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1 Introduction

Direct approximation results for a large variety of methods, including neural networks,
are typically of the form

inf|fo — fl < n(6)", feK. (1.1)

Le. a target function f is approximated by an approximation method fy, parametrized by
some degrees of freedom or weights 6 up to a rate n(6) " for some n(6) that measures the
richness of the approximation method as width, depth or number of weights for neural
networks. Generally, the approximation rate can be arbitrarily slow unless the target f is
contained in some compact set K, which depends on the approximation method and ap-
plication and is typically a unit ball in a Sobolev, Besov, Barron or other normed smooth-
ness space. Such results are well established for a variety of neural network architectures
and compact sets K, however, these results rarely address how to practically compute the
infimum in the formula above and instead use hand-picked weights.

On the other hand, the neural network optimization literature, typically considers dis-
crete error norms (or losses)

Ifo— fll. = (3 Lo 1fo(x0) - f(xi)|2>

together with neural networks that are over-parametrized, i.e. for which the number of
weights is larger than the number of samples # so that they can achieve zero training error
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inf | fo — £l =0,

rendering the approximation question obsolete. In contrast, approximation theory mea-
sures the error in continuous norms that emerge in the sample n — oo limit, where the
problem is necessarily under-parametrized.

This paper contains approximation results of type (L.I) for fully connected networks
that are trained with gradient flow and therefore avoids the question how to compute the
infimum in (LT). The outline of the proof follows the typical neural tangent kernel (NTK)
argument: We show that the empirical NTK is close to the infinite width NTK and that
the NTK does not change too much during training. The main differences to the standard
analysis are:

1. Due to the under-parametrization, the eigenvalues of the NTK are not lower boun-
ded away form zero, i.e. there is no constant ¢ with A, > ¢ > 0 for all eigenval-
ues Ag. Instead the NTK is infinite dimensional and the eigenvalues converge to zero.
Therefore we replace lower eigenvalue bounds by a weaker coercivity in a negative
Sobolev norm.

2. We show that the gradient flow networks are uniformly bounded in positive Sobolev
norms.

3. The coercivity in negative Sobolev smoothness and the uniform bounds of positive
Sobolev smoothness allow us to derive L, error bounds by interpolation inequalities.

4. All perturbation and concentration estimates are carried out in function space norms.
In particular, the concentration results need some careful consideration and are pro-
ven by chaining arguments.

As for several other NTK results, the error reduction originates form training the second
but last layer, yielding a non-convex optimization problem. Unlike other results, we do
not train the lower layers, because of changes in the argument to ensure uniform Sobolev
smoothness of the network during training. The coercivity assumption on the NTK is not
shown in this paper. It is known for ReLU activations, but we require smoother activations
and only provide a preliminary numerical test while leaving a rigorous analysis of the
resulting NTK for future work.

The proven approximation rates are lower than finite element, wavelet or spline rates
under the same smoothness assumptions. This seems to be a variant of the over-para-
metrization in the usual NTK arguments: the networks need some redundancy in their
degrees of freedom to aid the optimization.

The paper is organized as follows. Section[2.2l defines the neural networks and training
procedures and Section[2.3contains the main result. The coercivity of the NTK is discussed
in Section[3l The proof is split into two parts. SectionBlprovides an overview and all major
lemmas. The proof the these lemmas and further details are provided in Section[él Finally,
to keep the paper self contained, Section[7] contains several facts from the literature.

Literature review

* Approximation: Some recent surveys are given in [8][15,52,/69]. Most of the results
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prove direct approximation guarantees as in (L.I) for a variety of classes K and net-
work architectures. They show state of the art or even superior performance of neu-
ral networks, but typically do not provide training methods and rely on hand-picked
weights, instead.

— Results for classical Sobolev and Besov regularity are in [25,27,/43,49]/64].

- [14,/46,56,[72H74] show better than classical approximation rates for Sobolev
smoothness. Since classical methods are optimal (with regard to nonlinear width
and entropy), this implies that the weight assignment f — 6 must be discontin-
uous.

— Function classes that are specifically tailored to neural networks are Barron spa-
ces for which approximation results are given in [5}[10}36,45|/58,59/70].
- Many papers address specialized function classes [53,555], often from applica-

tions like PDEs [38,39,47,51]].

Besides approximation guarantees (L.I) many of the above papers also discuss limi-
tations of neural networks, for more information see [20].

¢ Optimization: We confine the literature overview to neural tangent kernel based ap-
proaches, which are most relevant to this paper. The NTK is introduced in [31] and
similar arguments together with convergence and perturbation analysis appear si-
multaneously in [2,[18,19,/44], related optimization ideas are further developed in
many papers, including [3/l6/1335//40,42//48/50/61,62//75/76]. In particular, [4/12,33]/63]
refine the analysis based on expansions of the target f in the NTK eigenbasis and are
closely related to the arguments in this paper, with the major difference that they rely
on the typical over-parametrized regime, whereas we do solemnly rely on smooth-
ness.

The papers [21]23,128,141)54]168] discuss to what extend the linearization approach
of the NTK can describe real neural network training. Characterizations of the NTK
are fundamental for this paper and given [9,[11,22][34]. Convergence analysis for
optimizing NTK models directly are in [65)66].

* Approximation and Optimization: Since the approximation question is under-para-
metrized and the optimization literature largely relies on over-parametrization there
is little work on optimization methods for approximation. The gap between approx-
imation theory and practice is considered in [1,26]. The previous paper [24] contains
comparable results for 1d shallow networks. Similar approximation results for gra-
dient flow trained shallow 1d networks are in [30}32], with slightly different assump-
tions on the target f, more general probability weighted L, loss and an alternative
proof technique. Other approximation and optimization guarantees rely on alter-
native optimizers. [57,/60] use greedy methods and [29] uses a two step procedure
involving a classical and subsequent neural network approximation.

L, error bounds are also proven in generalization error bounds for statistical estima-
tion. E.g. the papers [17,37] show generalization errors for parallel fully connected
networks in over-parametrized regimes with Holder continuity.
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New contributions. The paper contributes to the Optimization and Approximation cat-
egory above, for which the current literature is still rather scarce.

* The major contribution is an extension of current NTK convergence theory into un-
der-parametrized regimes. In this case, major assumptions in the literature, as e.g.
lower bounded eigenvalues of the NTK or separation of data samples, are not satis-
fied. We show that the missing assumptions can be compensated with smoothness
requirements of the learning target, the same ones that are typically found in approx-
imation theory for the same regime.

To utilize the smoothness of the target, we show that the smoothness of the network
remains uniformly bounded during training. This is achieved by an NTK type argu-
ment with estimates in more difficult function norms of broken regularity. The NTK
argument for the loss and for the smoothness yield a coupled system of differential
inequalities form which we derive error bounds.

For discrete loss, the NTK is a finite dimensional matrix, whereas for L2 loss, the NTK
is an infinite dimensional operator, which complicates lower eigenvalue bounds and
concentration inequalities.

¢ The prior work contains similar results for shallow networks in one input dimen-
sion, which we extend to deep networks in multiple dimensions. We have sharpened
the gradient flow convergence result in Lemma In the prior work, the NTK was
analyzed in operator norms, whereas here we prove continuity and concentration
for the corresponding integral kernel in Holder norms. This entails a new continuity
analysis and changes the concentration inequalities form matrix Bernstein to chain-
ing, which was easier in inductive proofs over the depth of the network.

¢ Gradient descent or gradient flow error bounds in continuous Ly norms can be found
in [30/32], and The first set of papers uses more general L, (P) losses, weighted
by a probability measure P of the training samples. For deep networks, they show
that the loss converges to zero if the learning target f is piecewise polynomial and
for shallow networks if the target is a increasing function. In contrast to the current
paper, these results use more general sampling distributions but more restrictive tar-
gets. The second set of papers trains networks on discrete samples and provides
generalization error bounds in continuous L, norms. In these papers all layers are
trained, but only the last convex layer establishes the convergence. In our paper, we
train the second but last layer, which is non-convex.

e Other papers that provide errors in continuous Ly norms are [29}57,/60] but do not
use gradient descent based methods.

2 Main result

2.1 Notations

e <, 2, ~ denote less, bigger and equivalence up to a constant that can change in every

~7 ~

occurrence and is independent of smoothness and number of weights. It can depend
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on the number of layers L and input dimension d. Likewise, c¢ is a generic constant
that can be different in each occurrence.

e [n]:={1,...,n}.
¢ ©: Element wise product.

e A; and A, are i-th row and j-th column of matrix A, respectively.

2.2 Setup

Neural networks. We train fully connected deep neural networks without bias and a few
modifications: We only train the second but last layer (non-convex) and use gradient flow

instead of (stochastic) gradient descent. For x in some bounded domain D C R?, the
networks are defined by

fH(x) = WOk,
f(x) = anz%a(ff(x)), (=1,...,L 2.1)
flx) = A (),

which we abbreviate by f¢ = f(x) if x is unimportant or understood from context. The
weights are initialized as follows:

Wk e {—1, 1} 1xmn iid. Rademacher not trained,
WLl ¢ Rrenxm, (e L] iid.  AN(0,1) trained,

W e RM1xne, (e[L-2] iid. N(0,1) not trained,
Wl e RM*4, (e L] iid. N(0,1) not trained.

To keep the analysis simple, the second but last layer W1 is trained, while all other
weights remain unchanged during training. Training all layers does not negatively impact
the loss reduction, but may interfere with the smoothness of the trained networks that we
use to control error bounds. A more detailed discussion of the trained and untrained lay-
ers is given in Remarks 2.2l and [2.3] after the proof sketch. All layers have conventional
1//ny scaling, except for the first, which ensures that the NTK is of unit size on the diag-
onal and is common in the literature [9,[11][18|22]. We also require that the layers are of
similar size, except for the last one which ensures scalar valued output of the network

m:=mnp_q, l=npy <np~---~np>d

Since WY is not approximately square as the other weight matrices, it is convenient to
define 1y := 17 and not as the number of columns of WY. This avoids special cases in
several formulas below.

As usual we denote all weights WO, ... WL combined by 6 = [0,],c7, indexed by some
index set Z with indices of the form ¢ = (ij; ¢) so that 6§, = Wg. It will be useful to split the

index set level by level
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L
I=1% IT'={=(Gjl)eT|l=1(}.
(=0

Activation functions. We require comparatively smooth activation functions that have
no more that linear growth
o (x) | < Ixl, 2.2)

uniformly bounded first derivatives

rD(x)] <1, i=12 x€R, (2.3)
and continuous second and third derivative with at most polynomial growth

@) <px), i=01234, (2.4)

for some polynomial p and all x € R.

Training. We wish to approximate a function f € Ly(D) by neural networks and there-
fore use the Ly(D) norm for the loss function

L(6) = %er —fH%z(D)'

In the usual split up into approximation and estimation error in the machine learning
literature, this corresponds to the former. It can also be understood as an infinite sample
limit of the mean squared loss. This implies that we perform convergence analysis in
an under-parametrized regime, different from the bulk of the neural network optimization
literature, which typically relies on over-parametrization.

For simplicity, we optimize the loss by gradient flow

d
0= —VL(©), (2.5)

and not gradient descent or stochastic gradient descent.

Smoothness. Since we are in an under-parametrized regime, we require smoothness
of f to guarantee meaningful convergence bounds. In this paper, we use Sobolev spaces
H*(S%~1) on the sphere D = $%~!, with norms and scalar products denoted by || - || He(sd-1)
and (-, -) He(sd-1)- We drop the explicit reference to the domain S9=1 when convenient. Def-
initions and required properties are summarized in Section[7.4.1]

Neural tangent kernel. The analysis is based on the neural tangent kernel, which for the
time being, we informally define as

T(x,y)= lim Y 9 fF(x)3fF (), (2.6)

width—co LeTl-1
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summing over all weights 6, on layer L — 1. The rigorous definition is in (5.]), based on
an recursive formula as in [31]. Our definition differs slightly form the standard version
because we only include weight indices 1 € Z'~! from layer L — 1. We require that it is
coercive in Sobolev norms

(Ffremswan) 2l @7

for some 0 < a < B/2,S € {—wa,a} and all f € H"‘(Sdﬁl). For ReLU activations and
regular NTK, including all layers, this property easily follows from [9,[11,22] as shown in
Lemmal3.2l However, our convergence theory requires smoother activations and therefore
Section [3 provides some numerical evidence, while a rigorous analysis is left for future
research.

The paper [31] provides a recursive formula for the NTK, which in our simplified case
reduces to

I(x,y) =2 ()= (v y),
where Xl (x,y) and L 1(x, ) are the covariances of two Gaussian processes that charac-

terize the forward evaluation of the networks WLni/ 25 (ff) and fL! in the infinite width
limit, see Section5.1.Tlfor their rigorous definition. We require that

ey < ZF(x,x) <Cy >0 (2.8)

forall x,y € D,k =1,...,L and constants cy, Cy, > 0. As we see in Section[3] the kernels
are zonal, i.e. they only depend on xTy. Hence, with a slight abuse of notation (2.8)
simplifies to Z¥(x,x) = Z¥(xTx) = X(1) # 0. In fact, for ReLU activation (which is not
sufficiently differentiable for our results) the paper shows XF(x, x) = 1.

2.3 Result

We are now ready to state the main result of the paper.

Theorem 2.1. Assume that the neural network R.I)-@.4) is trained by gradient flow @.5). Let
K(t) == fo(r) — f be the residual and assume:

1. The NTK satisfies coercivity @.7) for some 0 < « < B/2 and the forward process satisfies
2.38).

2. All hidden layers are of similar size: ny ~ --- ~ np_j =: m.

3. Smoothness is bounded by 0 < a < 1/2.

4. 0 < v < 1 — w is an arbitrary number (used for Holder continuity of the NTK in the proof).
5. For T specified below, m is sufficiently large so that

IA
—_

1 1 1
KO gy IO gt $1, L <1,

S
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Then with probability at least 1 — cL(e~™ + e~ ") we have

S O )¢ a5 £ (o 29
IKOI gg1-1) S [0 g 1)+ IOy g e 1] (O i) @9)

for some h with

1 1 B—u
1K (O) (17— (a1 1K (O) [ 20 (gary ] PO
h S max e &) , C 4 . T=Hh"m,
Vm V m

and generic constant ¢ > 0, dependent on smoothness w, depth L and dimension d, independent of
width m and residual x.

All assumptions are easy to verify, except for the coercivity of the NTK (2.7) and the
bounds (2.8) of the forward kernel, which we discuss in the next section. The error bound
2.9) consists of two summands, only one of which depends on the gradient flow time .
For large t, it converges to zero and we are left with the first error term. This results in
the following corollary, which provides a direct approximation result of type (L) for the
outcome of gradient flow training.

Corollary 2.1. Let all assumptions of Theorem2Z11be satisfied. Then for m sufficiently large, with
high probability (both as in Theorem[2.1), we have

1 1
C K(O) 4 B(1+7)—n d1%p=
g moe | SO [T Ao,

m
C(x(0)) = 1% (O) | gr-a(sa-1) < (O) | (51,
where k := fq() — f is the gradient flow residual for sufficiently large time t.

For traditional approximation methods, one would expect convergence rate m =%/ for
functions in the Sobolev space H*. Our rates are lower, which seems to be a variation
of over-parametrization is disguise: In the over-parametrized as well as in our approxi-
mation regime the optimizer analysis seems to require some redundancy and thus more
weights than necessary for the approximation alone. Of course, we only provide upper
bounds and practical neural networks may perform better. Some preliminary experiments
in [24] show that shallow networks in one dimension outperform the theoretical bounds
but are still worse than classical approximation theory would suggest. In addition, the lin-
earization argument of the NTK results in smoothness measures in Hilbert spaces H* and
not in larger L, based smoothness spaces with p < 2 or even Barron spaces, as is common
for nonlinear approximation.

Remark 2.1. Although Theorem 2Z.Tland Corollary 2.Jlseem to show dimension indepen-
dent convergence rates, they are not. Indeed, p depends on the dimension and smoothness
of the activation function as we see in Section3land Lemma[3.2]
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2.4 Proof sketch

Gradient flow. By standard arguments, the gradient flow error is given by
d 2
K7 = ~|VL(6(t))

7 ;K= foy— [

so that, it is sufficient to ensure that the gradient on the left-hand side is sufficiently large
as long as we have not achieved a favorable loss, yet. It is not difficult to show that the
gradient on the left-hand side is

IVL(6(1))|” = (x, Hp(K)

given by the integral operator and kernel
d-1
(Ho(pyx) (x) :/s Loy (x,y)xdy,
Loy(x,y) = Y 9o forr) (x), forr) (v)-

ezttt

Linearization. While lower bounds for the gradient [V.L(6(t)) |2, or equivalently the in-
tegral kernel Fg( ), are not well understood, they are known for the infinite width limit at

the initial weights 6(0) and ReLU activations
H* = lim Hg(o) ’

width—c0
for which we have
2
(&, H1) Z |[K[[-5-
Combining the results, with adding and subtracting terms, we find that

d « *
aHKH%z = — (x, H"x) — (x, [Hp(o) — H*]x) — (¥, [Hy(s) — Hp(0)]%)
< =l — (x, [Hp(o) — H*Jxc) — (x, [Hg(r) — Hp(o)]x)-
The fundamental insight from NTK convergence proofs is that
e Weights do not move far from their initial (Lemma [5.5)
19(t) = 6(0) [ < 1.
* The operators Hy depend continuously on § (Lemma[5.3), so that
Hy(y) — Hy(oy = 0. (2.10)
* The operators Hy(g) concentrate near the infinite width limit (Lemma[5.4)
H* — Hy(g) ~ 0. (2.11)
As a result, the gradient flow training is close to a linear evolution equation with opera-
tor H* and bounded by

d

%HK”%Z < —||KH%_I,;; + perturbations.
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Gradient flow bounds in 2. Unfortunately, the last inequality is in itself not strong
enough to show convergence. This would be ensured by Gronwall’s inequality if the
norms on the left and right-hand side would be the same. In our case, however, we can
have large ||x(t)||;2, while at the same time the negative Sobolev norm ||x(t)|| ;4 is small
and thus does not yield sufficient error decay (e.g. for highly oscillatory functions). This
problem is addressed with an interpolation inequality (in fact, we use a slight variation
for sharper results, which we do not address here for simplicity)

S ||-||”ﬁ I- H”ﬁ

IR RS = [-lg-s 2 - ||L2 (R

Hence, if we can uniformly bound the smoothness ||x(t)||g« < 7 for all ¢, we obtain

d atp g
||KHL2 ~ HKHLE‘ ¥~ & 4 perturbations

with same norms on both sides of the equation, which allows us to show convergence.

Uniform bounds for smoothness. From the last paragraph, it remains to show that the
smoothness ||x(f)||g« < 7 is uniformly bounded throughout the gradient flow. To this
end, we analyze the evolution of (d/dt)||x(t)||%;. along the same lines as the L? loss above.
This entails several difficulties because we need to establish the NTK continuity (2.10) and
concentration (2.11)) in stronger norms than usual.

The prior work proves convergence in the L? and H* norms for shallow 1d net-
works, as motivated above. In this paper, we consider the evolution in H —P and H* in-
stead to avoid some unsharp embedding inequalities and arrive at a coupled system of
differential inequalities

1d

zﬂwmawcwm el P B,
1d p

e el S el 0 + Wl e

where the last summand in each line constitutes the perturbation terms. This system pro-
vides the stated error bounds in L2, again by interpolation.

Untrained layers

Remark 2.2. As we have seen above, the gradient flow (and similarly gradient descent)

loss decays by
el siy = ~I9folP = = L o Sl
€7
Hence, for convergence, it is sufficient to show that the gradient is lower bounded when-
ever the loss ||x(t)||? is large. To ease proves, one may drop (non-negative) terms in the
sum on the left-hand side and show lower bounds only for the remaining ones, e.g.

d
%HK”%Z(Sdfl) ==Y 190 fol* < — Y 190.fol* <

€T IEIL71
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Indeed, it is not uncommon in the current literature to train all layers, but only retain
an active error reduction from the last or second but last layers. The latter is non-convex
and considered in this paper.

However, it is not straight forward to allow training of all layers as indicated above
because we must also control the smoothness

d
%”KHip(Sd—l) = - Z <K/ (aﬂlfG)(aGLE(B))>Ha(5d—1) .
el

These summands are no longer symmetric and it is no longer trivial to show if they are
non-negative or can be dropped.

Remark 2.3. Ideally, a neural network convergence analysis should not drop gradient
terms as indicated in the last remark, but provide an active loss reduction from all layers.
In our analysis, we explicitly use WZ% = +1 in Lemma 5.1l to obtain a simple formula for
the empirical NTK that is used throughout the text. In order to include deeper layers in
the convergence analysis, Wl.? has to be replaced with products of upstream layers in the
chain rule. If this allows analogous continuity and concentration estimates is left for future
work.

3 Coercivity of the NTK

While most assumptions of Theorem [ZTlare easy to verify, the coercivity (2.7) is less clear.
This section contains some results for the NTK I'(x, y) in this paper, which only considers
the second but last layer, as well as the regular NTK defined by the infinite width limit

O(r,y) = Lm Y 99 fE(x)dg L (y)

width—oc0 ez

of all layers. Coercivity easily follows once we understand the NTK'’s spectral decompo-
sition. To this end, first note that I'(x, y) and ©(x, y) are both zonal kernels, i.e. they only
depend on xTy, and as consequence their eigenfunctions are spherical harmonics.

Lemma 3.1 ( [22] Lemma 1]). The eigenfunctions of the kernels T'(x,y) and ©(x,y) on the sphere
with uniform measure are spherical harmonics.

Proof. See [22, Lemma 1] and the discussion thereafter. O

Hence, it is sufficient to show lower bounds for the eigenvalues. These are provided
in [9/1122] under slightly different assumptions than required in this paper:

1. They use all layers ©O(x, y) instead of only the second but last one in I'(x, y). (The ref-
erence [18] does consider I'(x, y) and shows that the eigenvalues are strictly positive
in the over-parametrized regime with discrete loss and non-degenerate data.)

2. They use bias, whereas we do not. We can however easily introduce bias into the first
layer by the usual technique to incorporate one fixed input component xg = 1.
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3. The cited papers use ReLU activations, which do not satisfy the third derivative
smoothness requirements (2.3).

Anyways, with these modified assumptions, it is easy to derive coercivity from the NTK’s

RKHS in [9[11}22].

Lemma 3.2. Let ©(x,y) be the neural tangent kernel for a fully connected neural network with
bias on the sphere S*~1 with ReLU activation. Then for any a € R,

2
<f, L@f>Ha(Sd71) Z ’|f‘|Ha7%(Sd*1),

where Lg is the integral operator with kernel ©(x, y).

The proof is given at the end of Section[Z.4.3l Note that this implies § = d/2 and thus
Theorem [2.T] cannot be expected to be dimension independent. In fact, due to smoother
activations, the kernel I'(x, y) is expected to be more smoothing than ©(x, y) resulting in
a faster decay of the eigenvalues and larger B. This leads to Sobolev coercivity (Lem-
mas and[B.2) as long as the decay is polynomial, which we only verify numerically in
this paper, as shown in Fig. 3.l for n = 100 uniform samples on the d = 2 dimensional
sphere and L — 1 = 1 hidden layers of width m = 1000. The plot uses log-log axes so that
straight lines represent polynomial decay. As expected, ReLU and ELU activations show
polynomials decay with higher order for the latter, which are smoother. For comparison
the C* activation GELU seems to show super polynomial decay. However, the results are
preliminary and have to be considered carefully:

10° -

[ =

o o
& o
1 1

Eigenvalue magnitude
[umt
o
I
o
L

1078

10° 10? 102
Eigenvalue index

Figure 3.1: Eigenvalues of the NTK I'(x,y) for different activation functions.
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1. The oscillations at the end, are for eigenvalues of size ~ 10~7, which is machine
accuracy for floating point numbers.

2. Most eigenvalues are smaller than the difference between the empirical NTK and the
actual NTK. For comparison, the difference between two randomly sampled empiri-
cal NTKs (in matrix norm) is: ReLU: 0.268, ELU: 0.693, GELU: 0.166.

3. According to [9]], for shallow networks without bias, every other eigenvalue of the
NTK should be zero. This is not clear from the experiments (which do not use bias,
but have one more layer), likely because of the large errors in the previous item.

4. The errors should be better for wider hidden layers, but since the networks involve
dense matrices, their size quickly becomes substantial.

In conclusion, the experiments show the expected polynomial decay of NTK eigenvalues
and activations with singularities in higher derivatives, but the results have to be regraded
with care.

4 Numerical experiments

This section contains some preliminary numerical experiments to assess the convergence
rates in Theorem 2.1l We train

¢ A fully connected network with bias. Width, depth and input dimension vary and
are given in the results.

All layers are trained.

We use 1000 samples to approximate the L?(5%~1) norm for training.

The networks are trained by 20000 gradient descent steps with learning rate 0.05.

The target function is the density function of the multivariate normal A (e, 1), cen-
tered at the unit basis vector e; with variance one.

¢ All reported errors and rates are the average over three runs.

Since the target function is infinitely differentiable, it is contained in all possible Sobo-
lev spaces in Theorem [2.J] Optimizing the convergence rate with respect to the allowed «,
we obtain rates of at most O (m~2%4) for dimension d = 3 and O(m~2%4) for dimension
d = 4. In classical approximation theory, for piecewise linear approximation, comparable
to ReLU, one would expect approximation rates of O (m~2/(4=1)) on the sphere §%~1. Very
deep networks can theoretically achieve much higher rates, see e.g. the survey [15].

In Table .| and Fig. 4.1} the numerical convergence rates fluctuate due to random
samples and random initialization. Their value is around 0.5 for dimension 3 and lower
for dimension 4. This is better than the guarantees in Theorem 2.1} but worse than the
theoretical expectation. This replicates earlier more extensive studies for shallow networks
in one dimension in [24].
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Table 4.1: Errors and estimated convergence rates for fully connected networks.

Dimension 3

Depth 3 Depth 4
Width L? Error Rate L2 Error Rate
20 0.002653 0.002088
40 0.001765 0.587620 0.001446 0.529989
60 0.001663 0.147412 0.001108 0.657242
80 0.001528 0.294699 0.001091 0.054481
100 0.001217 1.020825 0.000936 0.684660

Dimension 4

Depth 3 Depth 4
Width L? Error Rate L? Error Rate
20 0.003048 0.002422
40 0.002426 0.329028 0.001589 0.608487
60 0.002203 0.238263 0.001468 0.194916
80 0.002266 -0.098785 0.001381 0.211418

100 0.002014 0.528274 0.001448 -0.209777

3x1073
2x1073
s
5}
o
1073 4 = N
—— dim=3, depth=3 Py S
—8— dim=4, depth=3 e
- dim=3, depth=4 \~\~
—+— dim=4, depth=4 ~s\\\
-=-- rate=05 S~
2x10! 3x100  4x10! 6x 101 102

width

Figure 4.1: Errors for fully connected networks.

5 Proof overview

5.1 Preliminaries
5.1.1 Neural tangent kernel

In this section, we recall the definition of the neural tangent kernel (NTK) and setup nota-
tions for its empirical variants. Our definition differs slightly from the literature because
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we only train the second but last layer. Throughout the paper, we only need the definitions
as stated, not that they are the infinite width limit of the network derivatives as stated in
(2.6), although we sometimes refer to this for motivation.

As usual, we start with the recursive definition of the covariances

14 14
Z(19) = Buomnion 7 (0 )], A= [5r 0 TN, 50(y) =1y,

which define a Gaussian process that is the infinite width limit of the forward evaluation
of the hidden layer f ¢ (x), see [31]]. Likewise, we define

2N y) = Byponoa) [0 ()0 (0)], A= Eigii éiggﬂ

with activation function of the last layer is exchanged with its derivative. Then the neural
tangent kernel (NTK) is defined by

T(x,y) =2 (x,y) = (x,y). (5.1)

The paper [31]] shows that all three definitions above are infinite width limits of the corre-
sponding empirical processes (denoted with an extra hat *)

£(x,y) = o f;a(ff(x))v(ff(y)) — o (f @) e W),
» (5.2)
£(xy) = Lo () () = o (7 )T W),

and

Flvy) = ) % fr™ ()0 fr(y).

1€t
Note that unlike the usual definition of the NTK, we only include weights from the second
but last layer. Formally, we do not show that X, 3¢ and T arise as infinite width limits of

the empirical versions NS 3! and I, but rather concentration inequalities between them.
The next lemma shows that the empirical kernels satisfy the same identity (5.) as their
limits.

Lemma 5.1. Assume that WZ% € {—1,+1}. Then

Plvy) = 2oyt (xy).
Proof. By definitions of f* and f'~1, we have
n

L 1

L+1 L, —2 L

avvlgilfl’ + = WrnL Zawl%fla'(fr )
1=r
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= Z WL”L WL fF
_1 1
= Z Win, zd(er)5ir”L31‘7(ij_1)
1=r

11
= Whn, Z”L—21"7(fz‘L)‘7(ij71)‘

It follows that
Plxy) = 21 LzlaWL SE @ )
i=1 j=
S e Z; W) (FHw) o (7 (0) o (72 )
]:

=3t (x, )2 (x,y),

where in the last step we have used that |IW.|? = 1 by assumption and the definitions of
L and 211 O

| 2

The NTK and empirical NTK induce integral operators, which we denote by

Hf==/DF<vy>f(y)dy, Hef:I/Dva)f(y)dy-

The last definition makes the dependence on the weights explicit, which is hidden in [".

5.1.2 Norms
We use several norms for our analysis.

1. ¢, and matrix norms: || - || denotes the /; norm when applied to a vector and the
matrix norm when applied to a matrix.

2. Hoélder norms || - || cox (p,y) for functions f: D C R? — V into some normed vector
space V, with Holder continuity measured in the V norm

I fllcopsvy = szg I f(x)|lv + sup 1f(x) = F(®)[lv.

x#xeD Hx—x“%l

We drop Vin || - [[cox(p) when V = {5 and D in || - || co« when it is understood from
context. We also use alternate definitions as the supremum over the finite difference
operator

Mf(x) = f(x),  Ajf(x) = Ikl [f(x +h) = f(x)], a>0,

see Section[Z.1] for the full definitions and basic properties.



J. Mach. Learn., 3(2):107-175 124

3. Mixed Holder norms || - HC();MS(D;V) for functions f: D x D C RY — V of two vari-
t

yhy
forany s € {0,a} and t € {0, B}, similar to Sobolev spaces with mixed smoothness.
As for Holder norms for one variable, we use two different definitions, which are

provided in Section[Z.1]

ables. They measure the supremum of all mixed finite difference operators A} ; A

4. Sobolev norms on the sphere denoted by || - || 4« (s¢-1)- Definitions and properties are

provided in Section [Z4.]l The bulk of the analysis is carried out in Holder norms,
which control Sobolev norms by

|| ) ||H0<(Sd—1) S H ’ ||C0;a+e(5d—1)

for € > 0, see Lemma[7.9

5. Generic Smoothness norms || - [|«, &« € R for associated Hilbert spaces H*. These
are used in abstract convergence results and later replaced by Sobolev norms.

6. Orlicz norms || - ||, for i = 1,2 measure sub-Gaussian and sub-exponential concen-
tration. Some required results are summarized in Section[7.2]

7. Gaussian weighted L, norms defined by
I = e (£ = [ FEPNO 1))

5.1.3 Neural networks

Many results use a generic activation function denoted by ¢ with derivative ¢, which is
allowed to change in each layer, although we always use the same symbol for notational
simplicity. They satisfy the linear growth condition

o ()] S 1], (5.3)
are Lipschitz
o (%) = ()] S [x — =, (5.4)
and have uniformly bounded derivatives
()] S 1. (55)

5.2 Abstract convergence result

We first show convergence in a slightly generalized setting. To this end, we consider
neural networks as maps from the parameter space to the square integrable functions
f:© C L(R™) — Ly(D) defined by 6 — fy(-). More generally, for the time being, we
replace Ly(D) by an arbitrary Hilbert space ‘H and the network by an arbitrary Fréchet
differentiable function

FiO=06LR") = H, 0 > fo
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For a target function f € H, we define the loss

1
L) = 3lfo ~ £
and the corresponding gradient flow for 0(t),

d
—6(t) = —VL(0) (5.6)
dt
initialized with random 6(0). The convergence analysis relies on a regime where the evo-

lution of the gradient flow is governed by its linearization

Hy := Dfg(Dfo)",

where * denotes the adjoint and Hjy is the empirical NTK if fy is a neural network. To
describe the smoothness of the target and spectral properties of Hy, we use a series of
Hilbert spaces H* for some smoothness index & € R so that #? = H. As stated in the
lemma below, they satisfy interpolation inequalities and coercivity conditions. In this ab-
stract framework, we show convergence as follows.

Lemma 5.2. Let 0(t) be defined by the gradient flow (.6), k = fy — f be the residual and m be
a number that satisfies all assumptions below, which is typically related to the degrees of freedom.
For constants ces, Co, B,y > 0and 0 < a < B/2, functions po(m), peo(T), pr(m, h) and weight
norm ||-||, assume that:

1. With probability at least 1 — po(m), the distance of the weights from their initial value is
controlled by

o0 001, <1 = 106) ~0)1. £/ 2 [ I lode. 67)

2. The norms and scalar product satisfy interpolation and continuity
c—b b—a

I+ [0 g - s e S lggsell - Mlaen (5.8)
forall .=« —p<a<b<c<a

S

3. Let H: H* — H ™" be an operator that satisfies the concentration inequality

d [CooT
Pr HH — H@(O)HHM_Hﬂx 2 C\/;—i— 7] S poo(T) (59)

for all T with \/coT/m < 1. (In our application H is the NTK and Hy o) the empirical
NTK.)

4. Holder continuity with high probability
Pr [36€@ with |[0—6(0)||. < hand ||[Hy—Hp(q)ll32 3« > coh”] < pr(m, 1) (5.10)
forall0 < h <1.
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5. H is coercive for S € {—a,a},
[0]13s-5 < (0, Ho)ys, ©v€HSP. (5.11)

6. For T specified below, m is sufficiently large so that

Then with probability at least 1 — po(m) — peo(T) — pr(m, h) we have

2w
& ; e T
1By« S 150+ 0 e 6],

130 < N1e(0) 13

for some h with

1 1 __ B

x(0 2 lx 0 flx B(1+7)—a

,%mwuuumruﬂm] 2L, e,
v m

and generic constants ¢ > 0 dependent of a and independent of x and m.

We defer the proof to Section[6.T]and only consider a sketch here. As for standard NTK
arguments, the proof is based on the following observation:

1d

24t
which can be shown by a short computation. The last step relies on the observation
that empirical NTK stays close to its initial Hq(;) =~ Hjy(o) and that the initial is close to
the infinite width limit Hy o) ~ H. However, since we are not in an over-parametrized
regime, the NTK’s eigenvalues can be arbitrarily close to zero and we only have coercivity
in the weaker norm (x, Hx) 2 |/x|#-«, which is not sufficient to show convergence by

e.g. Gronwall’s inequality. To avoid this problem, we derive a closely related system of
coupled ODEs

[[|? = —(x, Ho(ry k) ~ — (x, Hx), (5.12)

1d p2dp B Br
5 g lel3 e S —ellelly, 2 lellpge™ + RE== e,

1d zﬁ 22"‘*15
5 gkl S —cllellyZullxlled™ + BV Ixllpee Il pes.

The first one is used to bound the error in the H~* norm and the second ensures that the
smoothness of the residual x(t) is uniformly bounded during gradient flow. Together with
the interpolation inequality (5.8), this shows convergence in the # = H° norm.

It remains to verify all assumption of Lemma[5.2] which we do in the following subsec-
tions. Details are provided in Section[6.5
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5.3 Assumption (5.10): Holder continuity

We use a bar * to denote perturbation, in particular W' is a perturbed weight, and [ is the
corresponding empirical neural tangent kernel. In order to obtain continuity results, we
require that the weight matrices and domain are bounded

_1 _ _1
IWin, 2 <1, [Whn,2 <1, |Ix| £1, VxeD. (5.13)

For the initial weights WY, this holds with high probability because its entries are i.i.d.
standard Gaussian. For perturbed weights we only need continuity bounds under the

condition that || — 8|, < 1 or equivalently that || W’ — W’ anl/ 2 < 1 s0 that the weight

bound of the perturbation W’ follow from the bounds for W¢. With this setup, we show
the following lemma.

Lemma 5.3. Assume that o and ¢ satisfy the growth and Lipschitz conditions (5.3), 5.4) and may
be different in each layer. Assume the weights, perturbed weights and domain are bounded (5.13)
andnp ~np_q ~ - ~mnq. Then for 0 < « < 1and ng := ny,

Hf‘HCO?“r“ ,S 1/ ’|fHCO;D¢,o¢ < 1,

~

11—«
B Flleone <20 |5 k= W
I~ Fleos 22 | 3 It
—0

The proof is at the end of Section6.2] The lemma shows that the kernels ||T' — || co:.0
are Holder continuous (with respect to weights) in a Holder norm (with respect to x and v).
This directly implies that the induced integral operators ||[Hy — Hgl|7¢,3;—« are bounded
in operator norms induced by Sobolev norms (up to € less smoothness), which implies
assumption (5.10), see Section .5 for details.

5.4 Assumption (5.9): Concentration

For concentration, we need to show that the empirical NTK is close to the NTK, i.e. that
|H — Hg(0) |32 7« is small in the operator norm. To this end, it suffices to bound the cor-

responding integral kernels ||T — ['|| cousere in Holder norms with slightly higher smooth-
ness, see Lemma [Z.10l Concentration is then provided by the following lemma. See the
end of Section [6.3] for a proof and Section [6.5 for its application in the proof of the main
result.

Lemma 5.4. Let a =p=1/2and k=0,...,L—1.
1. Assume that Wt € {—1,+1} with probability 1/2 each.
2. Assume that all W* are are i.i.d. standard normal.

3. Assume that o and ¢ satisfy the growth condition (5.3), have uniformly bounded derivatives
(5.R), derivatives (7(1), i =0,...,3, are continuous and have at most polynomial growth for
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x — oo and the scaled activations satisfy
[0' ()|l SL [|o°a)||y ST ae{Zf(x,x):xeD}, i=1,...,3

with o,(x) := o(ax). The activation functions may be different in each layer.

4. Forall x € D assume
¥ (x,x) > cg > 0.

5. The widths satisfy ny 2 ny =: ng forall ¢ =0,...,L.

Then, with probability at least

L—1
1—c Z ek 4 e Mk, (5.14)
k=1
we have L v
. - d d 1
IE =Tl oes S ¥ 20| YT VHE M) 2oy
=0 Ny \/ Mg Ny 2

forall uy, ..., up_1 > 0 sufficiently small so that the rightmost inequality holds.

5.5 Assumption (5.7): Weights stay close to initial

Assumption (5.7) follows from the following lemma, which shows that the weights stay
close to their random initialization. Again, the estimates are proven in Holder norms,
which control the relevant Sobolev norms, see Section[6.5 for details.

Lemma 5.5. Assume that o satisfies the growth and derivative bounds (5.3), B.5) and may be
different in each layer. Assume the weights are defined by the gradient flow @.5) and satisfy
~1
W) In, 2 <1, 0=0,...,L
~1
W) — Wi (t)|n,2 <1, 0<T<t.

Then

1

W — W)y E <0 [l oy dxd
! ~ ng 0 CO(D) 7

where CO(D)' is the dual space of CO(D) and ng := nj.

6 Proof of the main result

6.1 Proof of Lemma[5.2t Generalized convergence

NTK evolution. In this section, we prove the convergence result in Lemma Let us
tirst recall the evolution of the loss in NTK theory. The Fréchet derivative of the loss is
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DL(6)v = (x, (Dfg)v) = ((Dfg)*x,v), VYveE®O,
and the gradient of the loss is the Riesz lift of the derivative
VL(0) = (Dfg)*«. (6.1)
Using the chain rule, we obtain the evolution of the residual

% B (Dfe)g = —(Dfo)VL(0) = —(Dfy)(Dfo)"x =: Hyx, (6.2)

and the loss in any ° norm

%%”KH%{S = <K’%>Hs = — (x,(Dfg)(Dfp) 1) 35 = — (K, Ho k) s 6.3)
with
Hg := (Dfg)(Dfo)".

Proof of Lemma For the time being, we assume that the weights remain within a finite

distance
h := max< sup ||6(t) — 6(0)||, ,cy/ 4 <1 (6.4)
t<T m

to their initial up to a time T to be determined below, but sufficiently small so that the
last inequality holds. With this condition, we can bound the time derivatives of the loss
||| 2;-« and the smoothness ||«||3«. For S € {—a,a} and respective S € {—3wa,a}, we have
already calculated the exact evolution in (6.3), which we estimate by

1d
Ea”"”%{s = —<K1 He(t)K>Hs
= — <K, HK>H5 + <K, (H — HG(O))K>7-[S + <K, (HG(O) - H@(t))K>H5.
We estimate the last two summands as
(1, [ I gys < llygsl- - Tellage < Alllgyslll - - Tlpeepg—allllag-a,

where S = a for S = w and S = —3a for S = —a by assumption2of Lemma[E.2l Then, we
obtain

| =

2
Ixll3gs < = (1, Hie)gys + | H = Hy(o) llpecgi—ollrelly s el ¢

N —
QU

t
+ | Ho(0) — Hos) llpea pg—allxll s [l 2

C\/i—i—“%—i—Coh?
m m

S —cllxllFs—p + RVl 551Kl

< — <K, HK>H5 + ”KHHS’”KHH*“
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with probability at least 1 — peo(T) — pr(m, h), where the second but last inequality follows
from assumptions (5.9), (5.I0) and in the last inequality we have used the coercivity, (6.4)
and chosen T = h?Ym so that \/ceeT/m < h7. The right-hand side contains one negative
term — HKH%S, s, which decreases the residual (d/dt) HKH%_[S, and one positive term which
enlarges it. In the following, we ensure that these terms are properly balanced.

We eliminate all norms that are not ||x||7;—« or ||x||4« so that we obtain a closed system
of ODEs in these two variables. We begin with ||x||,;s, which is already of the right type if
S = abut ||«||4 3 for S = —a. Since 0 < & < B/2, we have —a — < —3x < a so that we
can invoke the interpolation inequality from assumption2of Lemma

2 B2
olls-as < ol alolf e
Together with Young’s inequality, this implies
2[3 2
B[l el < HY]I[] ‘ —epllrlly e

B B
« 20 « B Zﬁzm
SEPW%«J + B2 el |
x B L_ﬁ
= S 1By g+ P ]

for any generic constant ¢ > 0. Choosing this constant sufficiently small and plugging
into the evolution equation for |/x||4/-«, we obtain

1d 7
5 2l e S =l + 1P el

with a different generic constant c. Hence, together with the choice S = «, we arrive at the
system of ODEs

1d B
Zﬂwmawcwu%wmww%w

2 2
E%HKHH“ S —cllxllggup + 7 Ml el 342

Next, we eliminate the HKH%?MS and HKHiaﬂs norms. Since0 < o < /2 implies —a — B <
a — B < —a < a the interpolation inequalities in assumption 2l of Lemma[5.2] yield

Zocz—iﬁ aniﬁ 2“+ ﬁ
H = —a—p H—a—p Hu
[l < [lxlly, Sapllllzn ™ = lx]l > ([l el
20 B2« B 20—p

lillgg-a < Ml ucpllllss = Nl > IlelZEallell 7

so that we obtain the differential inequalities

1 d 2294 B 727
zmmmawcwm Il P 3
1d 2p

5 a7 el < CHKH el Y el e el s
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Bounds for the solutions are provided by Lemma [6.T] with x = HKHE{,a,y = HKH%_L,X and
p=pB/(2a) > 1> 1/2: Given that

zﬂ
ll3-e 2 HF [1(0) 3, (6.5)
i.e. the error ||x||3-« is still larger than the right-hand side, which will be our final error
bound, we have
2u
Br 4 B ﬁL Bl P
30 S | R 1 (0) 133 + ac(0) 1 5ae™" " 2| (6.6)

Il < 1 (0)[[3e- 6.7)

The second condition B(t) > 0 in Lemma 6.1l is equivalent to axf > by (notation of the
lemma), which in our case is identical to (6.5) at f = 0. Notice that the right-hand side of
(6.5) corresponds to the first summand in the ||x||2,_, bound so that the second summand
must dominate and we obtain the simpler expression

By

_chB—«
[[13, -0 < 1%(0)[[Fg-ae™"" 1, (6.8)

Il < 11 (0) 15e-
Finally, we compute £, first for the case h = sup,_ ||6(t) — 6(0)|,. For T we use the
smallest time for which (6.5) fails and temporarily also & < 1. Then by assumption (5.7),

interpolation inequality (58) and the ||x||3, ., ||x||3,. bounds, with probability at least 1 —
po(m), we have

2 (T
i =sup [00) ~00)1, < /2 [ ()l d
t<T 0
2 T 1 1
Sy= [ IR () d
s
\f IO} (@) e [ e 7T
1
<o) 3, Ol

hﬁ =
for some generic constant ¢ > 0. Solving for h, we obtain

ﬂ

L+ : L : W
W IO k() [ & 1 S ()16 (0) 2] T
Notice that by assumption m is sufficiently large so that the right-hand side is strictly

smaller than one and thus T is only constrained by (6.5). In case h = cv/d/m there is
nothing to show and we obtain

1 i d
hsmax{[||x<o>u;“||x< )Fem ] ¢ _}.

m
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Finally, we extend the result beyond the largest time T for which (6.5) is satisfied and hence
(6.5) holds with equality. Since HKHZ o is defined by a gradient flow, it is monotonically
decreasing and thus for any time ¢ > T we have

PILE _/S é B
IO IByme < [6(T) e = 25 (0) e = [ WP [k(0) 15, }

B B Tﬁ Fa
WP | (O) e + KO _pe= " & ]

so that the error bound (6.6) holds for all times up to an adjustment of the constants. This
implies the statement of the lemma with our choice of / and 7. U

Technical supplements

Lemma 6.1. Assume a,b,c,d > 0,p > 1/2 and that x,y satisfy the differential inequality

X' < —ax'™Py=P +bx,  x(0) = xq, (6.9)

y < —cexPy' P +d/xy, y(0) =yo. (6.10)
Then within any time interval [0, T for which

2
d 2T
x(t) > (;) " (6.11)
with
—p
A= éyg/ B(t) := [1 b (E) ] e~bet,
a a \ Yo

we have

x(t) < A1=B(1) -, y®) <o
If B(t) > O, this can be further estimated by

1
x(t) < (A+xbe7 e, y(t) < yo.

Proof. First, we show that y(t) < yo for all t € T. To this end, note that condition (6.11)
states that we are above a critical point for the second ODE (6.10). Indeed, setting i’ () = 0
and thus y(f) = yo and solving the second ODE (with = instead of <) for x(t), we have

x(t) = <g>—yo

To show that y(t) > yo, let e > 0 and define

Tezsup{tS T|x(t) = <§>zﬁyo<1+€)},

Te =inf{t < Te| y(t) > yo(1+e€)},
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where the definition of T, resembles the definition of T up to a safety factor of 1 + € and 7.
is the smallest time when our hypothesis y(t) < yp fails up to a small margin. Assume
that 7. < Te. Since2p —1 > O for all t < 7., we have

X(H2%1 > (g)z o1+ )P > <g>2y<t>2p—1,

which upon rearrangement is equivalent to

—cxPytP +d/xy <0,

so that the differential equation (6.10) yields y/(#) < 0 and hence y(t) < yo for all t < .
On the other hand, for allt > 7 wehave y(t) > yo(1+ €), which contradicts the continuity
of y. It follows that 7c > T, and with lim._,o T = T, we obtain

y(t) <yo, t<T.

Next, we show the bounds for x(t). For any fixed function y, the function x is bounded by
the solution z of the equality case

Z = —az' Py =P + bz, z(0) = xp

of the first equation (6.9). This is a Bernoulli differential equation, with solution

=

£(6) < 2(t) = [ebpt <ap /Ofehpry(T)P dr+x0—pﬂ

Since y(t) < o, in the relevant time interval this simplifies to
¢ -1
Z(t)p < ebpt <Elp/ ebpryap Tt + XOP>
0

—1
a _ _
_ ebpt<g(ebpt_1)yoﬂ+xop)
a _ a — _ b -1
= <Eyop - <Eyop — X p>e pt)
-1
b b(x\ *\ _
N 0

=A

which shows the first bound for x (). We can estimate this further by

A _AL-B(H] | AB(H) _ A
B T A T B e O R e T0

B(t).
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In case B(t) > 0, the function A/(1 — B(t)) is monotonically decreasing and thus with
A/(1—B(0)) = xfj, we have
A

P < - — % < P ,—bpt
2(1)° < A+ B0 = A+ 2B < A e,

which shows the second bound for x(t) in the lemma. O

6.2 Proof of Lemma[.3t NTK Holder continuity

The proof is technical but elementary. We start with upper bounds and Hoélder continuity
for simple objects, like hidden layers, and then compose these for derived objects with
results for the NTK at the end of the section.

Throughout this section, we use a bar ~ to denote a perturbation. In particular W* is
a perturbed weight,

F ) = Wiy To(fU(x),  F(x) = Wx

is the neural network with perturbed weights and fl, i,f and T are the kernels of the
perturbed network. The bounds in this section depend on the operator norm of the weight

matrices. At initialization, they are bounded ||W/|| n;l/ 2 <1, with high probability, except

for the first layer ||[W°||n; 1/2 <1, which is of shape 11 x d and not approximately square.
In order to avoid special cases in the formulas below, we define 1y := n; as the number
required in the matrix bounds and not the number of columns as for all other n,. All

perturbations of the weights that we need are close ||[W — W* Hn;l/ 2 <1 s0 that we may
assume

Wiy 2 <1, 6.12)
W 51 613)

In addition, we consider bounded domains
x| <1, VxeD. (6.14)

Lemma 6.2. Assume that ||x|| < 1.

1. Assume that o satisfies the growth condition (5.3) and may be different in each layer. Assume
the weights are bounded (©.12). Then

/—1
1)) < nd [T IW* g 2.
~ 0 k=0 g

2. Assume that o satisfies the growth and Lipschitz conditions (5.3) and (5.4) and may be dif-
ferent in each layer. Assume the weights and perturbed weights are bounded (6.12), (6.13).
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Then

_ l g_l _ 71 Z_l . . 71

1F£Ce) = FEC0) Il S g Y IWE = WH|fmy 2 T T max { W], [|W/]|}n; 2.
k=0 j=0
£k

3. Assume that o has bounded derivative (5.5) and may be different in each layer. Assume the
weights are bounded (6.12). Then

¢ 1

1|6zl _1
£ (x) = AR Sl [ [WH|m 2] [[x — x]|.
k=0
Proof. 1. For ¢ = 0, we have
1 _1
£ ()] = W0kl < nd [|WOlng 2,

where in the last step we have used that ||x|| < 1. For £ > 0, we have

¢ e AT SIS~ IR
LFE4H = Wiy 2o (8| < IWE Dy 2lo (1S Wl 2 £

induction y) 11 -1 k 1 1 4 k 1
S W llng ng TTIWH(lny * = ng TTIW [l 2,
k=0 k=0

where in the first step we have used the definition of f/*!, in the third the growth
condition and in the fourth the induction hypothesis.

2. For / = 0 we have
_ _ 1 o -1
ff =7 = ([W = WO | = mg [ W — WO[mg 2,
where in the last step we have used that ||x|| < 1. For £ > 0, we have
_ 1 1
||f£+1 _f€+1|| _ Hwéng ZU(fZ) . Wéng za(fK)H
T AT SR,
< W5 =WH[n, 2{le(f9)]]

Wy 2o (F) — o (7Y
=: I+ 1I.

For the first term, the growth condition (53) implies ||c(f*)|| < ||| and thus the
first part of the lemma yields

[ < IWE — Wl Ve Wkl
Sl I, ”OHH I 2.
k=0
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For the second term, we have by Lipschitz continuity (5.4) and induction

- _1 _ - _1 _
I = [W*n, 2o (f) = o (FOI S W Img 21IFE = F
3 -1 PO | 4 . ; _1

Sng Y (WS =Wy > T Tmax { W], [W[}n; 2.
k=0 =0

Lk

——

By I and II we obtain
(41 _ F+1 Iy
L7 = F S g )

1 ! 1

k A7k, T2 i i -3

|Wr —W an 2 | |max{||W]||, HW]H}n]- 2,
k=0 i=0

]7
j#k
which shows the lemma.

3. Follows from the mean value theorem because by Lemma[6.3below the first deriva-
tives are uniformly bounded. O

Lemma 6.3. Assume that o has bounded derivative (5.5) and may be different in each layer. As-
sume the weights are bounded (612). Then

1 4=1 1
IDFE(x)|| < ng [T IIWFK|In, 2.
k=0

Proof. For £ = 0, we have
1 0 WO 1y~ 2
IDf* ()| = [[W"Dx]| < ng [[W”[|ny 2,
where in the last step we have used that || Dx|| = ||I|| = 1. For ¢ > 0, we have
1
1D = [Whn, 2Da(f)
0 —3 ¢ AT ST, ¢
= [|[Wn, ?[[IDe(f)Il < [[Wlin, ?[lo(f*) © DF|

m 1 induction 1 1 -1 1

), "2 { 0" 2,,2 ki, "2
S IWin 2D S IWElng, 2ng TT WSy 2
k=0

1 L 1
1 e~
ng [TIIWm =,
k=0
where in the first step we have used the definition of f/*1, in the fourth the boundedness

of ¢ and in the fifth the induction hypothesis. O

Remark 6.1. An argument analogous to Lemma [6.3] does not show that the derivative is
Lipschitz or similarly second derivatives [|dx,0x;f ?|| are bounded. Indeed, the argument

uses that
95,0 (FO)| = 0(F) @ f' || < N0 (f) ool |9, f*

7
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where we bound the first factor by the upper bound of ¢ and the second by induction.
However, higher derivatives produce products

025, (f) | = [lo(f) © xor f + 0 (f) © 9, f* @3, f|
< (oo, £+ 1102 (F) leo [0, £ © 05, ]

With bounded weights (6.12) the hidden layers are of size ||dx, f¢|| < nl/ 2 but a naive
estimate of their product by Cauchy-Schwarz and embedding

103" @ £ < N1 f 1, 1325 1, < N0 [P f "] S 1o
is much larger.

Given the difficulties in the last remark, we can still show that f ¢ is Holder continuous
with respect to the weights in a Holder norm with respect to x.

Lemma 6.4. Assume that o satisfies the growth and Lipschitz conditions (5.3), (5.4) and may be
different in each layer. Assume the weights, perturbed weights and domain are bounded (6.12)-
(6.14). Then for 0 < a < 1,

1 - 1
lo(F )V con Sng, No(F)llcon S i,
1—«
_ 1 - _ _1
lo(f°) = o(F) lcon S 1 [Z W  — W¥|n, 2] :
k=0

Proof. By the growth condition (53.3) and the Lipschitz continuity (5.4) of the activation
function, we have

e o S NF Ncor Mo(F o S 1F N on-

Thus the interpolation inequality in Lemma [Z.2]implies

lo(f) llcow S NV g oo S NG I Do S <nz,

where in the last step we have used the bounds form Lemma[6.2]together with
s Vel 2
Wiln, 2 51, [WHn, * 51

from assumptions (6.12), (6.13). Likewise, by the interpolation inequality in Lemma
we have

lo(£) = o (F)llcon S Nlo(f) = o(F) e lo(f*) — o (F) 1 &
So(fY) = o(F)llge® max {lo(F) [ Eoa o (F) 1 Eon }-
S ||f£ fZ maX{HfKII 01”f£”c0;1}‘

1 o . . 71104
SZHW Wi, 21,



J. Mach. Learn., 3(2):107-175 138

where in the third step we have used that ¢ is Lipschitz and in the last step the bounds
from Lemma [6.2] together with the bounds ||W£||n[1/2 < 1 and ||W£||nzl/2 < 1 from

assumptions (6.12), (6.13). O

Lemma 6.5. Assume that o satisfies the growth and Lipschitz conditions (5.3), (5.4) and may be
different in each layer. Assume the weights, perturbed weights and domain are bounded (©.12)-

(©14). Then for0 < o, <1,
0

0 n ¢ )
||Z’ HCOF"‘/IS S n_fl ||Z ||C01xﬁ 5

né

_ 1—a
$l_ 3t < Mo = Wk _ WKl 2
| | coma S 1y Yol [ :
k=0

Proof. Throughout the proof, we abbreviate
ff=f@), FF=Ff, ff=Ffu =7
for two independent variables x and y. Then by definition (5.2) of 3/

1’10

- 1 = 1
Zé g = — ONT 4 i < — 4 N -
= N cons = e ()T lcone < Solle(F)llco lo(F) lcos < Py

where in the second step we have used the product identity Item 8lin Lemma[Z.2land in
the last step Lemmal6.4l The bound for ||£¢|| -0 follows analogously. Likewise for a = B,

12 = Ellcons = 5o = o7V |conn
= Lt = o7 o) - P ) = o s
< o) = N s + TG = 0 e
= —H[ — ()] (F) | comer

where in the last step we have used symmetry in x and y. Thus, by the product identity
Item [3lin Lemmal[7.2] we obtain

ot & 2 i "
124 — £ coma < n—gllff(ff) = ()l conlle(F)llcon

/—1 1—«a
< Mo k_ wki, 3
N~ Z W5 —W H”k ’
¢ k=0

where in the last step we have used Lemmal6.4l O
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Lemma 6.6 (Lemma[5.3|Restated form Overview). Assume that o and ¢ satisfy the growth and
Lipschitz conditions (5.3), (5.4) and may be different in each layer. Assume the weights, perturbed
weights and domain are bounded (5.13) and np ~ nyp_1 ~ --- ~ ny. Then for 0 < « < 1 and
np = nq,

IPllcoma ST, Il coma S 1,

~

1—uw

L—

2 = no - _1

\]F—F\]Co;a,“,ﬁn—L [Z HWk_Wankz] )
k=0

Proof. By Lemmal6.5land 1, ~ ng, we have

11—«
_ _ -1 1
A = A = n _ _ 1
12| cones 12 [ conn S 1 128 = £ coma S =2 | L [[WE = WE||m, 2| .
ny
k=0

Since ¢ satisfies the same assumptions as ¢, the same lemma provides
i} _ -1 s
12 lcoma, [ lcoma S 1, JE° =2 lcoma < 32 LZO W Wl ] -
Furthermore, by Lemmal5.I, we have
Pl y) = 2Hxy)E xy).
Thus, since Holder spaces are closed under products, Lemmal[Z.2 ltem ] it follows that
IF = Fllcons = [E500 ) (1 y) — E5(0 1) E (1,9) con
< IEGy) = 21 )2 0) | conn
E ) [ () = 20 )] | o
< 12 () = 210 0) | cona I (1) | comn
EH Wl cwael 700 ) = 27 )

e 1-a
Y IWE— W |n, 2 ,
k=0

~ g

where in the last step we have used Lemmal6.Sand ny ~ ny_. O

6.3 Proof of Lemmal[5.2 Concentration

Concentration for the NTK

I(x,y) =2 (x, )2 (x,y)
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is derived from concentration for the forward kernels >F and ¥.L-1. They are shown in-
ductively by splitting off the expectation [E, [-] with respect to the last layer W' in

[£51 284 gy < (|2 — By [2841] comp + Bl = 21

Concentration for the first term is shown in Section [6.3.1 by a chaining argument and
bounds for the second term in Section [6.3.2l with an argument similar to [18]. The results
are combined into concentration for the NTK in Section[6.3.3]

6.3.1 Concentration of the last layer

We define X
Al(x,y) = o (fL(x)e(fi(y))
as the random variables that constitute the kernel

ny

2 (x,y) =—ZA€xy Z (ff ()

For fixed weights W?, ..., W‘=2 and random W*~1, all A!, r € [n/] are random variables
dependent only on the random vector W/ ~! and thus independent. Hence, we can show
concentration uniform in x and y by chaining. For Dudley’s inequality, one would bound
the increments -, ,

1A y) = A& D)), S llx =21+ ly =711

where the right-hand side is a metric for « < 1. However, this is not sufficient in our
case. First, due to the product in the definition of A’, we can only bound the 1; norm
and second this leads to a concentration of the supremum norm || AZ|| .o, whereas we need
a Holder norm. Therefore, we bound the finite difference operators

[ A AT o) = 8 80, Alm )|

th ]/h/

X hx
S llx = fH"‘ + [l = Fel|* + [ly = 711 + [y — Py 1P,
which can be conveniently expressed by the Orlicz space valued Holder norm

AP AL

4 H CO%B(ADxAD;yy) <1

with the following notations:

1. Finite difference operators A*: (x,h) — h™*[f(x + h) — f(x)], depending both on x
and h, with partial application two variables x and y denoted by A} and Ay, respec-
tively. See Section[Z1]

2. Domain AD consisting of all pairs (x, %) for which x,x +h € D, see (ZI). Likewise
the domain AD X AD consists of all feasible x, hy, y and h,,.
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3. Following the definitions in Section[Z.1] we use the Holder space C%*f(ADXAD; Ly,),
i = 1,2 with values in the Orlicz spaces Ly, of random variables for which the || - ||y,

norms are finite. For convenience, we abbreviate this by C%*f(AD x AD; ;).

Given the above inequalities, we derive concentration by chaining for mixed tail random
variables in [16] summarized in Corollary [Z1]

Lemma 6.7. Assumefork =0,...,{ — 2 the weights W, are fixed and bounded | W* ||nk_1/2 <1
Assume that W1 is i.i.d. sub-Gaussian with HW§*1H¢2 < 1. Let r € [ny].

~

1. Assume that o satisfies the growth condition (5.3) and may be different in each layer. Then

ot < ()

2. Assume that o has bounded derivative (5.5) and may be different in each layer. Then

1
¢ _ ny \?2 _
o 0) = oD gy 5 (52 ) =L
Proof. 1. Since for frozen wo, ... w2

1
T/Vrg-ilne—zl‘f(fZ ! Z Wrgs 1”4 1‘7( o 1)
s=1

is a sum of independent random variables W5 'n, }/2c(f{~1), s € [n;, 4], by Ho-
effding’s inequality (general version for sub-Gaussian norms, see e.g. [67, Proposi-
tion 2.6.1]) we have

Wy 1”4 (7 H1p2 SE 1“‘7(f£ ol

Thus
lo (N, < £, = IWE g 2 (£,

1
1 1 2

—2 0— =2 | - 1o
<n A llo(FDI < n 2 f 1HS<—W 1) ,

where in the first step we have used the growth condition and Lemma [Z.5] in the
fourth step the growth condition and in the last step the upper bounds from Lem-
mal6.2l The initial case ¢ = 1 follows analogously.

2. Using Hoeffding’s inequality analogous to the previous item, we have
_1

Wt 2 o (17 () = o (£71(9))]
_1

S Ao (71 ) — e (£71()

Py
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and
lo(££) = e (F@), S 1@~ £@,,
= W A o (7 ) — o (7 @)
S A e (1 @) — e (1 @) |

<2l ) — £ )|

1
n 2
S (—O > [x — x|,
ny—q

where in the first step we have used the Lipschitz condition and Lemma[Z.5] in the
fourth step the Lipschitz condition and in the last step the Lipschitz bounds from
Lemmal6.2] The initial case ¢ = 1 follows analogously. 0

7]

Lemma 6.8. Let U and V be two normed spaces and D C U. Forall 0 < a < 1/2, we have

1A% fllcon(ap;vy < 4l fll oz (pyv)
with AD defined in ().

Proof. Throughout the proof, let C%%* = C¥?(D;V)and |- | = || - luor|-| = | - |lv
depending on context. Unraveling the definitions, for every (x,h), (X,h) € AD, we have
to show

|ARf(x) = ALF(E)] < 4| fll conn max{]x — %], [ — R }".
We consider two cases. First, assume that |[h| < max{|x — |, |h — |} and } is arbitrary.
Then |h| < |h —h| + |h] < 2max{]x — %|,|h — h|} and thus
|85 (x) = 83 (®)] < AL f ()] + [A7£(%)]
< ||f||c02a|h|“ + 1| fll coza 7]
< 3] coms max x — 7, |1 — [}

In the second case, assume that max{|x — x|, |k — h|} < |h| and without loss of generality
that |h| < |h|. Then

|ARf(x) = ARF(D)] < |[f(x + 1) = FEONRIT = [f(x +R) = F(R)]]R]7"
S UfGx i) = f(x) = f(R+R) + f(®)] [0
+HIf(E+R) = FE) IR = [B7

=: 1+ 1I.

For the first term, we have

I<[f(x+h) = f(x) = f(&+h) + f()| |n] ™"
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< Hf“co;za [|x +h—x— E,Za + |x — J?|2“] ||~
< 3| f |l coe max { |x — &[>, [h — R|**} b *
< 3|l coze max {|x — |, [h — | }".
For the second term, since « < 1, we have
IT < || fll cone R[]~ — |||
< 1 Fllcoza [P 1| 1~ — 17|~
< N flloan [1RI* — [I*|
< I fllcoan I — "
Combining all inequalities shows the result. O

Lemma 6.9. Assume fork = 0,...,{ — 2 the weights Wy, are fixed and bounded HWan;l/z <L
Assume that W= is i.i.d. sub-Gaussian with ||W§_1||¢2 < 1. Assume that o satisfies the growth

condition (5.3), has bounded derivative (5.5) and may be different in each layer. Let v € [ny]. Then

fora,p <1/2,
no

HAﬁAﬁAf ‘CO?"‘/IS(ADXADﬂ/Jl) S ny_q

with AD defined in (Z.1).

Proof. Throughout the proof, we abbreviate
fr=fx), C%(y) =C™(AD,yi), i=1,2,
Fo=fly), C"F(y;) = C%F(AD x AD, ;).

Since by Lemmal[Z.6lwe have || XY ||y, < || X]||y, Y]y, by the product inequality Lemmal[Z.2]
Item Bl for Holder norms we obtain

|ASAYAL | consyy) = 1850 () AG0 (FF) [l compg
S 11850 () | oo 185 (F) [l com g
Next, we use Lemma to eliminate the finite difference in favour of a higher Holder

norm bas , »
1838y Arllconsgy) S 10 C) [ comn o) 1 (7 )l coma g
Finally, Lemmal6.7limplies that

11
o (£) HCO;M(D;lpZ) < mghy

and likewise for f{ and thus
BAL 1o
HA?CAJ/ArHCO;«,ﬁ(%) S ng,l'

The proof is complete. O
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Lemma 6.10. Assume for k=0, ..., — 2 the weights Wj. are fixed and bounded ||W* ||nk_1/2§1.
Assume that W= is iid. sub-Gaussian with HW;;.*lez < 1. Assume that the domain D

is bounded, that o satisfies the growth condition (5.3), has bounded derivative (B.5) and may be
different in each layer. Then fora = p =1/2,

v

e !,

. . ng [Vd+u d+u
Pr |[[£f = B cowpp) = C-— Vi, }

Ng—1 | /Me—1 ny—q

Proof. Since A%Af[\f for r € [ny] only depends on the random vector W/~?, all stochastic
processes (A‘j‘(,thfrhyf\f (x,y)) (vJiv,hy)eaDxAD are independent and satisfy

. n
HAﬁAgAfHco;a/ﬁ(ADxAD;wl) S Kil

by Lemma Thus, we can estimate the processes” supremum by the chaining Corol-

lary [Z1]

ny—1
Pr| sup 2 AAPAL —F [A;’;Agfxf] >Cr| <e®
(x,hy)€AD Tlg 1=
(y,hy)€AD
with ) :
N d \2 d u \2 u
T=—|(—) +—+(—) +—]|.
ny—q ny—q ny—q My My
Noting that
sup  [ASA] - | =+ | cons(p).
(x,hy)EAD
(yhy)€AD
and . .
1 (-1 1 (—1 R
—— Y AUAPAL = AxAL— Z AL = AxAPs!
1,3 g1,
completes the proof. O

6.3.2 Perturbation of covariances

This section contains the tools to estimate
HlEg[iHl] - Z€+1 HCO;MS

with an argument analogous to [18]], except that we measure differences in Holder norms.
As we will see in the next section, both [E,[£/*1] and £/*! are of the form

IE(u,v)w/\/(O,A) [a(u)a(v)]
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with two different matrices A and A and thus it suffices to show that the above expectation
is Holder continuous in A. By a variable transform

A= aj; ap| a2 pab
~ |ay axn|  |pab b?

and rescaling, we reduce the problem to matrices of the form

-

For these matrices, by Mehler’s theorem we decompose the expectation as

) k
IE(u v)w./\/(OA) 2 7, Hk {, Hk>N %’

where Hj are Hermite polynomials. The rescaling introduces rescaled activation func-
tions, which we denote by

0a(x) := o(ax). (6.15)
Finally, we show Holder continuity by bounding derivatives. To this end, we use the

multi-index v to denote derivatives 97 = agﬂagb BZ’) with respect to the transformed vari-
ables. Details are as follows.

o =L S0

E(y0p(0.4) [7(0)0(0)] = ¥ {0 Hi)y (o3, Hi b
k=0 ’

Lemma 6.11. Let

Then

Proof. By rescaling, or more generally, linear transformation of Gaussian random vari-
ables, we have

Eus-vion 0000 = [oe@an (0, ] |14 [* ) o)

— [ olan)o(bo)an <o, Ll) ﬁ’]) (1,0).

Thus, by Mehler’s theorem (Theorem [Z.2in Section[7)) we conclude that

E (4 0)~ A (0,4) [ // o(au)o(bo) 2 Hi(u)Hy (v —dJ\/(O 1)(u) dN(0,1)(v)
k
- Z <‘7a1Hk>N <Ub/ Hk>N P_'
= k!

The proof is complete. O
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Lemma 6.12. Assume

_ [a®  pab
4= [pab bz}

is positive semi-definite and all derivatives up to o1 t70) and U;SW’JWP ) are continuous and have
at most polynomial growth for x — £oo. Then

IE 0y~ n(0,4) [0 (1) (0)] < [[7470 () || 1077 (03) || -

Proof. By Lemmal[6.11] we have

0 k
O (0. [00)00)] = 37 Y (o, Hi) s (o, Hi)
k=0 :
0 k
= k;) 9" (03, Hy) y 87 (03, Hy) y 97 %. 6.16)

We first estimate the p derivative. Since 0 < A and a4,b > 0, we must have

L p
0= [P 1] ’
and thus
det [1 ﬂ =1-p>>0
It follows that |p| < 1. Therefore,
k 1 K 1
(/1500 [ P S 7] [ QL :
A k=) | = k=1, (6.17)

We eliminate the denominator (k — ,)! by introducing extra derivatives into 07 (o, Hy) -
For this, by Lemma [Z.8, we decrease the degree of the Hermite polynomial for a higher
derivative on o,

9 (00, Hi)y = (97 (00), He) = (3770 (00), i, )

N
By LemmalZ.8 || - |y normalized Hermite polynomials are given by
H, — e H
k * \/H k’
and thus

" (o, H) y = (9770 (00), Hi—y, )1/ (K = 7p)!-

Plugging the last equation and (6.17) into (6.16), we obtain

IE (1,0)~N(0,4) [0 (1) (0)]
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S R AN

< ( 5 o <aa>,Hk>§) 7 ( 5 (o <ab>,Hk>?V)

k=0 k=0

= [0+ (@) [y [|0™ 7 ()| -

where in the second step we have used Cauchy-Schwarz and in the last that H are an or-
thonormal basis. O

Lemma 6.13. Let f(a11,a22,a12) be implicitly defined by solving the identity
a1 ap| | a pab
aip ap o pllb b

fora, band p. Let D¢ be a domain with ay1, a2 > ¢ > 0and |aip| S 1. Then

1" leioy ST

Proof. Comparing coefficients, f is explicitly given by

app 17
fay1,a2,a12) = [5‘11 a22 ﬂ11ﬂ22]

Since the denominator is bounded away from zero, all third partial derivatives exist and
are bounded. O

Lemma 6.14. For D C IR? and x,y €D, let
_|an(xy) alz(x,y)] - [bll(x,y) blz(x,y)}
A y — 7 B 7
(oY) = lan(xy) anlxy) (xy)
with
ap(x,y) > ¢ >0, an(x,y)>c>0, |ap(xy)| 1,
bi1(x,y) >c >0, bun(xy)>c>0, |bpnlxy) S1.

Assume the derivatives o), i = 0,...,3, are continuous and have at most polynomial growth for
x — dooand forall a € {a(x,y) : x,y € D,a € {ay1,ax,b11,bxn}} the scaled activation
satisfies

o)y ST i=1,....3

with o, defined in ©.15). Then, for a, B < 1 the functions

X = ]E(u,U)NN(O,A(x,y)) [a(u)a(v)] ’
x — ]E(u,v)w./\/(O,B(x,y)) [U(u)U(U)]
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satisfy
|1 (1,0~ (0,4) [ ()0 (0)] = E 401~ r(0,8) [0 (1) (0)] [| comp
5 HAHCO;W(D)HBHCO;MS(D) HA - BHCO;MS(D)-

Proof. Define F(a,b,0) = E(, ) (0,4) [o(1)o(v)] .

= | a pab
A_Lmb b}

and f(aq1,az,a12) by solving the identity

ayy ap| _ | a4  pab
aip axp|  [pab b
for a, b and p. Then
FofoA=xy = By noa@y) lo@)e(@)],
FofoB=xy — E(u)~A(0B(xy) l0(w)o(v)],
and

HIE(u,v)NN(O,A) [a(u)a(v)] - IE(u,v)w/\/(O,B) [a(u)a(v)] Hco;a,ﬁ(D)
=|[FofoA—Fofo B||Co;“,ﬁ(D).

By Lemmas[Z3 (for A* and AP) and [Z4 (for A*AP), we have
[FofoA _FofOBHCO;a/ﬁ(D)
S IF Of||C3(Df) A - B“cO;a/ﬁ(D) max {1, ||A||c0;a/ﬁ(D)}maX {1, ||B||c0;a/ﬁ(D)}

with Dy = A(D) U B(D), so that it suffices to bound ||F Of||c3(Df) < 1. This follows

directly from the assumptions, chain rule, product rule and Lemmas[6.12land[6.13] Finally,
we simplify

1
maX{l, ||A||C0;(x,ﬁ(D)} S E“AHCO;mﬁ(D)/
because
1 1
EHAHCO;M(D) > Eﬂll(') >1

and likewise for B. O

6.3.3 Concentration of the NTK

We combine the results from the last two sections to show concentration inequalities, first
for the forward kernels . and %/ and then for the NTK T.
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Lemma 6.15. Leta = f=1/2andk =0, ..., L
1. Assume that all WK are i.i.d. standard normal.

2. Assume that o satisfies the growth condition (5.3), has uniformly bounded derivative (5.5),

derivatives o), i=0, ..., 3, are continuous and have at most polynomial growth for x— 4 co
and the scaled activations satisfy

[0'(ca)||y S1 ae{f(x,x):xeD}, i=1,..,3

with o, defined in ©.15). The activation function may be different in each layer.

3. Forall x € D assume
¥ (x,x) > cx > 0.

4. The widths satisfy ny 2 ng forall¢ =0,...,L.

Then, with probability at least
(=1
1—c) e M4e ',
k=1

we have
1) comp S 1, HZ ||c00<ﬁ S,

no \/_—i—\/_ Ldtm] 1
E < scx
v/ Nk ny 2

foralluy, ..., up_q > 0 sufficiently small so that the last inequality holds.

12— =l conp S

Proof. We prove the statement by induction. Let us first consider ¢/ > 1. We split off the
expectation over the last layer

24 = 2 cong < (£~ B + (B 2 e = 111

where [E/[-] denotes the expectation with respect to W. We estimate I, given that the
lower layers satisty
_1
IWXn, 2 <1, k=0,...,0-1, (6.18)

which is true with probability at least 1 — 2¢ ", see e.g. [67, Theorem 4.4.5]. Then, by
Lemmal6.I0 for u, > 0,

Pr 141~ BTy 2 €10 [ YIS ]

(D) ngl e ny

Next we estimate I1. To this end, recall that 3.¢*1 (x,vy) is defined by

< et (6.19)

nyq

S () = — Y o(FF@) e (FY)).

e 3
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For fixed lower layers WO ... W/ the inner arguments

Cl(x) = Weny 2o(f(x),  FIF(x) = Wn, o (F(y))

are Gaussian random variables in W/, with covariance

By Wi, o (£(0)Win, 2o (£ ()]

1 & -1 _1 .
=y Lo o (@) to(F ) = 2w y). (6:20)
It follows that
. B i [Ex, %) Ex,y)
E S (x,y)] = E (1 0) A (0,4) oc(u)o(v)], A= [ﬁf(y,x) 25(%5)]

This matches the definition

¢ ¢
22, y) = Eyponoa) o (1),0 ()], A= EZE; 8 ;E;g;]

of the process X1 up to the covariance matrix A versus A. Thus, we can estimate the dif-
ference || E/[£/1 (x,y)] — £ || coup by Lemmal6.I4lif the entries of A and A satisfy the re-
quired bounds. To this end, we first bound the diagonal entries away from zero. For A, this
is true by assumption. For A, by induction, with probability at least 1—c Zé Vet q et
we have

1o Vd + k d+u 1
126 = 2| conp S Z \/n_;/_ nkk < e (6.21)

In the event that this is true, we have
) 1
2 (x, x) > ez > 0.
Next, we bound the off diagonal terms. Since the weights are bounded (6.18), Lemmal6.5
implies
A no
1) cons < prapap 1= cons S 1,

where the last inequality follows from (6.21). In particular,

Sy) S1, Exy) S1
for all x,y € D. Hence, we can apply Lemma[6.J4/and obtain

IE S = 25 cowp S ] comp | con ﬁHZé 2| cowp

\/_+ d+1/lk
CIE = oy S T [ YAV

"o
7
=0 Mk v 1k M
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where the last line follows by induction. Together with (6.18), (6.19) and a union bound,
this shows the result for ¢ > 1.

Finally, we consider the induction start for / = 0. The proof is the same, except that in
(6.20) the covariance simplifies to

Ei[f; (0 ()] = Ei[(Wex) (Wey)] = 2Ty =E(xy).
Hence, for ¢ = 1 the two covariances A and A are identical and therefore
[E0[£! (2, )] — 2| cons = 0.
The proof is complete. O

Lemma 6.16 (Lemma[5.4] Restated from the Overview). Let a =f=1/2 and k=0, ..., L—1.
1. Assume that Wt € {—1,+1} with probability 1/2 each.

2. Assume that all W are are i.i.d. standard normal.

3. Assume that o and ¢ satisfy the growth condition (5.3), have uniformly bounded derivatives

(5.9), derivatives o) i=0,...,3, are continuous and have at most polynomial growth for
x — oo and the scaled activations satisfy

[0' ()|l S 1 [[o°a)||y ST ae{Zf(x,x):xeD}, i=1,...,3

My =
with o,(x) := o(ax). The activation functions may be different in each layer.

4. Forall x € D assume
¥ (x,x) > cx > 0.

5. The widths satisfy ny 2 ny =: ng forall ¢ =0,...,L.
Then, with probability at least

L-1
1—c Z ek 4 e Mk, (6.22)

we have
Z n() \/_ d+ \/_k d-+ Uy 1 L.
NG n - 2
forall uy,...,up_1 > 0 sufficiently small so that the rightmost inequality holds.
Proof. By definition (5.I) of I' and Lemma 5.1l for [, we have
T(xy) = y)st(xy), Py =2y xy),
and therefore
IT = Pllcons = [EPE5 = 2L o
= |2 = 2| o + 1= Z T = E5 7 o

= (125 = 2 cons 25 leoms + 1E N consl1Z57 = 27 cons

IT =Tl conp S
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where in the last step we have used Lemma[Z.2] Item @ Thus, the result follows from
1= M leows ST 15 Hlcows S 1,
I lcoap ST 12 flcons S 1,
and
max {[| =" = £ o, [~ 2 coas)
Zno \/_—i—\/_ d + uy <1CZ
— \/_k Ny -2

with probability (6.22) by Lemmal6.I5 For 2, we do not require the lower bound X*(x, x)
> ¢y, > 0 because in the recursive definition ¢ is only used in the last layer and therefore
not necessary in the induction step in the proof of Lemmal6.15 O

6.4 Proof of Lemma[5.5: Weights stay close to initial

The derivative 9y f'(x) € R-1% (me+1X11) §s a tensor with three axes for which we define

the norm
Hawkfg(x) H* = sup Z urviwjawkff(x),
lull ol ol <17 ’
and the corresponding maximum norm || - [|co(p,,) for functions mapping x to a tensor
measured in the || - ||« norm. We use this norm for an inductive argument in a proof, but

later only apply it for the last layer £ = L + 1. In this case n+; = 1 and the norm reduces
to a regular matrix norm.

Lemma 6.17. Assume that o satisfies the growth and derivative bounds (5.3), (5.5) and may be
different in each layer. Assume the weights are bounded HWan;l/z <1,k=1,...,4 —1. Then

for0<a <1,
1
¢ no )2
s enony 5 (52)
Proof. First note that for any tensor T

Z urviw]-Tm-]-
co

]

< Cllull[o]{lw]l

implies that || T[|co(p,,) < C, which we use throughout the proof. We proceed by induction

over /. For k > /, the pre-activation f* does not depend on W¥ and thus 9y f*(x) = 0.
Fork = ¢ — 1, we have

O () = Dy Wit (£5() = 8 o (£F(2)),

and therefore for any vectors u, v, w,
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— [l 2 (uT0) (o (1)) | o

Y urvit; kar< x)
o

1,

1

=2 k no '\
< n 2 ullllollwlllle(f)llco < lulllfol{wl] )
where in the last step we have used Lemmal6.4l Thus, we conclude that

1
n 2
19w ()| o sy S (172) '

Fork < ¢ —1, we have

awj;fg(x) :awgwf—lne__%10.<f€—l> Wf 1 [ <f€ 1>®awkf€ 1}

and therefore

Zuﬂ) wj Wffr

r,i,j

<[l g 2 ol ] [lo (£~ ) © i f ™ o

< el ool oy 10t/ cogone

1
no 2
< uuuuvuuwu(n—k) ,

where in the second step we have used that | W/~ | n;}{ 2 < 1and in the last step we have
used that [|o(f“1) ||, < 1because |(7()| < 1 and the induction hypothesis.

~

For the induction start, with ||x|| < 1, we have

2 uroiwidye fr (x)

1]

L= lom@) s ||u|r|rv|r|rwu(Z—g) ,

and thus

NI—=

[owo.f* ()| cogpey S <Z_g> '

In conclusion, it follows that

Hawkf€<x)HCO(D; %) S (”k) '

The proof is complete. O

NI=

Lemma 6.18 (Lemma 5.5 Restated from the Overview). Assume that o satisfies the growth
and derivative bounds (5.3), (.3) and may be different in each layer. Assume the weights are
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defined by the gradient flow 2.5) and satisfy

_1
W) |n, > <1, (=0,...,L,
_1
IWh0) — Wi (T)|n, 2 S1, 0<T<t.
Then

1
1 nk ot
W (0) = W) * <58 [ lca py i,

where CO(D)’ is the dual space of C°(D) and ng := ny.

Proof. By assumption, we have

1
IWi(D)In, 2 $1, 0<t<t, £=0,...,L
With loss £ and residual x = fy — f, because

d

EWK = —ngﬁ = /DK<x)DW€fL+1 (JC) dx,

we have

|[WE(E) — Wh0)| = H /Ot %v\ﬂ(r) dt
:‘ /Ot/DK(x)DWEfLH(x) dxdt
< [ [ W@l s @) dx e

1
< (Mo ,
S(52) [ Il oy e

154

where in the last step we have used Lemmal6.171 Multiplying with nzl/ 2 shows the result.

The proof is complete.

6.5 Proof of Theorem[2.1Tt Main result

0

Proof of Theorem 2.1l The result follows directly from Lemma[5.2lwith the smoothness spa-
ces H* = H¥(S%~1). While the lemma bounds the residual « in the %% and H* norms, we
aim for an H? = L,(S?~1) bound. This follows directly from the interpolation inequality

1 1
I Wy g1y = I llogsa1y < M- W i—aqga—y 1+ ll 2o gga-y-
2(5471) (&1 H—#(84-1) (89-1)

It remains to verify all assumptions. To this end, first note that the initial weights satisfy

1
W) |n,2 <1, £=0,...,L

(6.23)
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with probability at least 1 — 2e =" since ny ~ m by assumption, see e.g. [67, Theorem 4.4.5].
Note that the inequality also holds for the not approximately square matrix W?, because
we have defined 1y = 1 and not as the number of columns d < n;. Then, the assumptions
are shown as follows:

1. The weights stay close to the initial (5.7): We use the scaled matrix norm
0 W, ?
:= max n
o], = max W',
to measure the weight distance. Then, by (6.23) with po(m) := 2Le™™ given that
|0(t) —6(0)]], <1, LemmaB.implies that

I6(2) 60}, = max | W (1) ~ W' )] *

<”§ ! coa
Nn_g/o HKHCo(SLLl)/dXdTNm 2/0 HKHHO(Sd,l)dXdT,

where the last step follows from the assumption ng ~ ... ~ nyp_1 =: m and the
embedding

I leogsiny S 11~ Doy = - logsecry
which follows directly from the inverted embedding || - || yoga-1) < [| - [|co(se-1y-

2. Norms and Scalar Product (5.8): Both are well known for Sobolev spaces, and follow
directly from norm definition (Z.5) with Cauchy-Schwarz.

3. Concentration of the Initial NTK (5.9): Since by @2.4) the first four derivatives of the
activation function have at most polynomial growth, we have

[0}l = [, [ @0l an (o, 1) () 1

for alla € {ZF(x,x) : x € D} contained in the set {cy,Cy} for some Cy > 0, by
assumption. Together with « + € < 1/2 for sufficiently small €, hidden dimensions
d <ng ~ ...~ ny =: mand the concentration result Lemma 5.4 we obtain, with
probability at least

1— poo(m, ) :=1—cL(e™™ +¢77)

ERE

for the neural tangent kernel forall 0 < 7 = ug = --- = up_1 < 1. By Lemmal[Z.10
the kernel bound directly implies the operator norm bound

| d T T
m \\m m

the bound

||f‘ - FHcO;a+e,rx+e 5 L

|H — Hp(o) llpga gy S L
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for the corresponding integral operators H and Hjy ), with kernels I" and [, respec-
tively. If T/m < 1, we can drop the last term and thus satisfy assumption (5.9).

4. Holder continuity of the NTK (5.10): By (6.23) with probability at least
1—pr(m):=1—Le ™

we have ||6(0)]],

< 1 and thus for all perturbations § with Hé —6(0) H* <h<1by
Lemma 5.3 that

||f - f||c0;oc+e,a+e < th_lx_e

~

for any sufficiently small € > 0. By Lemma|[Z.10, the kernel bound implies the opera-
tor norm bound
|Ho(0) — Hpllpac—3-« < LBY

for any 7 < 1 —a and integral operators Hyg) and Hy corresponding to kernels I'q(0)
and T, respectively.

5. Coercivity (assumption 5 of Lemma[5.2): Is given by assumption.

Thus, all assumptions of Lemma [5.2] are satisfied, which directly implies the theorem as
argued above. O

7 Technical supplements

7.1 Holder spaces

Definition 7.1. Let U and V be two normed spaces.

1. For0 < & <1, we define the Holder spaces on the domain D C U as all functions f: D — V
for which the norm

||f||c0;a(D;V) = max{“f”CO(D;V)/ |f|c0w<(D;V)} <@

is finite, with

0(D)- = su X)\v, 0 (- = Ssu
’f|C (D;V) xeg Hf( )H |f’C (D;V) X#JEED Hx — x”u

2. For 0 < a, B < 1, we define the mixed Holder spaces on the domain D x D C U x U as all
functions g: D x D — V for which the norm

Hf”co;a,ﬁ(p;v) = agg;} |f’CO;ﬂ'b(D;V) <0

be{0,8}
with

[flcooopyvy := sup [If(x,y)llv,
x,yeD
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1f(xy) = f(Zy)llv

, . = Ssu ~ ,
fleomo o) i P P
x,y)— f(x, 7
Fleossom, == sup If (x,) {(ﬁ Dy
xy#jeD ly — 9l
x,y)—f(x,y)— f(x,v7)+ f(xX,7
Flompow) = sup L) ZSEY =Sl d) + fEG)v.
x#£EyAGED Ix — %1% 1ly — 7115

3. We use the following abbreviations:

(a) If D is understood from context and V = R", both equipped with the Euclidean norm,
we write

C* = C%(D) = C%(D; £>(R")).
() IfV = Ly,, i = 1,2 is an Orlicz space, we write
CY(D; ;) = C¥(D; Ly,).
We use analogous abbreviations for all other spaces.

It is convenient to express Holder spaces in terms of finite difference operators,

Mpf(x) = f(x), Ajf(x) = I [f(x + 1) = f(x)], a>0,

which satisfy product and chain rules similar to derivatives. We may also consider these
as functions in both x and h

A*F:(x,h) €AD — V, A%f(x,h) = ALf(x)

on the domain
AD:={(x,h): xe D,x+he D} CcUxU. (7.1)

Then, the Holder norms can be equivalently expressed as

[flcoa(pyy = sup 5 |85 f 1l = 118 fllcoap;vy-

x#x+he

If f = f(x,y) depends on multiple variables, we denote the partial finite difference oper-
ators by A}, and A;‘ hy defined by

A f(ey) = foy), A%, f(oy) = [l U (x + e y) = f(x,p)],
Ay f(ey) = f(xy), A, FGoy) = Iyl P L (xy + ) = Fxy)]
for & > 0, and likewise

DF(xy ) = AL, f(y), ASF(xy, ) = AL, f(x,y).
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Then, the mixed Holder norms is

fleomsiom = sup_ 185,80, f (el = 18580 s apeai)
y;«éy+h;eD

for all o, B > 0 and likewise for all other Holder semi-norms.
In the following lemma, we summarize several useful properties of finite differences.

Lemma 7.1. Let U, V and W be three normed spaces, D C Uand 0 < o, p < 1.
1. Product rule: Let f,g: D — IR. Then
nlf81(x) = [ARf(0)]8(x) + f(x + 1) [Ajg(x)].
2. Chainrule: Let f : D — Vand g : f(D) — W. Define

Ba(f,9)(0) = [ f/(tgx+ 1) + (1 - g() .
Then )
A (f 0 9)(x) = B(f, ) (x) A5 x).

Proof. 1. Plugging in the definitions, we have

Aplfgl(x) = [|hl[" [f(x + h)g(x +h) — f(x)g(x)]
= [|RlIG* [[f(x +h) = f(x)]g(x) + f(x + h)[g(x + h) — g(x)]]
= [Ahf(x)]g(x) + f(x + ) [Afg(x)].

2. Follows directly from the integral form of the Taylor remainder
85 (fo8)(x) = Il [f(g(x +h)) = f(8(x))]
= hllg® [ £ (g +) + (1~ () dtlg(x-+ ) — ()]
= Bu(f,8)(x) 818 (x)-
The proof is complete. O

In the following lemma, we summarize several useful properties of Holder spaces.
Lemma 7.2. Let U and V be two normed spaces, D C Uand 0 < a, B < 1.
1. Interpolation Inequality: For any f € CY(D; V), we have

1l com iy < 21 o (i L 1ot pvy-

2. Assume o satisfies the growth and Lipschitz conditions

lo () llv S llxllv, o (x) =a (%) lv S llx = %llv-
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Then
H‘TOfHCO;«(D;V) S Hf“co;«(D;V)-

3. Let Vi and V, be two normed spaces and f,g : D — Vj. Let - : Vi x Vi3 — V; be
a distributive product that satisfies ||u - v||v, < ||ul|v,||v]/v,. Then

I1f - gllcoms o) S 1l ooy I8l comomms -
4. LetV=Rand f,g: D x D — R. Then
HngCO;«,ﬁ(D) S Hf“comﬁ(p)ngco;w,ﬁ(p)

Proof. 1. The inequality follows directly from

|f|COrx (D;V) = XS;% ||f(|3|6i:£|(|§1)”V
< sup ||f(x) = f(R)} " sup 7 = F@l
x#xeD x£%ED ||x x“u

< 2| fll o) 1 g0 (v

2. Follows from

lo(f(x)) = o (f(D))]ly

’UOf|C0;“(D;V) = sup

x,XxeD Hx_XH%]
1F(x) — F(R)
< su = | fllcon
S ey, Mllemow)

and likewise for the | - [co(p,;) norm.

3. Follows from

1£(x) - g(y) = f(x) - g(y) — f(x) - g(7) + f(x) - g(@)ly,

|f . g|CO;”"ﬁ(D;VZ) = sup

%t yjeD | — 2|2 ly — 7117
o @ = fO1 80) — 5@l
%y jeD lx =z %l — 7115

< p O —F@Inls) —58(?>HV1
x,54,eD Ix — %1%y — 7115

= |f’C0;“(D;V1) ’g’CO;ﬁ(D;Vl)

and analogous identities for the remaining semi norms |fg|co00(p,v,), |f&lcowo(p,vy)s
|fg|c0;0,ﬁ(D;V2)‘
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4. We only show the bound for | - ’CO;“"B( p)- The other semi-norms follow analogously.
Applying the product rule (Lemmal[Z.1)

A (g y)] = [AY (o y)]g(x,y) + flx+hey) [AY, f(xy)],

and then analogously for A:‘l;/hy

A A% F(xy)g ()]
= D (8%, )] ley) + Flx+ T y) (A%, F(x,y)]}
= (A, 85 o n)]g () + (AL, f(xy +hy)] [B), 8(x)]
(A F e )| [A%, FCe )] + f(x+ ey + ) [AD) A%, £(x )]
Taking the supremum directly shows the result. O

The following two lemmas contain chain rules for Holder and mixed Hoélder spaces.

Lemma?7.3. Let D C Uand Dy C V be domains in normed spaces U,V and W. Let g: D — Dy
and f: Df — W. Let 0 < a,p < 1. Then

[A%(fog) HCO(AD;W) < Hf,HCO?O(Df;L(V,W)) HgHCO?“(D;V)/
and
18%(f o g) = A*(f 0 &) llcocap,w)
< Hf,HCO;l(Df;L(V,W))Hg = 8l oo I8l con(pyv)
+ ||f/||C0;0(Df;L(V,W)) 1§ = &llcon(p;v),
< 2||f/||C0;1(Df;L(V,W)) 1§ = &llcow(p;vy max{1, [[§| con (p;v) 3
where L(V, W) is the space of all linear maps V. — W with induced operator norm.
Proof. Note that
Ba(f,9)(0) = [ f/(tgct 1) + (1 - g() d
takes values in the linear maps L(V, W) and thus
1AL (f,8) (x)vllw < 1An(f, &) () lILvwyllollv
for all v € V. Using the chain rule Lemmal7.1] it follows that

[875(f 0 8) () ||y = [|1Bn(f. &) () Ajg ()]
< 1 84(f, &) )l ev,m) | A58 )]
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and

o

A5 (fog)(x) = AL (f o) (x) |1y

= [|An(f, ) (x) A58 (x) — A (f, 8) (x) A8 (x) |,y

< 184(f,8)(x) = Bu(f. &) (V) Lvwy || A& (x) ||,
1184 (£, ) () L)l Arg () — A58 (x) |-

Hence, the result follows from

184 (£, 8) (O vwy < I lco v my) (7.2)
and
185(f,8)(x) — Bo(f, &) () |l L(v,w)
<N F cor iz ev my) /01 1t(g = &) (x + 1) + (1 —t)(g — &) (x)]| dt
< Hf,HCO?l(Df;L(V,W))Hg = 8llcopyv)s (7.3)

where we have used that unlike Af, the integral Aj, does not have an inverse ||k||;* factor.
The proof is complete.

Lemma7.4. Let D C Uand Dy C V be domains in normed spaces U,V and W. Let g: D — Dy
and f: Dy — W. Let 0 < a,f < 1. Then

HMAﬁUOé’_fog]HCO(ADxAD;W)
< ||f||c3(Df,W) g — g”@%ﬁ([);v) maXx {1/ ||g||c0;“,ﬁ(D;V) } maXx {1/ ||g_||c0;w,ﬁ(D;V) }

Proof. In the following, we fix x and y, but only include it in the formulas if necessary, e.g.
f = f(x,y). By the chain rule Lemma[Z.]] we have

Ay Lfog—fFogl =By, (f,0)A), g — By, (f, g)Aﬁ,hyg
= [By, (£,8) = By, (£,2)]A, ¢
+ By, (£,2) 05, 8~ B0, 3]
=: I+ 1II.
Applying the product rule Lemma[Z.]to the first term yields
188 Il = 11 8%, By, (F,8)] = AL [Byn, (F 1] A, 8 (5 + )
+ [Byn, (fr8) = By, (f, )] A%, D yh,,gHw
< [[[A%, By, (18] = D [Byn, (f,8) ]HL V,W) HAyh/ (x +h,y) |y

11 {8y, F8) = By () v 8%, 81,8l
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Likewise, applying the product rule Lemma[Z]]to the second term yields

185 3, Ty = 11885, By, (£ D [B .8 = 81,8 [y
+ |8y n, (f,8)(x + hs, y) [Agc‘,thﬁ,hyg — A% thﬁhy 31l w
= HAgcé,th]//hy(f/g_)HL(V,W)HAg,hyg— Aﬁh/gHW
1By £ G e [ 85800, 8 = 8580, 81w

All terms involving only ¢ and ¢ can be upper bounded by HgHCo;a,ﬁ( DV [Kl COnb(Dyv) OF
l§—3 HCO;oc,ﬁ(D;V). The terms

|8y, (f, g><x+hx,y>HL(v,W) < Hf/HCO(Df;L(V,W))/
[ [Byn, (fr8) = By, (f,8)] HL(V,W) < “f/HCO?l(Df;L(V,W))Hg_g_HCO(D;V)
are bounded by (Z2) and (Z3) in the proof of Lemma[73] For the remaining terms, define
G(x) = tg(x,y +hy) + (1 = £)g(x,y)
and likewise G. Then
IGllcoxp,vy S I8llcompp,yy  11G = Gllcoap,vy S 118 = &llcomsp,v):

Thus, by Lemma we have

_ 1
HAi,hx [Ay,hy<f/g)] HL(V,W) = H /() Alaxc,hx(f/ o G)dt

< HfNHCO;O(Df;L(V,L(V,W)))HgHCO;N,ﬁ(D;V)'

L(V,W)

and
1A% 1, (B, (F18) = By, (£ D] vy
= H/ Aith'oG—f'oG]dt
o L(V,W)
< 2Hf”Hco;l(Df;L(V,L(V,W))) 1§ = &Il comp oy max {1, [13l] cows (pyv) }-
Combining all inequalities yields the proof. O

7.2 Concentration

In this section, we recall the definition of Orlicz norms, some basic properties and the
chaining concentration inequalities we use to show that the empirical NTK is close to the
NTK.
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Definition 7.2. For random variable X, we define the sub-Gaussian and sub-exponential norms

by
XZ
1 Xy, = inf{t >0:E [exp <t—2>] < 2},

X[y, = inf{t >0: E [exp <’£t|)} < 2}.

Lemma 7.5. Assume that o satisfies the growth and Lipschitz conditions
|o(x)[ < Glx|, [o(x) —o(y)] < Llx -y

forall x,y € Rand let X,Y be two sub-Gaussian random variables. Then

[l (X) Mgy S GlIXlyy, Mo (X) = () [ly, S LIX = Y[y,

Proof. For two random variables X and Y with X? < Y? almost surely, we have

X2
1 Xy, = inf{t >0:E [exp (t—z)] < 2}
Y2
< inf{t >0:E [exp <t_2>] < 2} = [|Y|ly,-

Thus, the result follows directly form

(X2 < G2X2, [o(x) — o(y)]? < L2[x — ]
The proof is complete. 0
Lemma 7.6. Let X and Y be two sub-Gaussian random variables. Then

XYy < X Y[l

1 1
vy RIMA% X1y, ) 2
== | () |, - Gene) 1,
¥2 ¥ ¥2 P
Ignoring a simple € perturbation, we assume that the infima in the definition of the || X||,
and || Y|y, norms are attained. Then

Hw@xv OMMYw
ex — ] <2, ex — ) <2
pQMMHZ P\, 2

Thus, Young’s inequality implies

yXYy> (1 Y[, X2 1[IX]ly, Y2>
exp|—— | <exp| 5z -+ = —
P<t P21y, 2 T 21Y]y, £

Proof. Let

1

Y|lw, X2 || X|lg, Y22

Sexp(” |’¢2_2+|| Hlpz—z) <V2V2<2.
HXH1P2 t HYH% t
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Hence,
HXYH% St< HXH%HYH%'

The proof is complete. O
Theorem 7.1 ([16, Theorem 3.5]). Let X' be a normed linear space. Assume the X valued sep-
arable random process (Xi)ieT, has a mixed tail, with respect to some semi-metrics dy and dy

onT,ie.
Pr [[|X; — X|| > Vuda(t,s) +udy(t,s)] <2e7"

foralls,t € Tand u > 0. Set

e}

va(T,d;) :=infsup Y_ 24d(t,T,), a € {0,1},
teT n=0
Ay(T) := supd(s,t),

steT

where the infimum is taken over all admissible sequences T, C T with |To| = 1 and |T,| < 22"
Then for any to € T,

Pr | sup || X; — X, || = C [72(T, d2) +71(T, d1) + Vul g, (T) + ubg, (T)] } <e ™
teT

Remark 7.1. [16] Theorem 3.5] assumes that T is finite. Using separability and monotone

convergence, this can be extended to infinite T by standard arguments.

Lemma 7.7. Let 0 < a < 1and D C RY be as set of Euclidean norm | - |-diameter smaller than
R > 1. Then

1
3a+1 3%\ 2
D,|- %) < =—=RMg, D,|-*)< (=) R
n(D,1- 19 £ 3 015 (5)
Proof. Let N(D, | - |*, u) be the covering number of D, i.e. the smallest number of u-balls
in the metric | - |* necessary to cover D. It is well known (e.g. [16} Eq. (2.3)]) that

NI=
NI=

d

o

*© 1 1
7D, S [ DogN(D, |-I*u)]" du s [ HogN(D,| - %) du,

where in the last step we have used that N(D, | - |*,u) = 1 for u > R* and thus its log-
arithm is zero. Since every u-cover in the | - | norm is a u* cover in the | - |* metric, the
covering numbers can be estimated by (see e.g. [67])

d
1 3R\ 3R)%\ «
N(D,|-|*u) = N(D,|-|,ux) < (_1> _ (( u) > ‘
U
Hence,

d
R® O\ & R®
7(D,|-1%) 5/ log <(31;) ) du = g/ alog(3R) —logudu
0 0

< g[&xR””‘ — R*log R* + R*] < 5(304 +1)RTE,
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and using logx <x -1 <x

1 1 1
< (2 1 e (29) e
~ o 0 u ~\ 4a

The proof is complete.

165

The following is a rewrite of the chaining inequality [16, Theorem 3.5] or Theorem [7.1]

that is compatible with the terminology used in the NTK concentration proof.

Corollary 7.1. Forj € [N], let (X;)ep be real valued independent stochastic processes on some
domain D with radius < 1. Assume that the map t — X; ; with values in the Orlicz space Ly, is

Holder continuous

w(Dypy) < Lo

1
d\z d T
> - - el el
—Cq<w)+w*(N)+N]
Proof. We show the result with Theorem [7.1] for the process

1 N
:NZxﬁEXt
j=1

We first show that it has mixed tail. For all s, € D, we have

Then

N

1
Ng&ﬁﬁmﬂ
]:

teT

Pr [sup

1Xit = Xislly, < Lls—t"
Hence, Bernstein’s inequality implies
N
Pr{|Yi = Y[ > 7] =Pr NZ% sl B [Xj = Xs]| 2 T
]:

2
. T T
<2exp < cNmm{Lzﬁ —s|2"" i —s|"‘}> .

An elementary computation shows that

2

T T u u
;= cN'mi , = T=L|t—s" LN
u:=c mm{Lzlt—sP L|t—s|} T |t — s max{ N CN}

and thus
u u
— > —gl%® - < —u).
Pr []Yt Ys| > L|t — 5| max{“cN’cNH < 2exp(—u)

(7.4)
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Le. the centered process Y; has mixed tail with
di(t,s) == (cN) i L|t —s|*

for i = 1,2, which are metrics because « < 1. Moreover the <;-functional are linear in
scaling

_1
7i(D,d;) = (eN)"7Li(D, [ -[*),
and thus by Lemma (Z.7)

(-1 <L ol < (L)
~ N ~ N

Thus, by chaining Theorem [Z.Jlwe have

1
d\2 d 3
Pr |sup [|Y: — Yy, || ZCL[(—) +_+(£)2+1]

< e H
teT N N N N

i 7

which directly yields the corollary with sup,.p, || Yt| < sup,cp [|Yr — Yi, || + ||Ys,|| and the
last term ||Y4)||, for some arbitrary to, estimated by Bernstein inequality and || Xj s, [|y, < L.
The proof is complete. U

7.3 Hermite polynomials

Hermite polynomials are defined by

2 dP 22
2
dxn

ez,
and orthogonal with respect to the Gaussian weighted scalar product

w2

1 _ a2
(fr8)n = Burion [f(300] = 7= [ flu)g(u)e™™ du
Lemma 7.8. 1. Normalization:
(Hu, Hyu) 5y = 1! 0y

2. Derivatives: Let f : R — IR be k times continuously differentiable so that all derivatives
smaller or equal to k have at most polynomial growth for x — sco. Then

<f/HTl>N = <f(k)/Hn—k>N‘

Proof. The normalization is well known, we only show the formula for the derivative. By
the growth condition, we have

dn—k—l 2
f(k)(X)W€_7 — 0 for x — oo.
xn—k—
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Thus, in the integration by parts formula below all boundary terms vanish and we have

(f, Hudy m/f % du

_ E/Rf(u) [(_1)"e’f%e—"f] e % du
= ()" [ ) e E

S SRy o PN g
= E(— ) ]Rf ( )dx”—k u
1 0 2 dth )2
= —— f( (u) | (=1)""e2 e~z ez du
V27 JR dxn—k
— <f(k)/H1’l7k>
The proof is complete. O

Theorem 7.2 (Mehler’s Theorem). Let

-y

Then the multi- and uni-variate normal density functions satisfy

k
pdfpr(o,a) Z Hye(u i, Pdf/\/(m)( )Pdf/\/(o,l)(v)-
Proof. See [71] for Mehler’s theorem in the form stated here. O

7.4 Sobolev spaces on the sphere
7.4.1 Definition and properties

We use two alternative characterizations of Sobolev spaces on the sphere. The first is based
on spherical harmonics, which are also eigenfunctions of the NTK and thus establishes
connections to the available NTK literature. Second, we consider Sobolev Slobodeckij
type norms, which are structurally similar to Holder norms and allow connections to the
perturbation analysis in this paper.

The spherical harmonics

Y, (=0,1,2,..., 1<j<v(()

of degree ¢ and order j are an orthonormal basis on the sphere L, (S~ 1), comparable to
Fourier bases for periodic functions. For any f € L,(S%~1), we denote by fg] (f,Y]) the
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corresponding basis coefficient. The Sobolev space H*(S%~1) consists of all function for
which the norm

o v(f)
1f iy = 1 Y (1 (0 +d = 2)8) | f?
(=0 j=1

is finite. We write H* = H*(S%"!) if the domain is understood from context. Since the
constants in this paper are dimension dependent, we simplify this to the equivalent norm
(¢ A

(14 0| foj|" (7.5)
1

~—

[e9)

||f”2 a(gd—1) = Z

v
(=0 j=
Another equivalent norm, similar to Sobolev-Slobodeckij norms, is given in [7, Proposi-
tion 1.4] and defined as follows for the case 0 < a < 2. For the spherical cap centered at
x € $%1and angle t € (0, ) given by

C(x,t):={ye gi-1. Xx-y>cost}
set
AN = [ flodr.
C(x,t)
With
2 " 2 ,—20—1
S(FP) = [ 1A () = FP 2

the Sobolev norm on the sphere is equivalent to

HfHHﬂc(sdfl) ~ ”Slx(f>||L2(Sd*1)' (7.6)

Using the definition (Z3) for 2 < b < ¢, the interpolation inequality
c=b b:ﬂ
I Dty 1 Wiy - iy o

S Ml g-se (59-1) [y (84-1)

< s > Hﬂx(sd 1
follows directly from Cauchy-Schwarz. Moreover, we have the following embedding.

Lemma 7.9. Let 0 < o < 1. Then for any € > 0 with « + € < 1, we have

H : HH"‘(Sdfl) S H : ||C0;oc+e(sd—1).
Proof. The proof is standard and similar to Lemma [Z.T0 O

7.4.2 Kernel bounds

In this section, we provide bounds for the kernel integral

o= ([, FkG )3 dxdy
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on the sphere D = $%~1 in Sobolev norms on the sphere. Clearly, for 0 < &, < 2, we have

080k < Il [ KCv)sto d

where the norm of k is the induced operator norm. While the norms for f and g are the
ones used in the convergence analysis, concentration and perturbation results for k are
computed in mixed Holder norms. We show in this section, that these bound the operator
norm.

Indeed, (f, g) is a bilinear form on f and g and thus is bounded by the tensor product
norms

< A -kl e e g 181 118
HDL

(&) < If @ 8llpeampy Ikl pnoms < 11— I8 1l -8 1kl g 18-

where -/ denotes the dual norm. The H* ® HP norm contains mixed smoothness and
with Sobolev-Slobodeckij type definition (Z.6) is easily bounded by corresponding mixed
Holder regularity. In order to avoid rigorous characterization of tensor product norms on
the sphere, the following lemma shows the required bounds directly.

Lemma 7.10. Let 0 < &, B < 1. Then for any € > 0 with « + € < 1 and p + € < 1, we have
/DXDf(x)k(x,y)g(y) dxdy < HfHwa(sdfl)HgHHﬂS(sd*l)Hk’|c0w<+e,ﬁ+e(sdfl)-

Proof. Since for any u, v,

/u(x)v(x) dx = /M(X)MdXHUHHa

0] g

< sup [ u(wdx ol < Julluelols
[w]| a <1

with D = §9-! we have

(f &)= /Dfo(X>k(x,y>g<y> dxdy < ||f|| g« /Dk(-,y)g(y)'

so that it remains to estimate the last term. Plugging in definition (Z.6) of the Sobolev

o /1) /H
H

‘/Dk(vy)g(y) (AF = 1) < /D k()8 () dy) (%)

where AY is the average in (Z.6) applied to the x variable only and I the identity. Swapping
the inner integral with the one inside the definition of A}, we estimate

2 N .
‘/Dk(,y)g(y) HN:/D/O /D [(Af—[)(k(,y))(x)]g(y)dy t_z"‘_ldtdx,
= /D /on (A7 = 1) (k) (0) ||y 18125t~ dt dx,

- /DxD //On |(AL=1) (AF—1T) (k)(x,y)|2t—2“—1s—2ﬁ—1dstdxy||g||§ﬂ,

4

H«

2
t=20= 1 g dy,
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Plugging in the definition of the averages A{ and A}, the integrand is estimated by the
mixed Holder norm

|(AY 1) (AF = 1) (K)(x,y)] :]&ys)][qxt) K(,0) — k(x,0) — k(7. y) + k(x,y)| dro
= — "€l — 0P k]| consepre dTO
_][C(]//S)]é(x,t) x ="y — o | Hc0,+,,s+ T

The difference |x — 7|, and likewise |y — ¢|, is bounded by the angle of the cap C(x, ).
Indeed
Ix =72 = x>+ 7] = 2 (x,T) = 2(1 — (x,7)) < 2(1 — cost) < t?

fort < T for some T > 0. Since for all other ¢ the difference |x — 7| < 2 is bounded, we
obtain
lx — 7| Smin{t, T}, |y—o| <min{s, T}.

It follows that
(AL = 1) (A7 — 1) (0)(x, )| S min{t, T} mings, T Kl curepc

Putting all estimates together, we find that

(f:8)k S W fll—lIg Il g-pllkl] comsepre
1
& 2
X [// // [min{t, T}**¢ min{s, T}/”e]21"2""15725’1 dstdxy| .
DxD JJo

Since the integral is bounded, we conclude that

&0k Sl skl comsepe-
The proof is complete. U

7.4.3 NTK on the sphere

This section fills in the proofs for Section[8 Recall that we denote the normal NTK used

in [9/11,22] by
O(x,y) = lim Y 9 f " (x)9g 1 (v),

width—co s

whereas the NTK I'(x,y) used in this paper confines the sum to : € ZF!, ie. the sec-
ond but last layer, see Section[8l We first show that the reproducing kernel Hilbert space
(RKHS) of the NTK is a Sobolev space.

Lemma 7.11. Let ©(x,y) be the neural tangent kernel for a fully connected neural network on
the sphere S~ with bias and ReLU activation. Then the corresponding RKHS Hg is the Sobolev
space HY/%(S4=1) with equivalent norms

I W ~ -1l g

H
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Proof. By [11, Theorem 1] the RKHS Hg is the same as the RKHS Hy,, of the Laplacian

kernel
k(x’ y) — e_Hx_yH‘

An inspection of their proof reveals that these spaces have equivalent norms. By [22,
Theorem 2], the Laplace kernel has the same eigenfunctions as the NTK (both are spherical
harmonics) and eigenvalues

CES A S 020, j=1,.,0(0)
for some ¢y > 0, whereas the remaining eigenvalues are strictly positive. By rearranging
the constants, this implies
L+ TSN S+, >0, j=1,...,v()

for all eigenvalues. With Mercer’s theorem and the definition (Z.5) of Sobolev norms, we
conclude that

1 lE ~ 1f 1 Zap = ZZAWK ZZ“4WK w%dﬁ

The proof is complete. U

Lemma 7.12. Let ©(x,y) be the neural tangent kernel for a fully connected neural network on

the sphere S*~1 with bias and ReLU activation. It’s eigenfunctions are spherical harmonics with
eigenvalues

C+1) I SA S+, >0, j=1,...,v(0).

Proof. This follows directly form the norm equivalence || - ||, ~ || - || a2 in Lemma [Z17]
and in Mercer’s theorem representation of the RKHS

o v/
ZD il = 10 ~ WA,y = 1 e 11

(=0 j=1

(

choosing f = Yé as a spherical harmonic. O

With the knowledge of the full spectrum of the NTK, it is now straight forward to show
coercivity.

Lemma 7.13 (Lemma B.2] Restated). Let ©(x,y) be the neural tangent kernel for a fully con-
nected neural network with bias on the sphere $~1 with ReLU activation. Then for any & € R,

{fr Lof) pu(si-1) >’HfH2N,,

Sd 1)
where Lg is the integral operator with kernel ©(x, y).
Proof. Plugging in

o v(l)
f=3 ) 1Y
(=0 j=1
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in eigenbasis, and using the estimate Ay ~ (£ + 1)~ of the eigenvalues in Lemma [Z12]
we have

oo V() L
(frLof) psiy = 3 Y, (E+ 1) fiiLef

(=0 j=1
oo v(0) .

=Y Y (C+1)* Ayl fu
(=0 j=1

— 1F2

SLLLATI.

The proof is complete. U
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