
J. Math. Study
doi: 10.4208/jms.v58n2.25.05

Vol. 58, No. 2, pp. 188-210
June 2025

On Conical Asymptotically Flat Manifolds

Mingyang Li1 and Song Sun2,*

1 Department of Mathematics, University of California, Berkeley, CA 94720, USA;
2 Institute for Advanced Study in Mathematics, Zhejiang University, Hangzhou
310058, China.

Received Augurst 6, 2024; Accepted April 23, 2025;
Published online June 25, 2025.

In honor of Professor Xiaochun Rong on his seventieth birthday

Abstract. We prove a conjecture of Petrunin and Tuschmann on the non-existence of
asymptotically flat 4-manifolds asymptotic to the half plane. We also survey recent
progress and questions concerning gravitational instantons, which serve as our moti-
vation for studying this question.
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1 Introduction

In this paper we study conical asymptotically flat (AF ) manifolds. By definition, a com-
plete non-compact m dimensional Riemannian manifold pMm,g,pq is called

• AF if the Riemannian curvature decays at the rate

|Rmg|“opr´2q, r Ñ8,

where r denotes the distance to p; in other words, the asymptotic curvature

ApM,gq” limsup
rÑ8

r2|Rmg|

is zero.

• conical if it is asymptotic to a unique metric cone C8 at infinity, i.e., pM,λ´2g,pq

converges in the pointed Gromov-Hausdorff topology to C8 as λ Ñ 8. Here the
asymptotic cone C8 may have a lower dimension.
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We need to make a few remarks about the terminologies here. First the words “asymp-
totically flat” may refer to properties of varying generality in the literature. The notion
of AF we use here is the same as the notion of asymptotically flat used in [34]. A re-
lated notion is what we shall call strongly AF , which means that |Rmg| is bounded by a
positive decreasing function f prq with

ˆ 8

0
r f prqdr ă8.

An even stronger condition is that of faster than quadratic curvature decay, which means
that

|Rmg|ďr´2´ϵ

for some ϵą0 as rÑ8. We also try to distinguish the notation AF from AF, which usually
refers to being asymptotic to a specific flat model end (see Section 3).

There has been extensive work in Riemannian geometry studying topological and
geometrical properties of AF manifolds. Recall that flat ends of Riemannian manifolds
were completely classified by Eischenburg-Schroeder [17]. Ends of AF manifolds are
much more flexible; for example, any 2 dimensional non-compact surface admits an AF
metric [1]. It is known [22, 30] that strongly AF manifolds are automatically conical.
However there are interesting examples of conical AF manifolds which are not strongly
AF . Examples include the family of ALG˚ hyperkähler metrics [20].

Our interest in AF manifolds is motivated by the fact that they provide potential
model ends for complete Ricci-flat metrics. In 4 dimensions a complete non-compact
Ricci-flat manifold with ˆ

|Rmg|2 ă8

is called a gravitational instanton. The readers should be warned that there are varying
definitions of gravitational instantons in the literature. Some require the extra assump-
tion of being hyperkähler, but we do not make this hypothesis in the current paper. All
known examples of gravitational instantons are conical and they are all AF except the
family of ALH˚ hyperkähler metrics ([20, 38]) and the family constructed in [23] (which
has fundamental group Z). The latter are known to have nilpotent asymptotic geometries.

For general conical AF manifolds, in 2001, Petrunin and Tuschmann [34] proved a
structural result regarding the end structure. In particular, they proved that there are
only finitely many ends and a simply connected end must have asymptotic cone the flat
Rm if m‰4 and the flat R4,R3 or the half plane

H”Rě0ˆR

when m“4. It follows that when m‰4 the metric has Euclidean volume growth and there
is no collapsing phenomena along the convergence to the asymptotic cone. But when m“4
collapsing may indeed occur so the situation is more interesting. Clearly R4 can be re-
alized. Also R3 can be realized as the asymptotic cone of the Taub-NUT gravitational


