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Abstract. In this paper, we consider a fixed metric space (possibly an oriented Rieman-
nian manifold with boundary) with an increasing sequence of distance functions and
a uniform upper bound on diameter. When the fixed space endowed with the point-
wise limit of these distances is compact, then there is uniform and Gromov-Hausdorff
(GH) convergence to this space. When the fixed metric space also has an integral cur-
rent structure of uniformly bounded total mass (as is true for an oriented Riemannian
manifold with boundary that has a uniform bound on total volume), we prove volume
preserving intrinsic flat convergence to a subset of the GH limit whose closure is the
whole GH limit. We provide a review of all notions and have a list of open questions

at the end.
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1 Introduction

Our goal is to teach the notions of Gromov-Hausdorff (GH) and Sormani-Wenger intrin-
sic flat (SWIF) convergence while proving a new theorem that has no assumptions on
curvature. The notion of GH distance between metric spaces was first introduced by Ed-
wards in [8] and deeply explored by Gromov in [10] and [9]. See Rong’s 2010 survey [18]
for many applications of GH convergence to sequences of Riemannian manifolds with

curvature bounds.
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mani C)
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The notion of SWIF distance between integral current spaces was introduced by Sor-
mani and Wenger in [22] applying the theory of Ambrosio-Kirchheim in [2] and work of
Wenger in [23]. Volume preserving intrinsic flat (VF) convergence was introduced by
Portegies in [16]. See Sormani’s survey [19] for many applications of SWIF convergence
to sequences of Riemannian manifolds with lower bounds on their scalar curvature. See
also papers by Allen, Bryden, Huang, Jauregui, Lakzian, Lee, Perales, Portegies, Sormani,
and Wenger which prove SWIF and VF convergence theorems and present counterex-
amples [15,22,24] [5,6] [3,4,11] [1,12,13].

The work in this paper is inspired by a theorem in the appendix of [11] by Huang-Lee-
Sormani (which applies to sequences with biLipschitz bounds on their distances) and a
theorem within [4] by Allen-Perales-Sormani (which assumes only volume converging
from above and distance from below but requires the limit space to be a compact smooth
oriented Riemannian manifold). Here we will only assume the limit space is a compact
metric space but we add the hypothesis that the distances are monotone increasing. Our
result will be applied by Sormani-Tian-Yeung in [21] to prove SWIF and GH convergence
to the extreme limits constructed by Sormani-Tian-Wang in [20].

Theorem 1.1. Given a compact connected Riemannian manifold, (M™,g), possibly with bound-
ary, with a monotone increasing sequence of Riemannian metric tensors g; such that

with uniform bounded diameter,
diamg, (M) <Dy  VjeN. (1.2)

Then the induced length distance functions d;: M x M — [0,Do] are monotone increasing and
converge pointwise to a distance function, de: M x M — [0,Dy] so that (M,d«) is a metric space.

If the metric space (M,dw) is a compact metric space, then d; — de uniformly and we have
Gromov-Hausdorff (GH) convergence,

(M,dj) <5 (M,d.). (1.3)
If, in addition, M is an oriented manifold with uniform bounds on volume and boundary volume,
vol;(M)<Vy and vol;j(0M) <Ay VieN (1.4)

then we have volume preserving intrinsic flat (VF) convergence
(M, [[M]]) = (Meo, e, Tec), (15)
where Te is an integral current on (M,de ) such that “Te, = [[M]] viewed as an integral current

on (M,d;)” and
Mo =sety_ (Te) C M with closure Mo = M. (1.6)
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In fact, we prove more general statements that do not require M to be a manifold. See
Theorem 3.1 within for GH convergence of a monotone sequence of metric spaces with
a uniform upper bound on diameter whose distance functions converge pointwise to the
distance function of a compact metric space. See Theorem 4.2 and Definition 4.1 within
for VF and SWIF convergence. To keep the introduction simple, we do not state these
results here.

Note that Sormani-Wenger already proved that any GH converging sequence satisfy-
ing (1.4) has a subsequence converging to a SWIF limit that is a possibly empty subset of
the GH limit in [22]. In the Riemannian theorem above we use the monotonicity to force
the whole sequence to converge and to force the closure of the SWIF limit to agree with
the GH limit. We will see in Example 4.3 within that an increasing sequence can converge
to a manifold with a cusp singularity, and since a cusp singularity is not included in the
definition of an integral current space, this example has Mo, =set(Te ) # M.

We will prove this Riemannian theorem in stages as consequences of more general
results concerning metric spaces and integral current spaces. We will review the various
notions of convergence right before applying them, so that this article may be easily read
by a novice. Note that GH, SWIF, and VF limit spaces are defined using distance func-
tions and do not necessarily agree with the metric completions of limits spaces found by
taking smooth convergence of Riemannian metric tensors away from singular sets (see
work of Allen-Sormani [5]).

In Section 2 we prove a few basic lemmas about metric spaces with monotone in-
creasing sequences of distance functions including a review of the Riemannian distance
functions. In Lemma 2.3 we prove pointwise convergence of the monotone increasing
sequence of distance functions with a uniform upper bound on diameter. In Example 2.1
we see that we need not have uniform convergence when the limit is noncompact.

In Section 3 we review the definition of Gromov-Hausdorff convergence (Defini-
tion 3.1). We then prove the GH and uniform convergence part of Theorem 1.1. In
fact, we prove a more general theorem concerning a metric space with a monotone in-
creasing sequence of distance functions that converge pointwise to a compact limit in
Theorem 3.1. We show that the sequence converges uniformly and in the GH sense. We
prove this theorem using different techniques than would have been used by Gromov in
order to prepare for the SWIF convergence part of the paper. In particular, we construct
a common metric space for the converging sequence that has special properties in Propo-
sition 3.3 and Lemma 3.3. In Remark 3.1 we explain that Example 2.1 does not have a
Gromov-Hausdorff limit.

In Section 4 we prove the SWIF convergence part of Theorem 1.1. In fact, we prove a
more general SWIF convergence theorem concerning the convergence of an integral cur-
rent space with increasing distance functions [Theorem 4.2]. We begin by reviewing De
Giorgi’s notion of a Lipschitz tuple [7], the notion of a Lipschitz chart, and Ambrosio-
Kirchheim’s notion of an integral current and weak convergence [2], proving lemmas
about how these objects behave for monotone increasing sequences of distances. We re-
view Sormani-Wenger’s definition of an integral current space, including (M,d,[[M]]),
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and their definition of intrinsic flat distance. We then state Theorem 4.2 and apply it to
complete the proof of Theorem 1.1 in Section 4.8. Finally we prove Theorem 4.2, first
finding a converging subsequence and a limit current structure in Proposition 4.1 and
completing the proof in Section 4.10 applying Proposition 4.2 to estimate the SWIF dis-
tance. In Section 5 we state open problems.

2 Pointwise convergence of monotone increasing distance func-
tions

Definition 2.1. A metric space, (X,d), is a collection of points, X, paired with a distance function
d: X x X — [0,00) which is definite,

d(x,y) =0 <= x=y, (2.1)
symmetric,
d(x,y)=d(y,x) Vx,yeX, (2.2)
and satisfies the triangle inequality,
d(x,y) <d(x,z)+d(z,y) Vx,y,z€ X. (2.3)

Here we consider metric spaces (X,d) of finite diameter,
diamy(X) =sup{d(x,y): x,ye X} <oo. (2.4)
We also need the following definition:

Definition 2.2. We say that d;: X x X — [0,00) is a monotone increasing sequence of distance
functions on X, if for all j €N one has that (X,d;) is a metric space and

divi(xy) >di(xy)  VxyeX. (2.5)

2.1 Riemannian distances

Recall that a Riemannian manifold, (M,g), has a natural metric space, (M,d,), defined
using the induced Riemannian distance as follows. The lengths of piecewise smooth
curves, C:[0,1] — M, are defined by

1

L(C)= [ g(C'(1),C'(1))dt (2.6)
0
and the Riemannian distance between points is defined by
dg(x,y) =inf{Lg(C)} (2.7)

where the infimum is taken over all piecewise smooth curves, C:[0,1] — M, such that
C(0) =x and C(1) =y. The diameter of (M,d,) is then defined as

diamg (M) =diamy, (M) =sup{dg(x,y): x,y € M}. (2.8)
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Lemma 2.1. If M is a Riemannian manifold with two Riemannian metric tensors g, and g such
that
L(VV)<gu(V,V)  VYVeETM (2.9)

then the corresponding induced Riemannian distances d, =dg, and dy =dg, satisfy
da.(x,y) <dy(x,y) Vx,y € X. (2.10)
The proof of Lemma 2.1 is an easy exercise applying 2.6 and 2.7.

Lemma 2.2. Consider a fixed Riemannian manifold, (M,go), with a sequence of functions, h;:
M —[0,00), such that the gradients have magnitudes satisfying,

|Vhilgy <IVhjialg, 2.11)
everywhere on M, and have the same direction,

Vh] . th+1

= (2.12)
[Vhilge  [Vhjtalg
whenever |Vh;|g, >0. Then the sequence of Riemannian metrics
gj=8o+dh; (2.13)

induced by the graphs of the functions, h;, is a monotone increasing sequence of metric tensors, g;
as in as in (1.1), and defines a monotone increasing sequence of distance functions as in Definition
2.2,

Proof. By Lemma 2.1, we need only show (1.1). Recall that
&i(V,V)=go(V,V)+dhZ(V,V)=go(V,V)+g0(Vhj,V)*. (2.14)
At points where |Vh;|g, =0, we thus have
&i(V,V)=go(V,V)+0<go(V,V)+dh? 1 (V,V)=gj1(V,V). (2.15)

At points where |Vh;|g, >0, the gradients have the same direction so

g(V,V)=g0(V,V)+g(Vh;,V)?
0V, V) +g o<ww Vh?
=g0(V,V)+go (g V)2 Vi
Sgo(V’V)JFgO(WhMVV) [Vhi|?
=g0(V,V)+dh; (V,V)=g;1(V,V). (2.16)

This completes the proof that (1.1) holds at all points in M. O
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2.2 Pointwise convergence

Lemma 2.3. Suppose that dj: X x X — [0,00) is a monotone increasing sequence of distance
functions on X as in Definition 2.2 and that there is a uniform upper bound on diameter,

diam;(X) = su;;(dj(x,y) <Dy € (0,00) (2.17)
xy€

then there is a limit distance function:

deo(x,y) = limd;(x,y) =supd;(x,y) € [0,Do] (2.18)
j—o0 JEN

and (X,d«) is a metric space with diameter diame (X) < D.

Proof. We know the pointwise limit function d: X x X — [0, D] exists and satisfies (2.18)
by the monotone convergence theorem for sequences of real numbers. We can confirm
that d is positive definite as follows:

doo(x,x) = limd;(x,x) =0, (2.19)
]—00
doo(¥,y) =0 = dj(x,y) <0 = x=y. (2.20)

It is symmetric for all x,y € X by

deo(x,y) = limd;(x,y) = limd;(y,x) =de(y,x)  VYx,y,€X. (2.21)
J—00 ]—0o

It satisfies the triangle inequality for any x,y,z € X by

doo (x,y) = lim d; (x,y)
]—00
< lim (d;(x,2) +d;(z,y))
]—roo

= limd;(x,z) +]1Lr£10dj(z,y)

j—o0

=deo(x,2)+deo(2,y) Vx,y,z€ X. (2.22)

This completes the proof. O

2.3 Example without uniform convergence

Even if (X,d;) is a monotone increasing sequence of compact metric spaces with a uni-
form upper bound on diameter, pointwise convergence does not imply uniform conver-
gence. See Example 2.1 depicted in Fig. 2.3.
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Figure 1: This figure depicts Example 2.1.

Example 2.1. Here we adapt an example from Sormani-Wenger [22] as in Fig. 2.3. Con-
sider a sequence of distinct points p; — pe lying on the equator in the standard round
sphere (57,gs2). Let r; >0 be decreasing radii such that the balls By, (p;,7;) are disjoint
and do not contain p... We define a sequence of metric tensors

8j=gs +dh? (2.23)

inductively starting with constant 7y =0 and taking

h'+1 (x) _ h](X) if .'X'GSZ\Bg‘S2 (pj+1,rj+]) (224)
! H(dg(pj+1,x)/1j41) if x€ Bg, (pj1,7j41)

where H: (—1,1) — [0,Hp] is a fixed smooth even function of compact support such that
H(0)=Hy>0and H'(r) <0 for r>0.
This implies that, for x outside of the disjoint balls about pg to p;, we have

hz-+1(x):hl-(x):...:ho(x)zo. (225)

Since the balls are disjoint, for all x€ B, (pj,7;), x is not in the previous balls, so /;(x) =0,
so Vh;=0. Elsewhere, by (2.24) we have hj=h;j1 so Vhj=Vh;;. Thus we can apply
Lemma 2.2 to see that we have a monotone increasing sequence of metric tensors.

Note that we have added increasingly thin wells in place of each of the balls. For all
i<j, the gj radial distance from p; to any q; € 9By, (p;, 7)),

de (i) = /0 1 (H (/1) (/7). (2.26)
Since a <v/144?2<1+4a we have
Ho<dg (piq)<ri+Ho  Vi<]. (2.27)

Since any point in (5?,g;) outside of the wells can be joined to a pole traveling a distance
<7 /2, and poles are a distance 7t apart, we can apply the triangle inequality to see that

diamg, (S*) < (Ho+7r1+7/2)+ (Ho+71+7/2)+ 7. (2.28)
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This uniform upper bound and Lemma 2.3 implies there is a pointwise limit, d; — de.
Taking the limit of (2.27) we have,

Hy<dw(pi,po)  VieN. (2.29)
However, for i > j sufficiently large
dg; (PisPes) <ds2(PisPoo) < Ho/2 (2.30)

so there is no uniform convergence. In fact, the limit distance function d., has a sequence
of disjoint g; balls centered at the p; of radius Hy, so (5?,ds) is not compact.

3 GH convergence to compact limits

Recall the following definition of the Gromov-Hausdorff distance first introduced by Ed-
wards in [8] and then rediscovered and studied extensively by Gromov in [10].

Definition 3.1. Given a pair of metric spaces, (X,,d,) and (Xy,dy), the Gromov-Hausdorff dis-
tance between them is

don ((Xa,da),(Xp,dp)) = inf{dﬁ (fa(Xa), fo(Xp)) } 3.1)

where the infimum is taken over all common metric spaces, (Z,dz), and over all distance preserv-
ing maps,
faI(Xa,da)%(Z,dz) and be(Xb,db)—)(Z,dz). (32)

Here dﬁ denotes the Hausdorff distance,
d%(A,B)=inf{R: AC Tr(B) and BC Tr(A)} (3.3)
between subsets A,B C Z which is defined using tubular neighborhoods of a given radius R,
Tr(A)={z€Z:3pe As.t.dz(p,z) <R}. (3.4)
In this section, we prove the following simple theorem:

Theorem 3.1. If (X,d;) is a monotone increasing sequence as in Definition 2.2 with a uniform
upper bound Do on diameter, and if d; converges pointwise to de as in Lemma 2.3, and if (X,dw)
is a compact metric space, then d; converge uniformly to des and we have Gromov-Hausdorff
convergence as well.

Although this GH Convergence theorem can be proven quite easily, we will prove it
through a sequence of lemmas and propositions that we will apply again to prove SWIF
convergence later.
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3.1 Distance on the product space
We introduce the following standard definition:

Definition 3.2. Given a pair of metric spaces, (X,,d,) and (Xp,dy), we define the taxi product
metric space (Xg %X Xp,dsym qp) Where

sum,ab((X1,91),(x2,Y2)) = da(x1,%2) +dy (y1,Y2) (3.5)
forany x1,x2 € X, and any y1,y2 € Xp.
Lemma 3.1. If (X,d,) and (X,dy,) are compact then (X x X,dgm qp) is also compact.
The proof is an exercise for the reader.
Lemma 3.2. Given two metric spaces (X,d,) and (X,dy), if
da(x,y) <dp(x,y)  VxyeX (3.6)

then the function d,: X x X — [0,00) is 1-Lipschitz with respect to the distance dg;y, p on X x X
given in Definition 3.2. That is,

|da(x1,y1) —da(x2,y2) | <dsumpp((x1,1),(x2,y2))  V(xi,y:) € X x X, (3.7)
Proof. By the triangle inequality and then by (3.6) we have

|da(x1,y1) —da(x2,y2)| <da(x1,%2) +da(y1,y2)
<dp(x1,%2) +dp(y1,y2) (3.8)

which gives our claim by (3.5) O

3.2 Uniform convergence

Proposition 3.1. Under the hypotheses of Theorem 3.1, the distance functions, d;, converge uni-
formly to de on X x X.

Proof. By Lemma 2.3, we have d; <d as functions on X x X. By Lemma 3.2, the maps
di: XxX— [0,Dp] are bounded 1-Lipschitz functions on the metric space (X x X, dsum,co,00),
which is compact by hypothesis and Lemma 3.1.

By the Arzela-Ascoli Theorem, there is a subsequence, d;,: X X X — [0, Dy], which con-
verges uniformly to a limit function. However, we already have a pointwise limit, so that
limit function equals de : X X X — [0,Do]. That is, Ve >0, AN €N, s.t. Vk > N,

deo(x,y) —€<d; (x,y) <dew(x,y)+e  VxycXxX. (3.9)
By the assumption of monotonicity, for all j > ji > jn_,
doo(x,y)—e<djk(x,y) gdj(x,y) <ds(x,y) Vx,ye XxX, (3.10)

showing that the whole sequence d; uniformly converges to de. O
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3.3 Constructing a common metric space

Recall that the definition of the Gromov-Hausdorff distance involves a common metric
space Z and distance preserving maps Definition 3.1. The following lemma is not part
of the original proof by Gromov that uniform convergence implies Gromov-Hausdorff
convergence. Here we create a different common metric space Z that allows us to prove
intrinsic flat convergence later as well. It is a simplification of the Z constructed by Allen-
Perales-Sormani in [4].

Proposition 3.2. Given two metric spaces (X,d,) and (X,dy) and an € >0 such that

dy(x,y)—e <d,(x,y) <dy(x,y) Vx,yeX, (3.11)
then there exists a metric space
(Za,b =XX [O,h],dza,b), (312)
where h=¢ /2, with the distance between zy = (x1,t1) and zo = (x2,t) defined by
dz,,(z1,22) =min{diayi, (21,22),(h—t1) + (h—t2) +da(x1,22) }, (3.13)
where
Ataxi, (21,22) =dp(x1,%2) + |t — 2], (3.14)
so that the identity map,
idop: (Zap,Ataxi,) = (Zapdz,,) (3.15)
is 1-Lipschitz and there are distance preserving maps:
fa :fa,(a,b) . (X,dﬂ) %Zﬂ,b S.t. fa (X) = (x,h), (3.16)
fo=foap): (X,dy) = Zap st fy(x)=(x,0), (3.17)
so that ,
don((X,da), (X,dp)) <dp* (fo(X), fo(X)) <h. (3.18)

The intuition behind this construction is that we are taking the taxi product of (X,d;)
with the interval ([0,%],dr ) and then gluing (X,d,) to this taxi product at t=h which gives
possibly shorter distances. See Fig. 2.

Proof. First we confirm that dz,, is a metric. It is clearly definite and symmetric. To see
that it satisfies the triangle inequality we have several cases. Let z; = (x;,t;) € Z,,,1=1,2,3
and

D13=dza,b (Z1,Zz)—|—dza,b (Zz,Z3). (3.19)

Case I: Assume that dz,, (21,22) = diaxi, (21,22) and dz,, (22,23) = dyaxi, (z2,23). Then since
diaxi, is a distance function, and thus satisfies the triangle inequality, and by definition of
dz,, we get

D13 =diaxi, (z1,22) +dtaxi, (22,23) > dtaxi, (21,23) > dz,,(21,23)- (3.20)
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1 A
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Figure 2: On the left we see (X,,d,) above (Xj,d;) mapping into (Z,,dz,,) and on the right we see two paths
between points in Z, ;, where the first achieves dy;,; and the second takes a shortcut through the image of X,.
The shorter of the two paths achieves the minimum in the definition of dz_,.

Case II: Assume that we have dz,, (z1,22) = dj4xi, (21,22) and
dza,b (22,23) = (l’l — tz) + (h — t3) +d, (Xz,Xg,). (321)
Then by d;, > d,, triangle inequality in R and for d,, we get

D13 :dtaxib (Zl,Zz) + (h—tz) + (h—t3) +d,1(x2,x3)
>d,(x1,x2)+ |t —ta| +(h—t2) + (h—t3) +da(x2,x3)
>da(x1,%2)+(h—t1)+ (h—t3) +da(x2,x3)
>da(x1,x3)+(h—t1)+(h—t3) >dz,,(21,23). (3.22)

Case III: Assume that
dz,,(21,22) = (h—t1) + (h—t2) +da(x1,%2), (3.23)

dz,,(22,23) = (h—t2) + (h—t3) +da(x2,%3). (3.24)

Then, since h —t, >0 and triangle inequality for d,, we get

Diz=(h—t1)+(h—t2)+da(x1,%2)
+(h—t2)+ (h—t3)+ds(x2,x3)
(h—t1)+da(x1,x2) + (h—t3) +da(x2,%3)

da(x1,x3)+(h—t)+(h—t3)

>
>
Zdz,,,,, (21123)/ (325)

which completes the proof of the triangle inequality on (Z,,dz,, ).

We have the claimed 1-Lipschitz identity map, because dz,, < dis,- We have the
claims that f, and f;, are distance preserving maps as follows. By the definition of dz,_,,
f o and dy >d,,

dz,,(fa(x), fa(y)) =dz,, ((x,h),(y,h)) =min{dy (x,y),da(x,y) } = da(x,y)- (326)
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By definition of dz,,, f, (3.11) and h=€/2 we have

dz,,(fo(x), fo(y)) =min{dy(x,y),2h+ds(x,y) } =dp(x,y). (3.27)

Furthermore, by the definition of dz, , for any x € X, it holds

dz,,((x,0),(x,h))=h, (3.28)

which implies that for any R > h,
So(X)CTR(fa(X)) and  fo(X) CTr(fp(X)), (3.29)
so the Hausdorff distance d%( f,(X), f»(X)) <h which gives our final claim. O

3.4 Proof of Theorem 3.1
GH Convergence is now easy to prove:

Proof. First we apply Proposition 3.1 to get uniform convergence of d; to de from below.
Then we apply Proposition 3.2 to (X,d;) and (X,dw) to see that

dGH((X,d]'),(X,doo))<€]‘—>0. OJ

Remark 3.1. Note that in the proof of Theorem 3.1 it was essential that we assumed
(X,ds) is compact, as seen in Example 2.1. This example has the monotonicity but no
Gromov-Hausdorff limit. In fact, Gromov proved that if a sequence of compact metric
spaces has a GH limit then the entire sequence can be embedded via distance preserving
maps into a common metric space, (Z,dz) [9]. However, the Riemannian manifolds in
Example 2.1 have an unbounded number of disjoint balls of radius 1, so this is impossible.

3.5 A common compact metric space for the whole sequence

Gromov proved in [9] that an entire GH-converging sequence of metric spaces can be
embedded with distance preserving maps into a common compact metric space Z along
with the limit so that the sequence of images converges in the Hausdorff sense inside Z
to the image of the limit. Here we construct a specific Z which we will use later to prove
SWIF convergence and Theorem 1.1. See Fig. 3.

Proposition 3.3. If (X,d;) is uniformly converging to compact (X,deo)
deo(x,y) —€j<dj(x,y) <dw(xy)  VxyeX (3.30)
with €; decreasing to 0 then taking Z; of Proposition 3.2, we define

Z=||Zj|~ where Zj=Z; 0 =X;x [0,h]], (3.31)
j=1
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where (x,0) € Z; is identified with (x,0) € Zy for all x€ X and all j,k €IN. Then dz:Z x Z—[0,00)

given by
dy (Zj,Zk) Iinf{dzj (Z]',(X,O)) —i—dzk((X,O),Zk) ’X € X}

for

Zj:(x]',tj)EZ]' and Zk:(xk,tk)EZk ]#k,

and, otherwise,
dz(zj,zk) =dz, (zj,2k),
so the inclusion maps,
g (Z]-,dzj) —(Z,dz),
are distance preserving. In addition, taking
fi=fiGioo) (Xod)) = Z;  and  fo 100y (X,deo) = Z;

from Proposition 3.2, we have distance preserving maps:

xj=gjofi:(X,d;)—(Z,dz),
Xoo =00 foo (jo0) : (X, doo) = (Z,dz),

where Xoo(x)={;(x,0) does not depend on j and is an isometry onto,
Z0=Xoo(X) = {j(foo,(j,eo) (X)) CZ.
Furthermore, we have
dz (xj(x), X0 (x)) =dz;((x,h)),(x,0)) =h;

and
df (X (X)) Xeo(X)) < hj.
Finally (Z,dz) is compact.

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)
(3.38)

(3.39)

(3.40)

(3.41)

Intuitively, we have glued the Z; together like the pages of a book, {;: Z; — Z, along

the spine, Z,, as in Fig. 3.

Proof. 1t is clear that dz is symmetric and positive definite. To see that it satisfies the

triangle inequality we have several cases. Let z; = (x;,t;) € Z;, ji€e N and 1=1,2,3,
iangle inequality we h 1 Let z; t)€Z;,jieNandi=1,23

Dis=dz(2),,2j,) +dz(2},2j3)-

(3.42)

Case I: Assume that j; =j» and jo» =j3. In this case, dz = dZJ‘,- which satisfies the triangle

inequality since d z; is a distance function.
1
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1.\’,(!‘.’ £ (X.(Iz)

/1 ,(jioo)

fz (200)1, W

T
u / Z, d/)
Joo10)T  fooa,00)T ‘r (X, d.)

Figure 3: On the left, we see the sequence (X,d;) above with downward maps f; (; o) : (X,d}) = (Zjc0,dz,,,)

(X,d,)

and upward maps fo, (j o) (X,doo) = (Zjeo,d7,.,) as constructed in Proposition 3.2 and depicted in Fig. 2. On
the right, we glue together all the ( ],cordZ,-,w) to create (Z,dz) as in Proposition 3.3 with maps x;:X;—Z and
Xoo X] — 7.

Case II: Assume that j1 =j; and j» #j3. By j1 =2, the triangle inequality for dz, and
definition of dz we get

Dq3 :dzj2 (Zjllzjz) +;2)f({dzj2 (ijf (X,O)) +de3 ((X,O),Z]'s )}
:;g)fg{dzjz (Zjlfzjz) +dzj2 (ijf (x,O)) +de3 ((X,O),Z]'S)}
Z;g}f({dzjz (Zj1' (X,O)) —|—de3 ((x,O),Z]‘3 )} =dy (Zj1/Zj3)- (3.43)

Case III: Assume that j; # j» and j» # j3. Take x,x” € X, using the triangle inequality for
d z; and d Z;,s and the definition of dz we get
dz,
>dZ]1 (Zh’
>CZZ]1 (Zjll
>dZ (Z

j1 N\

(zj,,(x,0)) +dz, ((x,0),2},) +dz, (2, (x',0)) +dz, ((x',0),z,)
(x,0))+dz, ((x,0),(x",0)) +dz, ((x',0),z,)
(x,0)) +dz, ((x,0),(x',0)) +dz, ((x',0),2,)
(x',0) ((«

x’, )+dz X ,0),2]'3) Zdz(z]'l,z]'3). (3.44)

71

4

13

Taking the infimum over x,x’ € X in the previous expression we obtain D13 >dz(z;,,zj, )
This concludes the proof that (Z,dz) is a metric space.

The inclusion maps (; are distance preserving by their definition and the definition
of dz. Since by Proposition 3.2 f;= f; i o) and fo, (j0) are distance preserving maps, then
the compositions x;={jo fj and Xeo = ;0 foo (j,c0) are distance preserving maps. Since we
are identifying points of the form (x,0) € Z; with points (x,0) € Z; for all x € X, then
Xoo(x)={j(x,0) does not depend on j. Furthermore, X is an isometry onto Zp = Yo (X).

Since ; and X« are distance preserving maps and by (3.18) in Proposition 3.2 we have

dz(Xj(x),xe0(x)) <dz,((x,h),(x,0)) <h (3.45)
so we have (3.40)-(3.41).
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Finally, we check that (Z,dz) is compact. Given any sequence z; € Z,
E|ji S\ (xi,tl-) S Z]'l. =Xx [O,h]'].] such that z; = C]-,. (xl-,ti). (346)

Since (X,dw) is compact, a subsequence x; — X«. Since [0,1] is compact, a further subse-
quence can be taken such that t; — t.. A further subsequence can be taken to guarantee
that either j;— oo or j; is constant j;=jo. In the diverging case we use t; <h;, —0 to see that
teo =0, thus our subsequence converges to

Zoo = Xoo(Xeo) =, (Xe0,0) € Z (3.47)
which we see as follows:

dz(zi,ze0) =dz (Zj,(Xi,t1), T}, (X0,0))
=dz; ((xi,ti),(x,0))
gdoo(xi,xoo)+\ti—0|—>0. (348)

In the constant, j; = jo case, our subsequence converges to
Zeo =y (Yoo, teo) (3.49)
which we see as follows:

dZ (Zi/ZOO) :dZ (g]'o (xilti)lgjo (xOOItOO))
:deO ((xi,ti),(xoo,too))
gdm(xi,xoo)+|ti—too|—>0. (350)

Thus Z is compact. O
Lemma 3.3. Assume the hypotheses of Proposition 3.3. For all j €N there exists
Wi=Jxx(Z) CcZ (3.51)
k=j
and there is a 1-Lipschitz map, F;: (W;,dz) — (X,d;), where
Fi(Ck(xt)=x  Vk>jVxeX, te[0,h]. (3.52)
Proof. Let z1,z2 € W; CZ. Then
3k >j, xi€ Xm, t; € [0,h)m, s.t. zi=xx, (xi,t;). (3.53)

If k1 =k, since doo >dy, >d;, by the minimum in the definition of dz, and the monotonicity
of the distance functions, we get

dz<21,22)2dki(xl,XQ> Zdj(xl,xz). (354)
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If ko # k1, then observe that for all x € X,
dei (Zi, (x,O)) :dzkl_ ((xi,ti), (X,O)) Z dki (xi,x) Z dj(xi,x) (355)

by the definition of dz, because t; >0 and hy, —t;+hy, > 0, followed by the monotonicity
of the distance functions. Thus

dz, (z1,(x,0))+dz, ((x,0),22) > d;(x1,x) +d;(x2,%). (3.56)

Taking the infimum over all x € X on the left and applying the triangle inequality for d;
on the right we have,

dz(z1,22) 2 dj(x1,%2). O

4 Intrinsic flat convergence

In this section we review the definition of integral current spaces which include all ori-
ented Riemannian manifolds of finite volume with boundary of finite volume. We then
review the Sormani-Wenger Intrinsic Flat (SWIF) distance between these spaces. Finally
we state and prove Theorem 4.2 concerning the convergence of monotone increasing se-
quences of integral current spaces which implies the SWIF convergence claimed in The-
orem 1.1.

4.1 Lipschitz functions and tuples on metric spaces

We say that a function, F: (X,dx) — (Y,dy) is K-Lipschitz if there exists K> 0 such that
dy(F(x1,x2)) <Kdx(x1,%2)  Vxy,x€X. (4.1)

We define the Lipschitz constant of F to be the smallest such K.

Lemma 4.1. Suppose that (X,d,) and (X,dy,) are two metric spaces and
da(X1,X2) Sdb(xl,xz) Vxq,x0 € X. (4.2)

If a function 7t: X —Y is K-Lipschitz as a map 7t: (X,d,) — (Y,dy) then it is also K-Lipschitz as
amap 1w:(X,dy) — (Y,dy).

Proof.
dy(ﬂ(xl),n(xz))nga(xl,xz)ngb(xl,xz) VX1,X2€X. O]

By the definition in [2] an m-tuple, (779,71, ..., 7T ), Of Lipschitz functions with respect
to d, consists of a bounded Lipschitz function, 7ty: (X,d,) =R, and m Lipschitz functions,
e (X,d,) =R, fork=1,...,m.
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Corollary 4.1. Suppose that (X,d,) and (X,dy,) are two metric spaces and
da.(x,y) <dy(x,y) Vx,yeX. (4.3)

Then tuples of Lipschitz functions with respect to d, are tuples of Lipschitz functions with respect
to db'

Lemma 4.2. Given the hypotheses of Proposition 3.3 and Lemma 3.3. If 7t:(X,d;)—Y is Lipschitz
Kj, and F;:(W;,dz) — (X,d;) of Lemma 3.3, then

7t:(Wj,dz) =Y such that 7t(z) = o F;(z) (4.4)
is also Lipschitz K; and satisfies
T(Xoo(x))=711(x) VxeX. (4.5)

Remark 4.1. Note that if we try to define 77 as a function from all of (Z,dz) to R as in (4.4)
then it might not be Lipschitz. The proof depends strongly on the restriction to W; CZ
and Lemma 3.3.

Proof. Recall F;:(W;,dz) — (X,d;) are Lipschitz one functions, so

dy(ﬁ(21),777(22))SK]'d]'(Pj(Zl),F]'(Zz))SK]'dz(Zl,Zz) VZ1,ZQ€Z. ]

4.2 Charts into our metric space

We say that a map ¢:U CR" — X from a Borel subset U in R into a metric space, (X,dx),
is a Lipschitz chart if there exists Ky >0 such that

dx(¢(a1),¢(a2)) <Kylar—az|  Vay,a, CU. (4.6)

These charts will be applied in the next section to define rectifiable and integral currents,
and then integral current spaces in the following section.

Lemma 4.3. Suppose (X,d,) and (X,dy,) are two metric spaces and
da(x,y) <dp(x,y) Vx,y € X. 4.7)

If :U CR™ — X is a Lipschitz chart with respect to d, on X, then it is Lipschitz with respect to
d, on X.

Proof. We have a Lipschitz constant Ky, € (0,00) such that
db(llJ<ﬂ1),l/)(a2))§K¢‘a1—a2| Yaq,a, € U.

By (4.7), we have
da(P(ar),9(az)) <Kyla; —as| Yay,a, € U. O
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Remark 4.2. Sometimes in the definition of a rectifiable space or current it is written that
the charts o;: U; — X are bi-Lipschitz. However, once one has a countable collection of
Lipschitz charts, one can replace them with a collection of bi-Lipschitz charts by Lemma
4 in Kirchheim’s [14] (Lemma 4.1 of [2]). The bi-Lipschitz charts are not necessarily the
same collection of charts. If we apply our Lemma 4.3 to a collection of charts ¢;: (U; C
R™,dgn) — (X,dp) that are bi-Lipschitz onto their images, we conclude they are Lipschitz
as charts into (X,d,) but cannot determine if they are bi-Lipschitz. We would need to
apply Kirchheim'’s theorem to produce a new collection of bi-Lipschitz charts into (X,d})
if we need them.

4.3 Ambrosio-Kirchheim’s integral currents on complete metric spaces

We review the work of Ambrosio-Kirchheim in [2]. They defined m dimensional cur-
rents on complete metric spaces, (Z,dz) as multilinear functionals, T, acting on Lipschitz
tuples satisfying various hypotheses [2]. For example, given a compact m-dimensional
oriented Riemannian manifold, (M,g), we can define the current,

[[M]](720y ey 7T ) = /Mnodnl/\---/\dnm 4.8)

which is well defined because Lipschitz maps are differentiable almost everywhere. The
integration is actually defined by integrating over atlas of disjoint oriented charts and
taking the sum.

An m dimensional integer rectifiable current on a complete metric space, (Z,dz), is a
multilinear functional, T, defined on Lipschitz tuples on (Z,dz) that has a parametriza-
tion which is a countable collection of Lipschitz charts with non-zero Lipschitz constants

llJii(uiCIRm,d]Rm)—)(Z,dz) (49)

defined on Borel sets, U; C R™, with integer multiplicities a;, such that total Hausdorff
measures satisfies

‘ai”H;nZ (ll)i(ui)) < 00, (4.10)
i=1
The integer rectifiable current T is defined by the weighted sum:
T=)Y aipu([Ui])], (4.11)
i=1
where
Yu[[U]](7t0, 701, 0y 7O ) :/u(noolp)d(molp)/\u-/\d(nmogb). (4.12)

This integral is well defined because the charts are Lipschitz and thus differentiable al-
most everywhere. The weighted sum of the integrals defining T(71, ..., 7t) is finite be-
cause the weighted sum of the Hausdorff measures in (4.10), max{7}, and the product
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Lip(7;) for j=1,...,m can be used to bound the integrals. Warning: the Lipschitz charts
and the Hausdorff measures depend on the distance function on Z. See Lemma 4.4 below.
Note that if (M™,g) is a compact oriented Riemannian manifold with boundary, with
a smooth atlas of oriented charts ;: (W; CR™,drn ) = (M™,d,) then we can choose U; CW;
such that ¢;(U;) are disjoint and their union covers M™. This defines a natural current
structure for M with weight 1, which agrees with integration of differential m forms:

[[M]](no,...,nm):itpi#[[lli]]:/Mnodnl/\---/\dnm. (4.13)
i=1

By Stoke’s Theorem, for any collection of smooth functions, 77;: M =R, fori=1,...,.m—1,
we have

/ nldrcz/\---Adr(m_lz/ 17y A ATy 1. (4.14)
oM M

To be consistent with Stoke’s Theorem, Ambrosio-Kirchheim define the boundary of a
current, T, as follows
BT(nl,...,nm_l):T(l,nl,...,nm_l), (415)

for any Lipschitz tuple (71, ...,7T,—1) on Z.

They define an integral current to be an integer rectifiable current whose boundary is
also integer rectifiable. Be warned however that the parametrization of the boundary, 9T,
is not necessarily found by taking the boundaries of the atlas of charts parametrizing, T.

The mass measure, ||T||4,, of a current T on a complete metric space, (Z,dz), is the
smallest finite Borel measure such that

T(720, 701, ey T gHLip(m)/Zmoy 1714, (4.16)
i=1

for all tuples and the mass of T is
Mg, (T) =T|la, (Z)- (417)
The support of a current is
spty, (T)={z€Z:(|T||a,(Ba,(z7)) >0Vr>0} (4.18)
and the set of an m dimensional current is

sety, (T) = {ZGZ : 1imi51fHT\ i, (Ba, (z,7)) /1™ >OV7’>O}. (4.19)
r—

Ambrosio-Kirchheim prove that set;, (T) is rectifiable and that the closure of this set is
the support of T,

spt(T) =sety, (T). (4.20)
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Given a Lipschitz map, F:(X,dx) — (Y,dy), the pushforward of an integral current,
T, on (X,dx), to an integral current, F4(T), on (Y,dy) is defined by

F#(T)(ﬂ'o,...,ﬂ'm):T(T[OOF,...,T(mOF) (4.21)

for any Lipschitz tuple on (Y,dy). To see that F4(T) is an integral current, Ambrosio-
Kirchheim prove that the mass is bounded as follows:

My, (Fy(T)) < (Lip(F))"My, (T). (4.22)
For our purposes we need the following lemma.

Lemma 4.4. Suppose (X,d,) and (X,dy) are two metric spaces and
da(x,y) <dy(x,y) Vx,y e X. (4.23)

If S is an integral current on (X,dy) then it is an integral current on (X,d,) defined using the
same collection of Lipschitz charts and weights with

Md,, (S) < Mdb (S) and Mda (aS) < Md;, (aS) (4.24)
The mass measures also satisfy
IS[la, <I[Sla, ~and |0S]la, <[[0S]|a,- (4.25)

Proof. By the definition of integral current structure on (X,d,), there is a countable col-
lection of dj-Lipschitz charts, ;: U; CIR" — X, and integers a; such that

s<w>:iai¢i#nuin<w> (4.26)

for any m tuple, w, of d,-Lipschitz functions. By Lemma 4.3 these charts are also d,-
Lipschitz charts, so the weighted sum in (4.26) is well defined acting on any m tuple, w,
of d,-Lipschitz functions. Note that the same can be done for dS. Thus S is an integral
current on (X,d,).

To estimate the inequalities of the mass measures, recall that in [2] the mass measure
of a current, S, on a metric space (X,d) is defined as the smallest Borel measure, 1, on X
such that

]S(T(O,m,...,r(m)\§HLipd(7rk)/X]7'(0]dy (4.27)
k=1

for all tuples, (7, 71,...,7m), of d-Lipschitz functions. By Corollary 4.1, for any tuple,
(710,71,...,7Tm), of dg-Lipschitz functions, we also have (4.27) with u = ||S||4,. Thus the
smallest measure for the tuples of d,-Lipschitz functions exists and is smaller,

1S, <IIS|]a,- (4.28)

The same holds for S which implies the total mass estimate in (4.24). O



116 Perales R and Sormani C / J. Math. Study, 58 (2025), pp. 96-132

Note the above lemma implies that distance preserving maps push forward currents
conserving their masses, boundaries, and boundary masses.

Remark 4.3. The converse of Lemma 4.4 does not hold in general. If T is an integral
current on (X,d,), it does not necessarily define an integral current on (X,dy) for d,>d,.
A parametrization of T by Lipschitz charts into (X,d,) might not give Lipschitz charts
into (X,d;) because that would require a converse to Lemma 4.3 (which we do not have).
In addition, T does not necessarily act on tuples in (X,d}) because that would require a
converse to Lemma 4.1 (which we do not have). Note that if one could prove that either
or both of the above were true for some special T, one would still need to verify that the
mass of T and 9T are finite with respect to d;, to conclude that T is an integral current on
(X/ db)'

Soon we will be considering a sequence of metric spaces (X,d;) with an integral cur-
rent T, and the limit, (X,ds). Since doo > dj, we will need to overcome the lack of a
converse to Lemma 4.4. We will see later in the proof of Lemma 4.5, that we can some-
times try to rewrite a parametrization of an integral current on (X,d;) to obtain charts
that are also Lipschitz into (X,de). We will see later in the proof of Theorem 4.2, which
is needed to complete the proof of Theorem 1.1, that we can sometimes find an integral
current, Te,, on (X,ds ) and later show To =T in the following sense:

Definition 4.1. If we have an integral current T on (X,d,) and there is also an integral current,
S, on (X,dy) where d, > d, such that

S(710,701, e, 70 ) = T (700,701, Ty ) (4.29)

for any tuple of d, Lipschitz functions on X, then we say that “S=T viewed as an integral current
on (X,d,)”. That is, we can use any parametrization of S and dS with charts into (X,dy) as a
parametrization for T and 0T with the same weights and charts into (X,d,) respectively. *

4.4 Weak convergence of currents

A sequence T; converges weakly as currents in (Z,dz) to an integral current, Te, iff
T]-(rto,m,...,rtm)—>Too(7ro,7t1,...,7rm) (4.30)

for all tuples, (7,711, ..., 70m) o0 (Z,dz).
We will apply the following powerful theorem of Ambrosio-Kirchheim:

Theorem 4.1 (Ambrosio-Kirchheim). If Z is compact and T; have uniform upper bounds
M(T;)<Vy and M(3T;)<Ap (4.31)

then a subsequence Tj, converges weakly to an integral current, Teo, and the mass measure is lower
semicontinuous:
1T | (L) < limniin || Ty, [ (1) (4.32)

for any open set U C Z.

fNote that Lemma 4.4 applies to S but not T as discussed in Remark 4.3.
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4.5 Integral current spaces

In [22], Sormani and Wenger define an m-dimensional integral current space, (X,d,T), as a
metric space, (X,d), with an integral current, T, defined on the closure of (X,d) such that
the set(T) = X where

set(T)= {x eX: lirgiglfHT\ la(Bg(x,r)) /1™ >O}. (4.33)

Such metric spaces (X,d) are rectifiable and parametrized by the charts that parametrize
their integral current structure, T.

Given a smooth compact oriented m-dimensional Riemannian manifold with bound-
ary, (M,g), it can be viewed as an integral current space, (M,dg,[[M]]). Here the mass
measure is the volume measure,

M,, (M) =volg(M), (4.34)
and
sety, ([[M]]) = {x EM: linli(?fvolg(Bdg (x,7)) /1" > o} =M. (4.35)

The following lemma depicted in Fig. 4 is useful for constructing examples:

Lemma 4.5. Suppose the sphere S? is endowed with the standard round metric, gg» = dr®+
sin®(r)d6?, defined on a sphere parametrized by r € [0,7t] and 6 € [0,27t]. We define the possibly
singular metric, g, induced by a graph, hor:S? — [0,00) so that

gn=dr*+sin?(r)d6*+ (' (r))?dr* > gg» = dr* +sin’(r) d6> (4.36)

where h(r(x)) is smooth on r~1(0,7t), increasing on 0,7t /2] and decreasing on [t/2,7] with
h(r)=h(mt—r), but possibly only continuous at the poles po, p where r =0, 7T respectively. We
can define a unique compact metric space, (S,dy,), using g,-lengths of curves, C, such that

C:(0,1) =S\ {po,px} (4.37)
with bounded radial arclength functions from the poles p=po,pn,

sp(r(x)):dh(x,p):/or(X)\/1—|—h’(r)2dr with lims, () =0. (4.38)

r—0

So that (S?,dy,) is the metric completion of ($*\ {po,pr},dg,).

We can find a parametrization of the standard integral current [[S?]] on (S?,ds2) by a count-
able collection of Lipschitz charts into (S?,dy,) which map onto r—1(0,7t) so that we have an
integral current space

(setdh ([[8?]] ),dh,Th) where r~1(0,7) C sety, (Ty,) C s?, (4.39)

and where “Ty, = [[S?]] viewed as an integral current on (S?,ds2)” in the sense of Definition 4.1.
So spt, (Tp) =52 and 9T, =0. The poles are included in sety, (Ty) iff

lim |1 (r)| < oo. (4.40)
r—0
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—0 0

Figure 4: Lemma 4.5 applied with 1 =gy, of Example 4.1 on the left (which will include the singular poles)
and with h=h¢ysp of Example 4.2 on the right (which will not include the singular poles due to the cusp).

Proof. We easily see that we can define dj, away from the poles using lengths of curves
that avoid the poles. Near pg, we have radial arclengths,

rx) r(x)
spo(x):/o \/H—h’(r)zdrg/o 141 () |dr < oo (4.41)

by the properties of h. So

lims,, (r) =limr+|h(r) —h(0)| =0 (4.42)
r—0 r—0

and similarly for p,. This allows us to define (S?,d;) as in (4.37) so that the identity
map to the standard round sphere is a homeomorphism and so (S?,dg2) is compact with
bounded diameter.

The usual integral current, [[S?]], on the standard round sphere (S?,dg2) can be defined
using the standard single (r,6) chart,

¥:[0,71] x [0,27] — S?, (4.43)

with multiplicity one, but this may not be a Lipschitz chart into (S%,d;) due to the singu-
larities at the poles.

Instead we define a new parametrization with a countable collection of multiplicity
one charts avoiding the poles,

¥ U;—S?, where ;(r,0) =1(r,6), (4.44)
and where U; are defined inductively by
LI1 = [51,7'[—51] X [0,27‘[) and ui+1 = [5i+1/7'[_5i+1] X [0,27‘[)\111‘ (4.45)

where &; decrease to 0 so that these are Lipschitz charts in (S?,d;,). Then

Ty=) _u|[U]] (4.46)
i=1
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is a rectifiable current on (S?,d;,) because

i%z(lpi(ui)) <volg, (S?) < 0. (4.47)
i=1

4

We see that “Tj, = [[$?]] viewed as an integral current on (S2,dg:)” in the sense of
Definition 4.1 because

Th(ﬂo,ﬂl,ﬂz):[[SZ]](ﬂo,ﬂl,ﬂz) (448)

for any tuple in (S2,dg» ), since missing two points does not affect the integration of tuples.
So (setg, (Ty),dy,Ty), is an integral current space. Furthermore

0T, =9[[S?]] =0. (4.49)

In order to determine which points lie in sety, (T;) we use (4.19) and the fact that
the mass measure is the volume measure as stated above (4.34). It is easy to see that
points where gj, is smooth lie in the set, so we conclude (4.39) holds. Taking either pole
pE€{po,pr} and r=r,, and applying L'Hopital’s rule twice, we have

: : R . 27r(s
ﬁlﬂ]%VOlgh(Bdh(p,R))Z}gg})%/o 27r(s)ds =lim 215 )
=lim7r' (s) =limz(1+ (K (r))*) ~1/2. (4.50)
s—0 s—0
So p €sety, (Ty,) iff this limit is >0 which happens iff (4.40) holds. O

Example 4.1. If we consider g, of Lemma 4.5 defined using
h(r)=hecone(r) =1—|sin(r)] (4.51)
then (S?,dcon.) is a compact metric space with conical singularities, and

(setq,,, ([[S]],dn, [18°]))

is an integral current space with
set([[5%]]) =S>. (4.52)

as depicted in Fig. 4 because
lim |} (r)| =limcos(r) =1 < co. (4.53)
r—0 r—0

Example 4.2. If we consider gc,sp = gy, of Lemma 4.5 defined using

h(r) =heusp(r) =1—/sin(r) =1— (sin?(r)) /4 (4.54)
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then (Sz,dcusp) is a compact metric space with cusp singularities at the poles, and the
triple (sety__ ([[S%]]),d1,[[S?]]) is an integral current space with

cusp

sety,,, ([51]) =S\ {po,pr}- (4.55)

as depicted in Fig. 4 because

lim ()] = lim + —<250) (4.56)

r—0 r—02 \ /sin(r) -

Theorem 1.1 is careful with the description of the SWIF limit because the space, (M, d,
[[M]]), might not be an integral current space, as it might fail to have set([[M]]) =M as in
Example 4.3 depicted in Fig. 5.

Example 4.3. Let us consider the sphere, 5? with a sequence of metric tensors, 8j=8&n; as
in Lemma 4.5 defined using

W=

hi(r) =141 = (% +sin’(r)) " (4.57)

Note that iijor:5? — [0,1] are smooth functions because sin?(r) is a smooth nonnegative
function on a sphere even at the poles where r=0,7t and u!/* is smooth for 1> 0. In fact

|h;(r)| : (%4 —|—sin2(r)) B (2sin(r)cos(r)). (4.58)

SO
|V (hjor)| = [hi(r)| <[hja (N =1V (hj11)| < sy (7)) (4.59)

and V (hjor) has the same direction as Vr for all j€IN. Thus we have a monotone in-
creasing sequence of metric tensors as described in Lemma 2.2. The radial arclengths,

() )
5;(x) = /0 1K ()2 dr < /0 1[Iy (), (4.60)

are uniformly bounded, so we have a uniform upper bound on diameter.

Observe that hj — hysp of Example 4.2 smoothly away from the poles. So d; — dcysp
pointwise away from the poles. Since the arclength parameters also converge, we see that
dj— deusp on $? x 82, Since (5?,ds2 ) is compact we have all the hypotheses of Theorem 1.1.
This is an example where the SWIF limit is a proper subset of the GH limit:

sety,,., ([[S7]]) #5°. (4.61)
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0000

Figure 5: Example 5 has d;<d; | because \h;| < |h;-+1| and converges to Example 4.2 which has the poles with

cusp singularities removed.

4.6 Intrinsic flat distance

In [22], Sormani and Wenger define the intrinsic flat distance between two integral cur-
rent spaces as follows:

Definition 4.2.

dswir((Xa,da,Sa),(Xp,dp,Sp)) =inf{df (fan(Sa), fou(Sp)) } (4.62)

where the infimum is taken over all complete metric spaces, (Z,dz), and over all distance preserv-
ing maps,
ng(Xa,du)%(Z,dz) and fb:(Xb,db)%(Z,dz). (463)

Here d% denotes the Flat distance between integral currents T,, T, on (Z,dz):
df (T, Ty) =inf{M(A)+M(B): A+0B="T,— Ty} (4.64)
where the infimum is taken over all integral currents A,B on (Z,dz).

We say that a sequence of integral current spaces converges in the intrinsic flat sense,

if
dSWIF((Xj/djlsj)/(xoo/doozsoo))_>0~ (466)
In [22], Sormani-Wenger prove this implies there is a common complete metric space,
(Z,dz), and distance preserving maps, f;: X;— Z such that, T;= fi4S; converge weakly to
“Teo= foottSeo as integral currents on (Z,dz)”. Thus by Ambrosio-Kirchheim semicontinu-
ity of mass,
liminfMd. (S]) = limil’lfMdZ (T]) > Mdz (Too) = Mdoo (Soo> (467)
joeo jroo
We say the sequence of integral current spaces converges in the volume preserving in-
trinsic flat sense if we have (4.65) and

Mdj(S]) —>de(500) (468)
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This notion was first studied by Portegies in [16]. Additional work was completed by
Jauregui-Lee in [12]. The consequences of VF convergence are most recently reviewed
by Jauregui-Perales-Portegies in [13].

4.7 Intrinsic Flat Convergence Theorem

We can now state our SWIF convergence theorem:

Theorem 4.2. Suppose (X,d;) is a monotone increasing sequence of metric spaces satisfying all
the hypotheses of Theorem 3.1 so that d; — de uniformly and

(X.d;) LN (X,d) which is compact. (4.69)
If there is a current, T, which is an integral current structure for (X,d;),
sety (T)=X  VjeN, (4.70)
with uniform upper bounds on total mass,
My (T)<Vo and Mg (0T)<Ao  VjEN, (4.71)

then
(X,d;,T) L5 (Moo, oo, Toc ) (4.72)

where “Too = T viewed as an integral current on (X,d;)” in the sense defined in Definition 4.1
and

Mo =set;_(Teo) C X with Me=X. (4.73)
Furthermore,
Mdoo (Too) = 1im Mdj (T) . (474)
]—00

so we have volume preserving intrinsic flat (VF) convergence.

Recall that in Example 4.3 we saw that the SWIF limit, M., might be a proper subset of
the Gromov-Hausdorff limit, X.

4.8 The proof of Riemannian Theorem 1.1

Before we prove Theorem 4.2, we show in this subsection how it can be applied to prove
Theorem 1.1:

Proof. Note that the hypotheses of Theorem 1.1 imply the hypotheses of Theorems 3.1
and 4.2 as follows:

* Monotonicity of metric tensors in (1.1) implies monotonicity of distances as in Def-
inition 2.2 by Lemma 2.1.
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Figure 6: The distance preserving maps from Proposition 3.3.

* Adding the diameter bound in (1.2) implies the pointwise convergence of d; — de
in Lemma 2.3 and the diameter hypothesis of Theorem 3.1.

e The assumption that (M,d«) is compact in Theorem 1.1 implies the compactness
assumption in Theorem 3.1, so that we have uniform convergence as in Proposi-
tion 3.1 and a common metric space Z; for (M,d;) and (M,d«) as in Proposition 3.3

and (M,d;) SN (M,d ) as in Theorem 3.1.

* The hypothesis that (M,g;) are smooth oriented Riemannian manifolds in Theo-
rem 1.1 implies (M,dy,, [[M]]]) are integral current spaces with T = [[M]] by (4.35).

¢ The volume bounds in (1.4) imply the mass bounds in (4.71) by (4.34).

Thus we may apply the Theorem 4.2 and (4.34) to conclude the volume preserving intrin-
sic flat convergence in (1.5) to a limit space satisfying (1.6). O

4.9 Finding the current structure of the SWIF limit for Theorem 4.2

In [22], Sormani-Wenger proved that when one has a sequence of integral current spaces
which converge in the Gromov-Hausdorff sense and have uniformly bounded total mass
as in (4.71), then SWIF limit of the integral current spaces is a subset of the Gromov-
Hausdorff limit. For Theorem 4.2 we wish to show the closure of the SWIF limit is the
GH limit, so we need stronger control on the SWIF limit’s current structure. To achieve
this, we will repeat the steps of the argument in [22] using the special properties of the
common metric space, (Z,dz), that we constructed in Proposition 3.3. See Fig. 6.

Proposition 4.1. Under the hypotheses of Theorem 4.2, we have the metric space (Z,dz) as
constructed in Proposition 3.3 depicted in Fig. 6 with distance preserving maps,

X] :C]-of]-’(]-’oo) : (X,d]) — (Zj,OO/dZ]‘,oo) — (Z,dz), (475)
Xoo :gjofoo,(j,oo) : (X,doo) — (Zj,OOIde,oo) — (Z,dz), (4.76)

such that the pushforwards
Tj=xjs(T)=Cjx(fj(T)) (4.77)
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Figure 7. Here we see integral currents T in Z and By, (z,t) of the proof that spt(Tes) C Zog=xo(X) CZ as
claimed in (4.82).

are integral currents in Z whose supports are

spt(Tj) =i (fj(X)) = &;(Xx{hj}) C{j(Zje) CZ (4.78)

and have
My, (T)) =My (T)<Vy and My, (9T;) =My, (T) < Ao. (4.79)

Furthermore, there is a subsequence T; which converges weakly as currents in (Z,dz) to an
integral current, Teo, whose support lies on the central spine in Z,

spt(Teo) =Zo=xeo (X) =C;(Xx{0}) CZj(Zjo0) C Z. (4.80)

Taking Teo = X ok Teo we have “Ts =T viewed as an integral current on (X,d;)” as in Defini-
tion 4.1, and
M, (Te)=lim My (T). (4.81)
k—o0 Tk
In the next section we will apply this proposition to prove SWIF convergence holds
without needing a subsequence.

Proof. Since the maps in (4.75) are distance preserving, the pushforward integral currents
T; on (Z,dz) defined as in (4.77), satisfy (4.79) and (4.78) following the definitions of
pushforward and mass ([22]).

Since (Z,dz) is compact by Proposition 3.3, we can apply the Ambrosio-Kirchheim
Compactness Theorem, Theorem 4.1, to conclude that there is a subsequence Tjk which
converges weakly as currents in (Z,dz) to an integral current, Teo.

First we claim

spt(Teo) CZo=xoo(X) =j(Xx {0} C Z; ) C Z. (4.82)

Take any z € Z\ Z as in Fig. 7. Then there exists j, € N such that z={; (f;,(x,t)) where
t>0. Then by the definition of dz in Proposition 3.3, the ball:

By, (z,t) C L. (fi.(Xx (0,h.]))) C {1 (Z1,)\ Zo. (4.83)
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Figure 8: Here we see W; C Z of Lemma 3.3 in dark gray, the rest of Z is lighter, and Zy CW; CZ is in black
with the isometry, x!, to (X,de).

In particular
Ba, (z,t)NG;(fi(Xx {hj})) =D (4.84)

for all j > j,. By the lower semicontinuity of mass under weak convergence as in (4.32)
we have
[1Teol[(Ba (2,£)) <liminf||Ti[[(Bg, (z,£)) =0 (4.85)

so z ¢ spt(T). Thus spt(Tw) C Zy. Since xeo: (X,des) — (Zo,d7) is an isometry, we can
define:
Too =Xk Too (4.86)

as an integral current on (X,de).

We claim that for each j €N, “T =T viewed as an integral current on (X,d;)” in the
sense of Definition 4.1. Given any tuple, (779, 7t1,..., 7Ty ) of Lipschitz functions on (X,d]-),
we need only show

T (720,701, Tt ) = Too (770, 7C1, ey Tt ) - (4.87)

First note that by Lemma 4.1 these 71; are also tuples of Lipschitz functions on (X,dw), O
Teo (770, ..., 7T ) is well defined.
Recall the set W; C Z from Lemma 3.3, Lemma 4.2, and Remark 4.1 depicted in Fig.

8. By Lemma 4.2, we define a tuple of Lipschitz functions, (7,71, ...,7 ), on the subset,
(W;,dz), inside (Z,dz), such that

(g, (x,t)) = mmi(x) VxeX, te[0,h;], jk>]. (4.88)
By (4.86) and the fact that
(i (x,)) =70 (x) = i(xeo (%)) VxeX, te[0h], k=], (4.89)
we have by definition of T, and then the definition of pushforward that
Too (720, 7010 T ) = (X ook Too) (7700 Xoos 7810 Yooy vos Foms © Xo0) = Too (70, 1oy Fims ). (4.90)

Note that for any j; >j we have

Spt(]}k)ngk(ij)CWjCZ. (4.91)
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So Tj, converge weakly as currents to T in (Wj,dz). This means, for any Lipschitz tuple,
w, on (Wj,dz), we have
T, (w) = Too(w). (4.92)

Applying this to w = (7T, 71,...,Tm), we have

Too(7'(0,7171,...,71'm) :I}LIEIOT]I( (f(o,fl’l,...,f[m). (493)

On the other hand, by (4.88), we have,

(G (1)) =mi(x) =74:(8;. (f3, (%)) VxeX te[0h;], jk > (4.94)
Thus Tj, ={;#f;#T and we have
T]‘k (ﬁo,...,ﬁm) = (gjk#f]'k#T) (ﬁUOC]'k Of]'k,...,f[m Og]'k Of]'k) = T(TC(),...,TL'm). (495)

Substituting this into (4.93), and taking the limit j, — oo, we reach our claim in (4.87). We
conclude that “T, = T viewed as an integral current on (X,d;)” in the sense of Defini-
tion 4.1.

Now we claim spt,, (Teo)=Zo. Since we know Teo= oot Teo, this is the same as showing
spt; (Te)=X. Given any x € X and any r >0 we have

| Teoll e (Bay (x,7)) = || Teo 4, (B, (7)) (4.96)

by Lemma 4.4. By our hypotheses, we have uniform convergence of the distance func-
tions, |d; —de| <€;— 0, so for all j such that e; <r/2

B, (x,r) DBy (x,r/2). (4.97)

Combining this with the above, and then the fact that “T,, = T as integral currents on
(X,d;)”, we have

| Teolld, (Ban, (x,7)) 2 || T[4 (Ba; (x,7/2)) = || T||; (Ba; (x,7/2)) > 0. (4.98)

Thus spt; (Te)=X and spt,, (Tw) = Zo.
Finally, we claim the masses converge as in (4.81). By Ambrosio-Kirchheim’s semi-
continuity of mass combined with the fact that { is distance preserving we have

My, (Te) =My, (Te) <liminfMy, (T}, ) =liminfM;, (T). (4.99)
k—o00 k—o0 Tk
Applying Lemma 4.4, and then the fact that “To, =T as integral currents on (X,d; )", we
have
M, (Tw) 2 My, (Tw) =My, (T). (4.100)

Combining (4.99) and (4.100), we have the claimed mass convergence for the subsequence
in (4.81). O
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4.10 Proving SWIF convergence

In this section we complete the proof of Theorem 4.2. Recall Definition 4.2 of the SWIF
distance. Our goal is to provide a constructive proof that

dswjp((x,d]’,T),(Moo,doo,Too))—>0 asj—)oo (4.101)

where (Mw,dw, Too) is the integral current space defined using a subsequence in Proposi-
tion 4.1.

To complete the proof of Theorem 4.2 we will explicitly estimate the SWIF distances.
First we prove a more general proposition that provides a more general estimate on the
SWIF distance between a pair of integral current spaces:

Proposition 4.2. Given two metric spaces, (X,d,) and (X,dy), and an € >0 such that
dy(x,y)—e<d,(x,y) <dy(x,y) Vx,yeX. (4.102)

If T, is an integral current on (X,d,) and Ty is an integral current on (X,dy) both of dimension,
m, and “T, =Ty, as integral currents on (X,d,)”, then

m

dswir((Ma,da, Ta),(My,dy, Ty) <h2"3 (Mg, (Ty) + My, (3T;)) (4.103)

where M, =set(T,), My =set(Ty), and h=¢€/2.

Proof. Note that these hypotheses imply the hypotheses of Proposition 3.2; so there exists
a metric space
(Zap=Xx|0,h],dz,,), whereh=e/2, (4.104)
with
dz,,(z1,22) <daxi(z1,22) =dy(x1,%2) + |t — 2], (4.105)

and there are distance preserving maps:

for (X, da) = Zyp st fa(x)=(x,h), (4.106)
fo: (X,db) —Zyp St fb(x) = (X,O). (4.107)

We will estimate the SWIF distance by constructing integral currents, A and B, on
Z, =X x[0,h] such that
OB+A= fuTo— fouTp (4.108)

and then bounding the masses of A and B.

We have an integral current space, (M,dy, Ty). So the integral current T, x [0,4] is
defined on the isometric product space, (M, % [0,4],d;sor) defined in Proposition 3.7 of
[17] by Portegies-Sormani. This proposition states that

(T, x [0,h]) = =0T, x [[(0,/)]]+ Ty < 9[[(0,R)]], (4.109)
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and
Tb xE)[[(O,h)]] :ll’h#Tb—lPO#Tb (4110)

where ;(x) = (x,t) € X x [0,h] and
M., (Ty % [0,h]) =hM(T}), (4.111)

where d;sp, is the standard isometric product:

disom ((x1,t1),(x2,t2)) = \/(db(xl,xz))2+ (t1—t2)2. (4.112)

We have M, x [0,h] C X x[0,h]=Z,;, however dz_,) is not the standard isometric prod-
uct distance. So we rescale the isometric product, cdmpare to the taxi product, and apply
(4.105) to see that:

V2disom(21,22) > diari(21,22) > d7,, (21,22). (4.113)

Note that T, x [0,k] is an integral current on the rescaled isometric product space, (X x
[0,h],/2d50 ), satisfying (4.109)-(4.110) except now the mass rescales:

m

M 3, (Tox [0,1]) =272 KMy, (T). (4.114)

We can apply the Lipschitz one identity map,
12 (X [0,h],V2disom) = (X x [0,1],V/2d7,,), (4.115)

to define the pushforward integral current on Z, ;:

B=14(T, x[[(0,h)]]) (4.116)
whose mass satisfies »
Mg, (B)<2"7 My, (T,). 4.117)
Similarly, we define
A=15(0T, x [[(0,1)]]) (4.118)
whose mass satisfies
M, (A)<2%1M,,(9T,). (4.119)

By the pushforward of (4.109) we have
0B=—A+1(T, x9[[(0,h)]]) (4.120)
and by the pushforward of (4.110) we have
(T x9[[(0,h)]]) = 4P Tpy — tapou Tp. (4.121)

Thus we need only show that
fowTa = sy Ty (4.122)
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and
fou Ty =tspos Ty (4.123)
as integral currents on (Z,;,d Za,b)' The latter easily follows from,
fo(x) = (x,0) =1(x,0) =1(o(x)). (4.124)
We also have
fa(x) = (x,h) = 1(o,h) = (P (x)).- (4.125)
which gives
fa#To=1aPyuT,. (4.126)
So we need only prove
s To = 1P Ty (4.127)

as integral currents on (Z,;,dz,,)-
Consider any Lipschitz tuple (77, ..., 7tx) on (Z,5,dz,, ). Recall that

l#1l]h#Ta(7T0,...,7Tm) = Ta(ﬂoololph,...,ﬂ'molo¢h). (4.128)
For each Lipschitz function 7t;: (Z,;,dz,,) — R we claim that
miotoy: (X,d,) — R is Lipschitz. (4.129)

This follows from the fact that f, is distance preserving and so

73 (x1))) = 7 (1 (x2))) | =, ) = e )|
<Kdgz,,((x1,h),(x2,h))

=Kdz,,(fa(x1),fa(x2))
:Kda (xl,xz). (4130)

So (rrpotoyy,..., T ototy) is a Lipschitz tuple on (X,d, ). Combining this with the hypoth-
esis that “T, =T}, as integral currents on (X,d,)” we have

Ta(mo0L0Wy, ..., mmotoy,) =Ty(mpoLoy,..., Ty oLoy,). (4.131)
Thus, by the definition of pushforward, we have (4.127). O
We now apply Propositions 3.1, 4.1, and 4.2 to prove Theorem 4.2:

Proof. First note that the hypotheses of Theorem 4.2 imply that the hypotheses of Proposi-
tion 3.1 and Proposition 4.1. By Proposition 3.1, we have uniform convergence of compact
metric spaces (X,d;) to a compact limit (X,dc):

deo(x,y) —€; <d;(x,y) <deo(x,y) Vx,ye X (4.132)
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where €;— 0 as j — c0. By Proposition 4.1 we have an integral current space,
(Meo,ds, To), where Mo =set(To) C X (4.133)

with Cl(Me) =X and “Te =T as integral currents on (X,d;)” for all j €IN.
Next we apply Proposition 4.2 with

(X,da,Ta) = (X,dj,T) and (X,db,Tb) = (X,doo,Too) (4.134)
where set(Tj) =X and set(Ts ) = M« and
h=h;j=2¢;—0as j— oo, (4.135)

Thus by Proposition 4.2, we have

m+1

dswir((X,d;,T),(Meo,deo, Teo)) <22 hj(My (Teo) +My, (0Tc)). (4.136)

Thus by (4.79) of Proposition 4.1 we have,

m+1

dswir((X,d;,T),(Meo,deo, Teo)) <272 hj(Vo+Ag) =0 (4.137)

and we may conclude SWIF convergence of the original sequence.

Finally we apply the fact that My, (T) is monotone increasing by Lemma 4.4 and the
fact that a subsequence converges to My_ (Tw) by Proposition 4.1 to conclude that mass
converges. Thus we have volume preserving intrinsic flat convergence of the original
sequence. O

5 Open problems

Let us consider a monotone increasing sequence of integral current spaces, (X,d;, T), with
d; <d;,1 with the following three hypotheses

diamg (X) <Do, Mg (T)<Vy, Mg (9T) < Ao. (5.1)

By Lemma 2.3, we have a pointwise limit, (X,ds). We know that without the compact-
ness assumption in our Theorem 1.1 and Theorem 4.2, that we may not have Gromov-
Hausdorff Convergence of the sequence. See Example 2.1.

However, we know that by Wenger’s Compactness Theorem of [24] that any sequence
of integral current spaces satisfying (5.1) has a subsequence converging to a SWIF limit,
)2 (XL, TL), (5.2)

Tk’

(X,d

where the SWIF limit might be the zero space.
Combining the monotonicity assumptions with (5.1), perhaps one can show one or
any of the following;:
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¢ the sequence itself SWIF converges without needing a subsequence possibly to a
nonzero limit space,

¢ there is VF convergence to the limit space,

e there is a distance preserving map from the SWIF limit, (X/,,d.,), into the pointwise
limit, (X,d«), with possibly some relationship between the currents, T/, and T.

Note that assuming any of the following additional hypotheses might help:

e The integral current spaces, (X,d;, T), are Riemannian, (M,d g/ [[M]]), possibly with-
out boundary.

¢ The integral current spaces, (X,dj,T), have empty boundary, 0T =0, so we don’t
have to use A; in the proof of SWIF convergence.

¢ The integral current structure, T, is assumed to be an integral current on the point-
wise limit, (X,do).

It would be interesting to find counter examples to any or all of these statements as well.
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