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Abstract. Let F be a closed subset in a finite dimensional Alexandrov space X with
lower curvature bound. This paper shows that F is quasi-convex if and only if, for any
two distinct points p,r∈ F, if there is a direction at p which is more than π

2 away from
⇑r

p (the set of all directions from p to r), then the farthest direction to ⇑r
p at p is tangent

to F. This implies that F is quasi-convex if and only if the gradient curve starting from
r of the distance function to p lies in F. As an application, we obtain that the fixed
point set of an isometry on X is quasi-convex.
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1 Introduction

Finite dimensional Alexandrov spaces with lower curvature bound can be viewed as a
generalization of Riemannian manifolds with lower sectional curvature bound [2]. Com-
pared to Riemannian manifolds, Alexandrov spaces might have some singularities, so
that some important subsets appear as some kinds of analogues of totally geodesic sub-
manifolds, such as convex subsets, extremal subsets and quasi-geodesics [3, 4]. Recently,
such a kind of subsets named quasi-convex subsets has been introduced [6]. They in-
clude not only all convex subsets without boundary and extremal subsets but also more
other subsets, such as fixed point sets of isometries on Alexandrov spaces. Moreover, all
shortest pathes in a quasi-convex subset are quasi-geodesics.
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To show the definition of quasi-convex subsets, we first make some conventions on
notations.
• Alex(k): the set of complete and finite dimensional Alexandrov spaces with curvature
⩾k.
• S2

k : the complete and simply connected space form of dimension 2 and curvature k.
• |pq|, [pq]: the distance, a minimal geodesic (i.e. shortest path) between p and q.
• ↑q

p: the direction from p to q for a given [pq].
• ⇑q

p: the set of all directions from p to q.
For a point p∈ X ∈Alex(k), we denote by ΣpX the space of directions of X at p which
belongs to Alex(1) [2] . In ΣpX, ⇑q

p is a closed subset, and |⇑q
p⇑r

p | is the distance between
⇑q

p and ⇑r
p. And to p,q,r ∈ X, we associate p̃,q̃,r̃ ∈ S2

k with | p̃q̃|= |pq|, | p̃r̃|= |pr| and
|q̃r̃|= |qr|†, and then we denote by ∠̃kqpr the angle at p̃ of the triangle △ p̃q̃r̃.

Definition 1.1 ([6]). In an X ∈ Alex(k), a closed subset F is called to be quasi-convex if the
following condition is satisfied: if the distance function to q ̸∈ F restricted to F, distq|F, attains a
minimum at p∈F, then for all r∈F\{p}

|⇑q
p⇑r

p |⩽
π

2
(or equivalently, ∠̃kqpr⩽

π

2
). (1.1)

Here, we make a convention that both the empty set and a single point are quasi-convex in X.

By Toponogov’s Theorem‡, it is obvious that ‘| ⇑q
p⇑r

p |⩽ π
2 ’ implies ‘∠̃kqpr ⩽ π

2 ’, but
not vice versa; however, they are equivalent to each other in the situation of Definition
1.1 [6]. Moreover, due to the arbitrariness of q, (1.1) is in fact equivalent to | ↑q

p⇑r
p |⩽ π

2 for
any [pq].

Remark 1.1. In this paper, we say that F is extremal in X if (1.1) holds for all r∈X\{p} in
Definition 1.1. This coincides with the concept ‘extremal’ in [3] if F contains at least two
points [6]. If F is the empty set or a single point and if k= 1, some extra conditions are
added in [3] for some kind of completeness ([6]).

Remark 1.2. In [6], locally quasi-convex subsets are also defined. In detail, a subset F in
an X∈Alex(k) is locally quasi-convex if for any x∈F there is a neighborhood Ux of x such
that Ux∩F is closed and if distq|F with q ̸∈ F attains a minimum at p ∈ F∩Ux, then the
corresponding (1.1) holds for all r∈ F∩Ux\{p}. In a complete Riemannian manifold, a
closed and locally quasi-convex subset must be a totally geodesic submanifold.

It is obvious that the quasi-convexity (as well as the extremality) of F is determined
by the geometry at points realizing minimums of distq|F with q /∈F. A natural question is
what is the essential geometry to a general point of F. The first result of this paper gives
an answer to it.

†If k>0 and |pq|= π√
k
, it is necessary to add a condition that r̃ lies in a geodesic [ p̃q̃].

‡For the theorem, one can refer to Section 3 in [2] (or Theorem 1.1 in [6]).


