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Abstract. In this paper, the notion of hyperbolic ellipsoids in hyperbolic space is in-
troduced. Using a natural orthogonal projection from hyperbolic space to Euclidean
space, we establish affine isoperimetric type inequalities for static convex domains in
hyperbolic space. Moreover, equality of such inequalities is characterized by these
hyperbolic ellipsoids.
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1 Introduction

The classical Minkowski’s second inequality [34, Thm. 7.2.1] states that if K⊂Rn is a con-
vex body (that is, a compact, convex set with non-empty interior) with smooth boundary
∂K and H is the mean curvature of ∂K, then

Area(∂K)2≥ n
n−1

Vol(K)
∫

∂K
HdA, (1.1)

with equality if and only if K is a ball. This inequality was later generalized by Reilly [31]
to compact Riemannian manifolds with nonnegative Ricci curvature and convex bound-
ary. Using the generalized Reilly’s formula [30], Xia [40] proved the following Minkowski
type inequalities in hyperbolic space.
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Theorem 1.1 ([40]). Let K be a smooth bounded domain in Hn. Let V(x)=coshr, where r(x)=
d(x,p0) is the geodesic distance to a fixed point p0 ∈Hn. Assume that the second fundamental
form of ∂K satisfies

hij ≥
V,ν

V
gij. (1.2)

Then there holds (∫
∂K

VdA
)2

≥ n
n−1

∫
K

Vdvol·
∫

∂K
VHdA, (1.3)

where dvol is the volume element of Hn. Equality holds if and only if K is a geodesic ball.

The condition (1.2) is called static convexity, which was introduced by Brendle and
Wang [9] for its correspondence in static space-time. In particular, when K is a smooth
bounded domain in Rn, then the weight function V≡1 and the static convexity (1.2) turns
out to be the usual convexity (i.e. hij≥0), while the inequality (1.3) reduces to the classical
Minkowski’s second inequality (1.1). Moreover, it was proved in [40] that the equality in
(1.3) is attained for all geodesic balls, not necessarily the geodesic balls centered at p0.

Another family of sharp geometric inequalities for static convex domains in hyper-
bolic space was obtained by using locally constrained inverse curvature flows [16].

Theorem 1.2 ([16]). Let K be a smooth bounded domain in Hn. Assume that ∂K is static convex
and starshaped with respect to an interior point p0 in K. For each k=0,1,.. .,n, there holds

∫
∂K

VHkdA≥ n
(∫

K
Vdvol

) n−1−k
n
(
|Bn| 2

n +

(∫
K

Vdvol
) 2

n
) k+1

2

, (1.4)

where Hk is the normalized k-th mean curvature of the hypersurface ∂K. Equality holds in (1.4) if
and only if K is a geodesic ball centered at p0.

For k=0, the inequality (1.4) can be considered as a weighted isoperimetric inequality.
It was first proved by Scheuer and Xia [33], and recently it was generalized to bounded
domains with C1 boundary by Li and Xu [24]. For k= 1, the inequality (1.4) also holds
for starshaped domains with mean convex boundary, see [33]. Moreover, the inequality
(1.4) with k=1 also holds for merely static convex domains, i.e., p0 is not necessarily an
interior point of K, see [9, Thm. 4, case 4]. Using the well-known Minkowski’s identity

n
∫

K
Vdvol=

∫
∂K

V,νdA,

the inequality (1.4) with k=1 can be rewritten as

∫
∂K

H1(κ̃)dA≥ n|Bn| 2
n

(∫
K

Vdvol
) n−2

n

, (1.5)


