a,x; + -+ + a,;x,; Where neither (aq, -+, a;) nor (a;44,+, ay;) is the zero vector (0, -+-,0) and no two of
the vectors are nonzero F, multiples of each other, i.e. (ay, -,a;) # e(aq,,a;) for any nonzero e € Fg.
Further details may be found in Chapter 4 of [8].

LetV =V, (GF(p)), n = p*. Take

Ap = (ano an1, - ang-1), Bn = (bnos b+ bng—-1)

X =(xpx1, X1, Y = Yo, Y1, Yie—1)s
where A;, B, are constant vectors inV, h = 0,1,---,k — 1, X,Y are variable vectors in V.
Forany i € Z,, there exist a vector R; = (0,731, 71 -1 ) Such that
P = 1P T TR e e

LetV(1) ={Ro, Ry, ", Rp_1}, V(2) ={Cy, C,, -, C_1}, Where C; = R;. Index the rows of ann X n
array by V(1) and the columns by V(2).
Note that there are strongly symmetric property,

n—=1=i=rq_;oP* "+ TP T T
n=1=@-DE"+p 2+ +p+D),

i+n—1—i=(rep" 4+ 0" %+ 41, 1)
(P10 g P TR o Tsasik1)

= (10 + Tne1-0)P" T+ -+ (o1 + Tac1oik—1):

which forces ;g + 1,_1_; o = p — 1 forany i € I,,. Therefore
Ri+Rn_1-; = (10,11, Tige1) + (Pa1—i0 Tno1—0 " Tne1-ik-1)
=p-Lp-1-,p-1.
Let a,n be integers, < a >, be the smallest nonnegative integer such that a =< a >, (mod n), i.e,

<a>,=rifa=pn+r wherep,rareintegersand0 <r <n.
We use - to denote the inner product in V. Define a linear function from V(1) x V(2) to GF (p).

Let Fp, = (Fh(Ri,Cj)) , Where

nxn
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