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Abstract. We present a formula for the third derivative of the distribution function of a
regular function on a domain of R"*!, and a further discussion of the extra assumption
that the function is harmonic. The present work builds on [3, 5].
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1 Introduction

Given a regular function u on a domain of R"*}, its distribution function V() is the
Hausdorff measure of its level subset t. The expressions and some inequalities about the
first and the second derivative of V were studied in [3,5]. In the present note, we present
a formula for V"’; namely

Theorem 1.1. Suppose that QO C R" ! is a bounded open set, and that u € C*(Q)) is constant
on each connected component of Q). Let t1,t, be such that —co <t <t, < oo and suppose that
in {x € Q|t; <u(x) <t} there exists a positive constant ¢ such that |Vu|>c. Then, for any
t€ (t1,t2) we have that
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where H" is the n-dimensional Hausdorff measure. Here above S,, for each r € {0,...,n} stands
for the r-th elementary symmetric functions of the principal curvatures of {u=t}; moreover N is
the normal unit vector to {u=t}, and unny is the third derivative of u in the N-direction.
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Remark 1.1. The assumptions in Theorem 1.1 on the non-vanishing of the gradient of
u are needed to build on [3]. In order to apply [5] it is needed that the level sets of u in
{xeQ|t; <u(x)<t,} are mutually diffeomorphic: this is guaranteed by the following ob-
servation by Professor LeBrun. Let T be the value of u on the boundary d(), and assume
for amoment that T does not belong to [t1, £2]. Since the closure of the domain is compact,
the restriction of the function u to u~1([t1,t,]) is proper. But we have assumed that the
gradient of u is everywhere non-zero, so now we are in a position to apply Theorem 3.1
of [4] which ensures that the level sets of u are in {x € Q|t; <u(x) <t} diffeomorphic.
The above discussion assumes that T does not belong to [t1,fp]. But with assumptions
of Theorem 1.1 the only alternatives left are that either T =t; and the gradient of u is
inward-pointing, or T =t; and the gradient of u is outward-pointing; in both cases, the
level set where u =T is a smooth compact hypersurface, still diffeomorphic to the other
level sets.

In particular, all the level sets of u in {x € Q|#; <u(x) <t} have the same number of
connected components, and we can then apply, to the sub-domains represented by each
connected component, the argument that we will describe for one connected component.
Incidentally, each component of a level set is now a smooth connected compact real hy-
persurface in R"™!, and so disconnects R"*! into an j°inside;j+ and an j°outsidej+ by the
smooth Jordan-Brouwer separation theorem. So we could then just restrict to the regions
inside appropriately chosen components of the level surfaces.

The note is organized as follows: the second section contains a recap of the results
needed from [3,5]; the third section contains the proof of Theorem 1.1, and the third
section contains a discussion on the case when the extra assumption of harmonicity of u
is assumed.

2 Background environment

In the work of Reilly [5] it is considered family, depending smoothly from the parameter
t€ (—e¢,€), of smooth immersions

x=X;: M" = 5"1(c),

where M" is a smooth manifold of real dimension n without boundary, and S"*1(¢) is the
simply connected n+1 dimensional space form of curvature c. Whence M", as smooth
hypersurface of $"*1(c), has principal curvatures ki, ..., k,. As S,, for each r € {0,...,n} is
labeled the r-th elementary symmetric functions of the principal curvatures; hence, for
example, So=1, Sy =ki+...+ky, ..., Spu=ki-...-k,. To recall the main formula in [5], we
consider the case when ¢ =0, letting <, > be the Euclidean metric on R"* and setting
P:=<X,N > be the support function, where N is the normal vector to M". Moreover,
we set Q:= %|X|2, ¢:= %—}f, A=< N,%—}f >; the volume form is denoted as dyu. Finally, we
let B be is the shape operator, i.e., B is the symmetric linear transformation associated



