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Abstract. Modeling and predicting mortality rates are crucial for managing and mit-
igating longevity risk in pension funds. To address the impacts of extreme mortality
events in forecasting, researchers suggest directly fitting a heavy-tailed distribution
to the residuals in modeling mortality indexes. Since the true mortality indexes are
unobserved, this fitting relies on the estimated mortality indexes containing measure-
ment errors, leading to estimation biases in standard inferences within the actuarial
literature. In this paper, the empirical characteristic function (ECF) technique is em-
ployed to fit heavy-tailed distributions to the time series residuals of mortality indexes
and normal distributions to the measurement errors. Through a simulation study, we
empirically validate the consistency of our proposed method and demonstrate the im-
portance and challenges associated with making inferences in the presence of mea-
surement errors. Upon analyzing publicly available mortality datasets, we observe
instances where mortality indexes may follow highly heavy-tailed distributions, even
exhibiting an infinite mean. This complexity adds a layer of difficulty to the statistical
inference for mortality models.
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1 Introduction

The increasing life expectancy has placed significant pressure on managing longevity risk
for pension funds. Modeling mortality is crucial for comprehending mortality patterns,
predicting mortality risk, hedging longevity risk, and pricing life insurance products like
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annuities. One benchmark mortality model is the well-known Lee-Carter model intro-
duced by [12]. This model captures central death rates in two steps: first, it fits a linear
model to the logarithms of death rates with an unobserved mortality index kt given by

logm(x,t)=αx+βxkt+εx,t,
M

∑
x=1

βx =1,
T

∑
t=1

kt =0, (1.1)

and second, it
fits a time series model to {kt} with residuals {et}, (1.2)

where x= 1,.. .,M and t= 1,.. .,T represent age groups and (calendar) time, respectively.
Here, kt serves as the time-varying mortality index that is uniform across all age groups,
encapsulating the overall mortality trends, and εx,t represents the age-specific error term
with a zero mean.

The classical Lee-Carter model has been extensively explored and applied in actuar-
ial science, as evidenced by works such as [2, 5, 6, 9, 16, 18, 21, 22]. The two-step statistical
inference approach proposed by [12] involves initially estimating αx, βx, and kt through
singular value decomposition (SVD) applied to (1.1). Subsequently, an ARIMA(p,d,q)
model is fitted to the estimated mortality indexes from the first step. Notably, many re-
search works adopt a unit root AR(1) model as a special case of the general ARIMA(p,d,q)
model when investigating longevity risk within the Lee-Carter framework. This is evi-
dent in studies such as [1, 14, 15, 17].

When modeling and forecasting mortality rates, the influence of extreme mortal-
ity events, such as the influenza epidemic in 1918, World War I and II, and the recent
COVID-19 pandemic, cannot be overlooked. Consequently, the incorporated mortality
model must account for the potential impacts of such extreme scenarios. This is crucial
for generating accurate forecasts of future mortality indexes and, consequently, assessing
longevity risk. A straightforward method to address this is to fit parametric heavy-tailed
distributions to the residuals et in modeling kt. However, the literature on heavy-tailed
modeling for mortality indexes is relatively sparse. [4] integrates the unit root AR(1)
model for kt with a Generalized Pareto Distribution (GPD) for the residuals by model-
ing mortality improvement under a threshold with a normal distribution and beyond
the threshold with the GPD. Similar approaches, integrating non-Gaussian innovations
or Extreme Value Theory (EVT) into the Lee-Carter model, have been explored by [23]
and [10]. Another approach is to model the unobserved mortality indexes by a jump
model, see [3].

To fit these mortality models, researchers often estimate the unobserved mortality
indexes kt’s by applying the SVD method or others to (1.1), and then use the estimated
mortality indexes to fit a time series model. Regrettably, this two-step statistical inference
is problematic as noticed by [13]. Intuitively, the estimated mortality index k̃t via the SVD
method or others may be decomposed into

k̃t = kt+ ε̃t with ε̃t depending on {εx,t}M
x=1. (1.3)


