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Abstract. This work considers the initial boundary value problem for a viscoelastic
wave equation with a nonlinear boundary source term. Under suitable assumptions,
we prove the existence of global weak solutions using the Galerkin approximation.
Then, we give a decay rate estimate of the energy by making use of the perturbed
energy method.
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1 Introduction

In this work, we are concerned with the following initial boundary value problem

utt−∆u−∆utt+
∫ t

0
g(t−s)∆u(s)ds=0, in Ω×R+,

u=0, on Γ0×R+,
∂u
∂ν

+
∂utt

∂ν
−
∫ t

0
g(t−s)

∂u
∂ν

(s)ds+|u|p−2u=0, on Γ1×R+,

u(x,0)=u0(x), ut(x,0)=u1(x), in Ω,

(1.1)

where Ω is a bounded domain of Rn with a smooth boundary Γ. Let {Γ0, Γ1} be a parti-
tion of its boundary Γ such that Γ=Γ0∪Γ1, Γ0∩Γ1=∅ and meas (Γ0)>0. Here, ∂

∂ν denotes
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the unit outer normal derivative to Γ. The term ∆utt represents space-time dispersion.
The function g represents the kernel of memory term, p>2.

Partial differential equations in viscoelastic materials have important physical back-
ground and important mathematical significance. The viscous effects are described and
characterized by an integral term, and the integral term indicates a dissipative effect. For
mathematical analysis on the motions of evolution equations with memory, we refer to
[1, 2].

In the last few years, much effort in mathematics have been devoted to the study of
qualitative properties for the viscoelastic equation

utt−∆u−σ∆utt+
∫ t

0
g(t−s)∆u(s)ds=F , x∈Ω, t>0. (1.2)

Eq. (1.2) and related quasi-linear problems with |ut|ρutt instead, ρ>0, have been exten-
sively studied by many researches with possible external forces F like source f (u) and
damping h(ut). See for instance [3-14] and the references therein.

In 2008 Messaoudi [15,16] established a general decay of the energy solution to a
viscoelastic equation corresponding to (1.2) with σ = 0, by taking F = 0 and F = |u|ru,
r>0. More precisely, he considered the following decay condition on the memory kernel

g′(t)≤−ξ(t)g(t), ∀t>0,

under proper conditions on ξ(t)>0, and proved general decay of energy such as

E(t)≤ c0e−c1
∫ t

0 ξ(s)ds, ∀t≥0,

for some c0,c1 > 0 depending on the initial data. Ever since several authors have used
this condition to obtain arbitrary decay of energy for problems related to (1.2). See for
instance the papers by Han and Wang [17,18], Liu [19], Liu and Sun [20], Park and Park
[21]. Cavalcanti et al. [22] studied a problem of the form

utt−∆u+
∫ t

0
g(t−s)∆u(s)ds=0, in Ω×R+,

u=0, on Γ0×R+,
∂u
∂ν

−
∫ t

0
g(t−s)

∂u
∂ν

(s)ds+h(ut)=0, on Γ1×R+,

u(x,0)=u0(x), ut(x,0)=u1(x), in Ω,

(1.3)

for g,h specific functions and established uniform decay rate results under quite restric-
tive assumptions on both the damping function h and the kernel g. In fact, the function
g had to behave exactly like e−mt and the function h had a polynomial behavior near
zero. For more general assumptions on g and h, Cavalcanti et al. [23] proved the uni-
form stability of (1.3) provided that g(0) and ∥g∥L1(0,∞) are sufficiently small. They also


