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Abstract. In this paper, we consider the following nonhomogeneous Schrödinger-
Poisson system {

−∆u+u+ηϕu=u5+λ f (x), x∈R3,
−∆ϕ=u2, x∈R3,

where η ̸=0, λ>0 is a real parameter and f ∈L
6
5 (R3) is a nonzero nonnegative function.

By using the Mountain Pass theorem and variational method, for λ small, we show that
the system with η>0 has at least two positive solutions, the system with η<0 has at
least one positive solution. Our result generalizes and improves some recent results in
the literature.
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1 Introduction

In this paper, we study the existence and multiplicity of positive solutions for the follow-
ing nonhomogeneous Schrödinger-Poisson system with critical exponent{

−∆u+u+ηϕu=u5+λ f (x), x∈R3,
−∆ϕ=u2, x∈R3,

(1.1)
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where η ̸=0,λ>0 is a real parameter and f ∈L
6
5 (R3) is a nonzero nonnegative function.

It is well known that the Schrödinger-Poisson system stems from quantum mechanics
models and semiconductor theory (see [1–3]) and it has been studied extensively. From a
physical standpoint, Schrödinger-Poisson systems describe systems of identical charged
particles interacting each other if magnetic effects could be ignored and their solutions
are standing waves. For more details about the mathematical and physical background of
Schrödinger-Poisson system, we can refer to the papers [4-7] and the references therein.

Zhao and Zhao [8] studied the following Schrödinger-Poisson system with critical
exponent for the first time{

−∆u+u+ϕu=K(x)|u|4u+µQ(x)|u|q−2u, x∈R3,
−∆ϕ=u2, x∈R3,

(1.2)

where 2<q<6,µ>0 and K,Q∈C(R3,R) satisfies some certain conditions. When 2<q<4
and K,Q are radial functions with some certain conditions, they obtained system (1.2) has
at least a positive radial solution for µ>0 large enough; when q=4, they obtained system
(1.2) possesses a positive solution for µ> 0 large enough; while 4< q< 6 they obtained
system (1.2) has at least a positive solution for all µ > 0. Recently, Lei-Liu-Chu-Suo [9]
considered the following Schrödinger-Poisson system{

−∆u+u+ηϕu=u5+λ f (x)uq−1, x∈R3,
−∆ϕ=u2, x∈R3,

where 1<q<2,η∈R\{0},λ>0 is a real parameter and f ∈L
6

6−q (R3) is a nonzero nonneg-
ative function. Using the variational methods, they obtained that there exists a positive
constant λ∗ such that for all λ∈ (0,λ∗), the system has at least two positive solutions. A
natural question is whether there exist solutions for the critical Schrödinger-Poisson sys-
tem with nonhomogeneous term (that is, the case of q=1 in system (1.2)). Ye [10] studied
the following a class of nonhomogeneous Schrödinger-Poisson system{

−∆u+u+λϕu= f (u)+h(x), x∈R3,
−∆ϕ=u2, x∈R3,

(1.3)

where λ > 0 is a parameter and 0≤ h(x) = h(|x|)∈ L2(R3), f satisfies the following hy-
potheses:
( f1) f ∈C(R,R+), f (0)=0, f (t)≡0 for t<0 and there exist a>0 and q∈ (2,6) such that

f (t)≤ a(1+|t|q−1), ∀t∈R.

( f2) limt→0
f (t)

t =0.
( f3) limt→∞

f (t)
t =+∞.

She proved that system (1.3) has at least two positive solutions with the aid of Ekeland’s


