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Abstract. This paper is concerned with blow-up dynamics of solutions to coupled sys-
tems of damped inhomogeneous wave equations with power nonlinearities related to
weight function *|x|? and variable boundary conditions on an exterior domain. The
damping terms investigated in this work contain weak damping terms and convection
terms. In terms of the Neumann-type boundary conditions and Dirichlet-type bound-
ary conditions, the non-existence of global solutions to the problems is demonstrated
by constructing appropriate test functions and applying contradiction arguments, re-
spectively. Our main new contributions are that the effects of damping terms and non-
linear terms on behaviors of solutions to the coupled inhomogeneous wave equations
are analyzed. As far as the authors know, the results in Theorems 1.1-1.4 are new.
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1 Introduction
In this paper, we mainly work on the boundary value problems for coupled systems of

inhomogeneous wave equations with power nonlinearities depending on space and time
variables as well as different boundary conditions. Namely, we consider the problem

*Corresponding author. Email address: senming1987@163. com (Ming S)



Ming S, DuJ, Xie ], and et al. / J. Math. Study, 57 (2024), pp. 194-222 195

with Neumann-type boundary conditions

utt—Au—I—ut—kﬁ-Vu:t“|x]ﬁ]v|p+w(x), t>0, xeQ,

vﬁ—AzH—vt—ki-VU:t"‘|x|ﬁ|u|‘7+w(x), t>0, xeQ), (1.1)
| x[?

ou dv

(g,a)(t,x)—(f,g)(x), t>0, x€0Q)

and the problem with Dirichlet-type boundary conditions

X

utt—ALH—ut—kW-Vu:t“|x|/5|v|”+w(x), >0, xe ),
Utt—AT)—FUt—k’xxP.VU:t“’x|ﬁ|u|q+w(x)’ t>0,x€QC, (12)
(u,0)(t,x)=(f,8)(x), >0, x €.

Here, A=YN, 3872,2 denotes the Laplace operator, —kﬁ -Vu and —kﬁ -V stand for con-

vection terms, where k€R. The dot - denotes inner product in RN (N>2). The exponents
in nonlinear terms satisfy —1<a <oco, BER, 1<p,g<oc0. Q={x¢€ ]RN} |x| <1} is the
unit closed ball. ()° =RN\() represents the exterior domain of unit ball. v represents the
outward unit normal vector on 9Q) relative to Q°. f(x),g(x) € L(9Q)) are non-negative
smooth functions.

Over the recent decades, the Cauchy problem of classical wave equation

uy—Au=|ul?, t>0, xeRY,
(1.3)

(u,u)(0,x) =€(up,u1)(x), xcRN

has been investigated extensively (see detailed instructions in [9, 11, 20,22, 23,27, 28, 30,
33,36,37,42,43]). It is worthwhile to mention that problem (1.3) possesses the Strauss
exponent pg(N). If N=1, it holds that pg(N) =co. If N >2, we recognize that ps(N) is
the positive root of quadratic equation

—(N=1)p*+(N+1)p+2=0.

The critical exponent means the threshold between the blow-up dynamics of the solution
and the existence of a global (in time) solution with small initial values. John [20] proves
that the critical exponent of problem (1.3) is ps(3) = 1++/2 in three space dimensions.
Blow-up result of solution to problem (1.3) is illustrated for 1 < p < ps(3), while there
exists global solution for p > pg(3). Strauss [37] conjectures that the solution to problem
(1.3) blows up in finite time when 1< p<pgs(N), while the problem admits global solution
when p > pg(N). Zhou and Han [45] establish an upper bound lifespan estimate of the
solution to problem (1.3) in the variant coefficient case when 1 < p < ps(N)(N > 3) by



