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Abstract. In this paper, we establish the endpoint estimate for an oscillatory multiplier
associated with wave equations on the torus, which extends the results of Fan and
Sun. In addition, we obtain a more general result for sublinear operators on compact
measure spaces.
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1 Introduction

In this article, we concern the Cauchy problem of the wave equation

∂ttu(x,t)−∆u(x,t)=0, (x,t)∈Rn×R,
u(x,0)=0, ∂tu(x,0)= f (x),

where ∆ denotes the Laplacian on Rn. The solution u is formally given by

u(x,t)=

(
sin(t

√
|∆|)√

|∆|
f

)
(x).

To study the behavior of the solution, we need to write the operator sin(t
√

|∆|)√
|∆|

as a sum

of its high frequency part and low frequency part. For this reason, we pick two radial
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functions Φ,Ψ∈C∞ (Rn) satisfying that Ψ(λ)≡1 on the set {λ:|λ|>5/3} and is supported
on the set {λ : |λ|>3/5}, and

Φ(λ)=1−Ψ(λ).

Then we write

sin(t
√
|∆|)√

|∆|
=

sin(t
√
|∆|)√

|∆|
Φ
(

t
√
|∆|
)
+

sin(t
√
|∆|)√

|∆|
Ψ
(

t
√
|∆|
)

.

It is easy to check that
sin(t

√
|∆|)√

|∆|
Φ
(

t
√
|∆|
)

is bounded on Lp (Rn) for any p≥1. Thus to study the Lp (Rn) boundedness of sin(t
√

|∆|)√
|∆|

,

now it suffices to study the Lp (Rn) boundedness of sin(
√

|∆|)√
|∆|

Ψ
(√

|∆|
)

, where we may

fix t=1 without loss of generality ([3,7,8,10]).
By checking the Fourier transform, it is not difficult to see that the multiplier of

sin(
√

|∆|)√
|∆|

Ψ
(√

|∆|
)

is

sin|ξ|
|ξ| Ψ(|ξ|).

Thus, to obtain Lp
β → Lp boundedness, we naturally consider a general oscillatory

integral operator on Rn defined by

Sα,m( f )=Kα,m∗ f ,

where Kα,m is a distribution kernel whose Fourier transform is

K̂α,m(ξ)= eci|ξ||ξ|−αΩ(ξ ′)Ψ(|ξ|)(log|ξ|)m, α,m≥0,

where c=1 or −1.
Here, Ω(ξ ′)=Ω( ξ

|ξ| ) is a C∞ non-negative and non-zero function on the unit sphere
Sn−1 if n≥2 and Ω(ξ ′)=1 if n=1. By this definition, u(x,1) is a special case of the operator
Sα,m( f ).

On the n-torus Tn, we similarly define the operator

S̃α,m(g)(x)= K̃α,m∗g(x)

= ∑
j∈Zn

cjK̂α,m(j)e2πij·x,

where g∈L1(Tn) and
g(x)∼ ∑

j∈Zn

cje2πij·x.


