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Abstract. In this paper, we study the following coupled nonlinear logarithmic Hartree
system

—Au+AMu=p (—217T1nx| *uz) u+p (—217_[1n|x|*02> u, x€R?,

1 1
—Av+Ayu=1ip <—27T1nx| *vz> v+ B <—27T1nx| *uz) v, xERZ

where B,u;,A; (i=1,2) are positive constants, * denotes the convolution in R2. By
considering the constraint minimum problem on the Nehari manifold, we prove the
existence of ground state solutions for > 0 large enough. Moreover, we also show
that every positive solution is radially symmetric and decays exponentially.
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1 Introduction

The time-dependent system of coupled nonlinear Hartree system can be written as fol-
lows:

{—z‘am =AY +pq (K(x)*[¥1]?) Y148 (K(x) = [¥2|*) Y3, (t,x) eRt xRN,

(1.1)
—i0r¥2 = A2 +po (K(x) % [¥2|?) Yo+ B (K(x) % |[¥1 ) Ta, (t,x) ER* xRN,

where ¥;: R* xRN = C, i is the imaginary unit, y1,4p #0, and B #0 is a coupling con-
stant which describes the scattering length of the attractive or repulsive interaction, K(x)
is a response function which possesses information on the mutual interaction between
the particles. This system (1.1) appears in several physical models, for instance binary
mixtures of Bose-Einstein condensates, or the propagation of mutually incoherent wave
packets in nonlinear optics (see [1-4]). And if ones want to know more about the phys-
ical background and mathematical derivation of Hartree’s theory in the case of a single
equation, we refer readers to [5,6] and the references therein.

It is well-known that (¥1(t,x),¥2(t,x)) := (e"'u(x),e*?'v(x)) is a solitary wave solu-
tion of system (1.1) if and only if (#,v) solve the following elliptic system

{—Au+/\1u:yl(K(x)* u+B(K(x)*v*)u, in RN,

u
— Ao+ A0 = pir (K(x) x0?) 0+ B (K(x) xu?) v, in RN, (12

If the response function is the delta function, i.e.,, K(x) =d(x), then (1.2) turns to the
following coupled nonlinear Schrédinger system

{—Au+)\1u:y1u3+ﬁvzu, in RV, (13)

—Av+Agv = pp0® + Buto, in RN,

For the system (1.3), there are some significant progress on the multiplicity and properties
of solutions, see [7-16] and the references therein.

One can see that the fundamental solution to the Laplace operator can be denoted as
follows:

~ 5= In(jx), N=2;
Ty(x)= 27T

;‘XF*N/ N>3,

N(N—2)wy =

where wy is the volume of the unit ball in RYN. If K(x) =Ty(x) and N >3, then system
(1.2) can be written as

—Au—Hxlu:yl(/]R Mdy)u—kﬁ(/ﬂ{ Wdy)u, in RN,

v =y N2

—Av+/\zv:yz</]R vz(”dy)v—i—ﬁ(/ﬁ{ uz(y)dy>v, in RN,

M=y Vx=yI N2

(1.4)
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which is a nonlocal problem and has been studied extensively (xw [17-20]).
If K(x)=T'n(x) and N =2, then system (1.2) becomes the following problem

—Au+Au=pu; (-217t1n(|x|)*u2> u+p <—217t1n(|x|)*02> u, in R?,

1 2 1 2 ) (1.5
—Av+Av=pp <—27t1n(|x|)*v > v+ <—27t1n(|x|)*u ) v, in R“.
When =0, studying (1.5) is equivalent to studying the following Schrédinger-Poisson
system

1
—Au+Au+y(/}RzEln(\x—y\)ﬁ(y)dy)u:& in R?. (1.6)

Since the integral kernel In(|x|) is sign—changing in IR?, system (1.6) attracts many re-
searchers” attention [21-29]. To study system (1.6), Stubble [29] first set up a variational
framework and proved that if A >0 and y >0, then the system (1.6) has a unique ground
state solution, which is a positive spherically symmetric decreasing function. Later, Bon-
heure, Cingolani and Van Schaftingen [22] proved the nondegeneracy and the exponen-
tial decay property of the unique ground state solution to (1.6) with A >0,=1. Cingolani
and Weth [26] considered system (1.6) with a local nonlinear term, i.e.,

1
—AutAut (/IRZEln(\x—yy)uz(y)dy)u:byu\H, inR?, (1.7)

where >0, p>2 and A € L*(IR?), and proved that if p >4, then the problem (1.7) has a
sequence of solution pairs £u and a ground sate solution. In addition, the authors also
showed that every positive solution is radially symmetric and monotonically decreasing
for p >2 and A >0 by moving plane method. Later on, Du and Weth [27] studied the
case of 2< p <4 and A =1, and proved the existence of ground state solutions and in-
finitely many nontrivial sign—-changing solutions. In [24,25], Chen and Tang considered
a more general case related to (1.7) with axially symmetric potential function and general
local nonlinearities, and found a ground state solution in the axially symmetric functions
space. Recently, Bernini and Mugnai [21] studied the existence of radially symmetric
solutions for (1.6) with a local nonlinear term, which does not satisfy the Ambrosetti-
Rabinowitz condition.

Motivated by the above mentioned papers, here we want to discuss the existence of
positive ground stated solutions and the properties of positive solutions to (1.5) with
B,Ai, 1i>0(i=1,2). The energy functional corresponding to (1.5) is defined by

j(u,v):;/z(|Vu|2+|VU|2+A1MZ+A202)dx+iAo(u,v), (1.8)
R
where

Ao(u0)i= [ [ In(lr—y]) (s (x)u )+ ()72 () + 260 (x)0 ) dxdy.
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Note that 7 is not well-defined on H!(IR?) x H!(R?) even if B,A;,; >0(i=1,2). Inspired
by [26,29] , we define a smaller Hilbert space

X::{(u,v)eH:/]R2 (ln(1+|x|)u2+ln(1+|x|)vz)dx<oo}, (1.9)
equipped with the norm
||(u,v)||§<::/]R2(]Vu|2+|VZJ]2—H\1MZ+/\202)der/]Rz (In(1+|x)u®+In(1+|x|)v?) dx,
where H:= H'(R?) x H'(IR?), endowed with the norm
|\(u,v)|\§::/mz(yw|2+|Vz;yz+A1u2+szZ)dx.

Due to the Hardy-Littlewood-Sobolev inequality and the following decomposition

1
In(jJx—y|)=In(1+|x—y|)—In <1+ ]x—y|>'
we have that 7 is well-defined and of class C! on X. Moreover, any critical point of J in
X corresponds to a solution of (1.5).

Before stating our result, we give some definitions. A solution (u,v) of (1.5) is called a
nontrivial solution if #70 and v#0, and a nontrivial solution (u,v) is positive if #>0,v>0.
Moreover, we say a solution (u#,v) of (1.5) is a ground sate solution if (u,v) is nontrivial
and J (u,v) < J(¢,¢) for any other nontrivial solution (¢,) of (1.5).

Our first result can be stated as follows:

Theorem 1.1. Assume that p,A;,p1; >0(i=1,2). Then every positive solution (u,v) € X of (1.5)
is radially symmetric and monotonically decreasing. In particular, u and v decrease exponentially.

We note that Wang and Shi [18] showed the radial symmetry and the monotonic de-
creasing of positive solutions to (1.4) for the case N =3 and B,A;,u; >0(i=1,2). Their
approach relies on the moving plane method of the integral form. The methods of [18]
can apply to a general class of integral equations, but they can not be applied to (1.5)
since I',(x) = —5-In(|x|) is sign—changing. Inspired by [26], we use a more direct and
simpler variant of the moving plane method to prove Theorem 1.1.

To obtain a positive ground state solution of (1.5), we define

N:={(u,0) € X\{(0,0)}:N(u,0) =0}, (1.10)
c:= inf J(u,v0), (1.11)
(u,0)eN

and

(| Vi ||34Az 1 ]13)
[V ||34+As 13

2 (IVu |3+ A ||uz3)

, = , (1.12)
N | N[ N A

Pri=
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where
N(u,0):= (T (u,0),(u,0)) = / i (|Vul?+| Vo> +Au? + A0 ) dx+ Ao (u,0),
R

A, 1i>0(i=1,2) and u; is the unique ground sate solution of (1.6) with (A, u)=(A;,p;) (i=
1,2).

Our results on the existence of positive ground state solutions to (1.5) are stated in the
following Theorem.

Theorem 1.2. Assume that B,A;,p; >0(i=1,2). If B>max{pB1,B2}, then system (1.5) has a
positive ground state solution (up,vo) in X, where By and By are defined in (1.12).

To obtain a ground sate solution of (1.5), we need to overcome some difficulties. First,
since the integral kernel I';(x) = —5-1In(|x|) is sign—changing, we decompose In(|x|) into
In(1+4|x|) and —In(1+ |17|) Then, to make the corresponding functional sense, we intro-
duce a new smaller working Space X, which is defined by (1.9). Finally, by studying the
constraint minimum problem c=inf(, ;)< J (#,0) on the Nehari manifold restricted to X,
we obtain the existence of positive ground state solutions of (1.5). Moreover, it is worth
noticing that we also need to prove that ' € C! is a natural constraint and eliminate the
semi-trivial solutions in the processing of proving Theorem 1.2.

The paper is organized as follows. The variational setting and preliminaries will be
given in Section 2. Section 3 will devote to the proof of Theorem 1.2. In Section 4, we will
complete the proof of Theorem 1.1.

2 Variation framework and preliminaries

For convenience, we introduce the following notations.

* A new Hilbert space
X1::{ueHl(]Rz):/zln(1+|x\)u2dx<oo}
R

with the norm

u X]:: ;
1|12 / (|Vu|2+u2)dx+/ In(1+|x|)uldx
R2 R2

e The standard norm in LP(IR?) (1< p < c0) is denoted by

1
P

- p .
Julli= ( [ luaz)
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e LP(R?)x LF(IR?) (1< p< o) denotes the Lebesgue space with the norm

‘-::\»—‘

1w, 0) 1= (lullp+[12115) 7

e Forany uec H'(R?), ||u i:: In(1+ |x])u?dx;
y R?

pp. 61-79

¢ C, Cy, Cy,--- stand for positive constants possibly different in different places.

We define the following symmetric bilinear forms

(u,0)— I (u,0) / /zﬂln 1+ |x—y|)u(x)v(y)dxdy;

(o) b(woy=[ [ L Zﬂm (1+|1_y|)u<x>v<y>dxdy;

(10) = Io(w2)i=ha0)~ o) = [ [ in(la—ylu(x)o(y)dady;

(u,0)— B;(u,v):= ylli(u,u) +uzli(v,0)+2BI;(u,v), i=0,1,2.

2.1)

Since 0 <In(1+7r) <r for r >0, by Hardy-Littlewood-Sobolev inequality (Theorem 4.3

of [30]), we have that

Iz(u,v)gﬂ/]R2 szu(x)v(y)dxdygcoﬂuﬂgHv||%, Vu,ve L3 (R%),

with a constant Cy > 0. Also, we define the functionals:

Aq:HY(R?) x H'(R?) — [0,00], Aq(u,0):= By (u?,0%);
A:L5(R%) x L3 (R%) —[0,00), A (1,0) =By (12,0?);
Ap: H'(R?) x H (R?) = RU{oo}, Ao (u,0) := By (u?,0%).

From (2.2), we deduce that

Ao (u,0) =1 L (u? u?) + ua Lo (v?,0%) +2B 1 (u?,0°)
<Colpa+B)lullf +Coluatp)llollf,  V(u,0) €L3(R)x L3 (R?).

Since
In(14[x—y|) <In(1+|x|+|y[) <In(1+|x)+In(1+]y]),  VxyeR?

one has

BGugg) < [ [ (14 ) +in(1+ ) [aG)o(0)] [9()p(y) [dxdy

(2.2)

(2.3)

(2.4)
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1
< 5 - Uulldolldigll2llpll+lull2llvlllgldll),  V(we).(vy)eX, (2.5)
which implies that, for any (u,v) € X,
Al(u,v):ylll(uz,uz)+y211(02,02)+2,311(u2,02)

1
< — (ullulZlulz+pallellolz+BllullZlolz+Bllollu2) (2.6)

Proposition 2.1 ([31], Gagliardo-Nirenberg inequality). Let u € L1(RN) and it is derivatives
of order m, D"u € L"(RN), 1< g,r < co. For the derivatives Diu, 0< j < m, the following
inequalities hold

IDull, <Cllullg= D" ul?, 2.7)
where L o .
p=xta (i) oy
for all % <a <1 and the constant C depending only on N,m,j,p,r,a.

Lemma 2.1 ([26], Lemma 2.1). Let {u, } be a sequence in L?(IR?) such that u, —u € L*(IR?)\
{0} pointwise a.e. on R? and {v,,} be a bounded sequence in L?(IR?) such that

suply (u2,03) <oo.
neN

Then there exists ng €N and C >0 such that ||v,||. <C for n>ny.

Lemma 2.2. We have the following properties:

(i): For all p € [2,00), the embedding X — LP (IR?) x LP(IR?) is compact;

(ii): The functionals Ay, A1, Ay and J are of class C' on X. Moreover, for any (u,v),(¢,¢) €
X,

(Ai(w,0), (¢, 9)) =4 Li(ugp,u?) +4puali (09, 0%)
+4BL (v, u?) +4BL(ugp,0?),  (i=0,1,2); (2.8)
(iii): J is weakly lower semicontinuous on X.

Proof. The proof is similar to that of Lemma 2.3 in [23] and Lemma 2.2 in [26], so we omit
it. O

Lemma 2.3. Let u € X1\ {0}. Then w, € L.(IR?), and

1
wu(x)—k%HuH%lnﬂx\)—w as |x| — oo, (2.9)
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where

wu(x)i=— [ oin(lv—y]) ) dy

Moreover, if u € C7*(IR?) for any 0<a <1, then wy, is of class C3(IR?) and satisfies — Aw,, = u?
in R2.

Proof. The proof has been given in [23] or [26]. O

Lemma 2.4. Assume that B,A;,1; >0 (i=1,2). If (u,0) € X\ {(0,0)} is a weak solution of (1.5).
Then

(i): u,ve C?(R?);

(ii): u,v decay exponentially, i.e., there exist C1 >0 and Cy >0 such that

|u(x)], [o(x)| < Cre= M. (2.10)
Proof. We set

fr(x) = prwn (x)u(x) + pwy (x)u(x),
fa(x) 7= pawy (x)v(x) + Py (x)v(x),

where w, and w, are defined in Lemma 2.3. The system (1.5) can be written as

{_Au+/\1u:f1<x>, e (2.11)
—Av+ A= fr(x), in R2.
Then, for any bounded open subset W C C R?, we find that, for any p€[1,00),
[ f(x <C1/ w2 (x) +2u?(x) +w?(x)|" dx
< Co (11wul[F2 gy 1135 gy + 0l 2 ) <C (2.12)

2p 2
L2y < Ca (a2 gy + 1013 gy + 0072 ) ) <C,

since wy,w, € L (R?) and (u,v) € X C H. Due to (2.12) and the arbitrariness of W, the

loc
Interior H?>-Regularity theory implies that u,v € leo’f(Rz) for any p € [1,00). By Sobolve
embedding, we have that u,v€ Cllo‘: (R?) for any 0<a <1, which, together with Lemma 2.3,
shows that w,,,w, € C® (]RZ). Then, it is easy to see that f1, f» are locally Holder continuous.
Therefore, u,v € C2(IR?) by elliptic regularity theorem.
It follows from the Agmons Theorem ( [32]) that u,v decay exponentially. We com-

plete the proof. O
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Lemma 2.5. Assume that B,A;,1u; >0 (i=1,2). Then
(i): For any (u,v) € X\ {(0,0)}, there exists a positive constant to >0 such that

(t5u(tox),t5o(tox)) EN;
(ii): There exists { >0 such that || (u,0)||g > for any (u,0) €N;
(111) c :inf(urv)ENj(u,v) >0.
Proof. (i): For any (u,v) € X\{(0,0)}. Consider

g(t):=N (Pu(tx),Po(tx)) =t (|[Vul3+ [ Vol3) + (A1]|ul3+A2]|0]3)

tInt
+ A0(,0) = (g [uli+pallo3+28llul3ll0]3),  +>o0.

It is easy to see that lim; .o+ ¢(t) =07 and lim;_, 4 g(#) = —o0. So there exists a positive
2 2 —0 i 2 2
constant fo >0 such that N (t5u(tox),t5v(tox)) =0, i.e., (H5u(tox),t5v(tox)) €N.
(ii): We have

H (u,v) HIZLI = —Ao(u,v) = AQ(L[,U) —A (u,v)
<Ay (u0) <Cr (Jlulf+loll}) <Clw o), V(uo)eN,

which implies that, for any (u,0) €N,

1
1 (,0) 12>

> o= 72>0. (2.13)

(iii): Using (ii), we get that, for any (u,v) €N,
1 1 , 1,
T (4,9) = (w,9) ~ {N(w) = 1| (00) [}y > 1*>0.

Hence c=inf(, e J (1,0) > 12>0. O

Lemma 2.6. Assume that B,A;,u; >0(i=1,2). Then N is a C'~manifold and any critical point
of J | is a critical point of J in X.

Proof. Following from Lemma 2.5(i), we have that N # . Now, we divided our proof
into two steps.

(i): By (2.4) and the Sobolev embedding inequality, we find that, for any r > 0 small
enough,

N(u,0) = | (w,0) [} + Ao(1,0) 2 || (w,0) [} = (p1+B)Col ull s — 42+ B)Coll ol

>[I~ Cll(u0) >0, VI[(wo)|a=r,
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which means that (0,0) € 0N
On the other hand, we can obtain that, for any (u,v) € N,
(N'(u,0),(u,0)) =2||(1,0) |} +4A0(u,0) = =2||(1,0) | F; <O, (2.14)

which, together with the Implicit Function Theorem, implies that \" is a C'~manifold.
(ii): If (u,v) is a critical point of J |y, i.e., (u,0) € N and (J|n) (u,0) =(0,0). Then
there is a Lagrange multiplier iy €R such that

J' (u,0)—yN'(u,0)=(0,0). (2.15)

Testing (2.15) with (u1,v), we get that

0={(J"'(u,0),(u,0)) —v(N'(1,0),(u,0) ) =—y(N'(u,0),(u,0)). (2.16)
From (2.14) and (2.16), we get that v =0. Hence, J'(u,v) = (0,0), i.e., (u,v) is a critical
point of J in X. The proof of Lemma 2.6 is completed. O

Lemma 2.7. Assume that B,A;,pt; >0(i=1,2). If B>max{p1,B2}, then we have
c<min{J (u1,0),7(0,uz)},

where By and By are defined in (1.12), and u; is the unique ground state solution of (1.6) with
(A )= (Aipi) (i=1,2).

Proof. Without loss of generality, we may assume that J (11,0) <7 (0,u2). For any p >0,
let

Fp(t) 1= N (tu,tour) = 2 (g, pun) ||+ £ (1 +0* p2 +20B) o (1, ). (2.17)
Since u; is the unique ground state solution of (1.6) with (A, )= (A1,41), one has that
IV ur |42 [l |12+ pa To (ui, u3) =0, (2.18)
which means that Iy(u%,u?) <0. So we can see that

_ (1, 0u1) 13 :
fo= ((Vl +042+202B) (= Io(13,u3)) ) (2.19)

is the unique positive root of F,(t) =0, which implies that (t,u1,topu;) €N for any p >0.
By (2.18)-(2.19), we can find that, for any p >0,
t2 t
h(p):= (tgtur o) = 2| s, pur) [+ (40" 1242078 ) I 3)
_ [(u1,012) Iy
4+ +20°B) (—lo(uf )
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2
" <HW1II%+M||u1H%+p2(HW1H%lelulllé))

4(p1+p*u2+20%B) (IIVur||3+A1ua|13)
_ i +ph)?
4(p1+ptua+20%B)by”

where b;:=||Vuy ||3+A;]ju1]|3 (i=1,2). Since B> B1, we have bypiy —by <0, which, together
with the derivative of h(p), gives that

i1 | 4(b1+0%b2) pba (1 + 042 +20%B) — (40° 2 +40B) (b1 +02b2)
W (p)=— ; .
4by (p1+p*pa+20%p)
p1 | (4b1bapy —4b3B) p+o(p?)

= —07, asp—07. (2.20)
46 (i + 02 +202B) ’

So there exists p; >0 such that
1 1
¢ <J (tp,un,tp,p111) =h(p1) <h(0) = =g ([IVur 5471 |1]3)
1 1 )
ZE(HVW 153+ A1 |u1]13) +1#110(M%/M%) =J (u1,0) =min{J (u1,0),J (0O,u2)}. (2.21)

We complete the proof. O

3 The proof of Theorem 1.2

Proof of Theorem 1.2: Assume that {(u,,v,)} C N such that J (u,,v,) —c asn—oo. Itis
easy to see that

1 1
c+o(1)=J (un,vn) _ZN(”mvn) = ZH (tn,0n) H%{/

which tells us that {(u,,v,)} is bounded in H. Using (2.7), we have ||u||} <C|ul3||Vul|
3
for any u € H'(IR?), which, together with (2.4), means that

0 < Aa (14, 0n) < Copia +B)llunlls +Co(p+B) |03
<C1(lunl 31V unllz+ l[oa 121 Voull2) <C. 3.1)

So we can get that

1 1
ct+o(1) =T (un,vn) = > | (4, 0n) H%I‘FiAO(”n/Un)
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1 1
> 2 A (n,0n) = Az(un,vn) (,ul[l(un,” )+ pa 1 (v3,03) +2B8L (u?,03)) —C,

which implies that {I;(u2,0%)} is bounded. Since {I(u2,02)} and {||(un,v,)|%} are
bounded in R, it follows from Lemma 2.1 that {||u, |2+ ||v,||2} is bounded. So {(u,,v,)}
is bounded in X. Passing to a subsequence, one has that

(ty,vn) — (19,00) in X,
(tn,04) — (110,00) in LP(R?) x LP(R?) for p € [2,00), (3.2)
(4, 04) = (10,00) a.e. on RZ,

By the definition of Ay, A1,A; and (3.1), we find

c+0(1) = T (ttny0n) — %N(un,vn) _ —iAo(un,vn)

1
< 2 A2(tt,00) <Gy ([l 2 Vatall 2+ onl 2] Voul )
< Clllunll2+ [onll2)* (1 Vatull2+ [V onl2)
< C(lfunll2+llonll2)’,

which shows that ||uy||2+||va]|2 > 0. Using (3.2), we get that (u9,v9) # (0,0). Passing to
(|unl|,|vn]), we may assume that (u9,vp) is nonnegative.

By the weak lower semicontinuity of norm and .7 in X, we can conclude that N (u9,v¢) <
liminf, e N (14,0, ) =0, which, together with lim;_,o+ N (#2ug(tx),t?vo(tx)) =0", implies
that there exists 0 < to <1 such that (3u(tox),t500(tox)) € N. Therefore, we find that

1 .1
C_nlgn j(unzvn) - hm [j(unrvn) _1N(u1’llvn):| :r}gr(}oin(”nfvn)u%i

4
>*H(M0,UO)H%1 *O(HVuonHIVvon) (AlHuol\%H\zllvoH%)

H(tO“O(tOx) t5vo (fox )HH J (tguo(tox),tgoo(tox)) >,

which gives that to=1. So J(uo,v9) =c and (up,v0) € N, i.e., c is achieved by (ug,v).
From Lemma 2.7, we get that

J(u1o,v0) =c <min{J (11,0),T (0,uz)}.

Using Lemmas 2.4 and 2.6, we find that (1,70) € C?(IR?) x C?(IR?) is a nonnegative non-
trivial ground state solution of (1.5). Combining the following decomposition

[ In(lx=yD(y)dy
:/Rzln(l—k|x—y|)u2(y)dy—/]ll{2ln <1+|x1—y|> w(y)dy, YueX;

and the strong maximum principle, we have that (u,vp) is a positive ground state solu-
tion of (1.5). The proof of Theorem 1.2 is completed. O
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4 The proof of Theorem 1.1

In this section, for any t € R, we let

i={x=(x1,02) ER*:x1 > t}, Tp:={x=(x1,%) ER?:x1 =t},

and
xhi= (2t —x1,x2), Vx=(x1,x2) eR>.

Assume that (u,v) is a fixed positive solution of (1.5) in X and set

ul(x):=u(xh), of(x):=0v(x"), wl(x):=w,(x"), w(x):=w,(x!), x€R?tcR,

and
et e ot et et :
Upi=U —U, V=0 —0, Wyt =W, —Wy, Wy =W,— Wy, IN Hy,

where w,,w, are defined in Lemma 2.3. By direct computation, we have that

— At Aty = pywy et + pywy i+ By, ' + Py, in Hy,

— AVt + A0t = U Wy 40" + Py v+ By, 10" + Bwy vy, in H;, @)

—Awy = (u')?—u? = (u' +u)uy, in Hy, ‘
in H;.

—Awy ;= (v)*—v* = (v' +0)vy,
Lemma 4.1. Assume that (u,v) is a positive solution of (1.5) and w,,w, are defined in Lemma

2.3. Then we have,

= y')( () +uly)) u(y)dy, xeR?,
(4.2)

t
w X)=w, —Wy, =
u,t( ) " " Ht 27'[ < ’X y|

w0 =vt-w= [ Lin(E) o romnmay  xer

Proof. Since |x!—y'|=|x—y| and |x' —y| =|x—y|, we find that

Wit (%) =t —wy == /27‘[ (1" =y )u dy+/ o In(x—y) (y)dy

= [z nle vy [ (i -yl )y
+/ —ln|x y)u ()y+/}RZ\ py In(|x—y|)u?(y)dy
:—/Hrznlnﬂx y' )2 (y)dy — /—ln |~y D (y")dy

1
+ [ srin(x=yD)dy+ [ Sinr—y ()
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= [ ok ()~ In(h 1) (2(6) 120

— |x—y'|
- Ht27fln( |x—yl ) (' () +u(y) ue(y)dy.

Similarly, one has that

wvt / 11’1(
Ht -

We complete the proof. O

) (o' () +o(y)) or(y)dy.

Lemma 4.2 ([26], Lemma 6.2). There exists a constant k >0 such that
Hw;,tHLZ(H[)Skc”/tHut_HLz(Ht)/ for everytEIR, (43)

where

1

Cut= (/H“ (11 —t)zuz(y)dy> 2, H} :={x€H;:u;(x) <0}, (4.4)

and h~ :=min{h,0} for any h € X;.

Lemma 4.3. Assume that B,A;,u; >0(i=1,2). There exists T >0 such that, when t>T, u;,v;>0
in Ht.

Proof. From (2.9), we can choose T; >0 such that w,,w, <0 in H; for every t >T. By (4.1)
and (4.3), we have

[y HLZ (Hy) +||Ut ||L2 (H) S ||(ut_'vt_)H%—11(Ht)><Hl(Ht)
:/Ht prtwy ey + pywy (uy )+ Bwo s uy +Pwy (1)) dx
+/I_It (VZwv,tth; —|—‘uzwv(vf)2—|—ﬁwu,tvtv[ —|—,Bwu(v[)2)dx
S/I_It (mw, utuy +Pw, wituy +pow, w'o; +pw, w'vy ) dx
<Gl iz (13 I iy 12 s o Tz
4l iy (10l s ez 1o o s
<G (Cu,fHutHLZ(Ht)"i_CU,iHUtHLZ(Ht)> (H“tHLZ(H,)—i'HUtHLZ(Ht))

<C(eurteon) (17 Raqeny + 1107 I2qar ) (4.5)
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By the definitions of ¢, t,c,+ and the fact that 1,v decay exponentially, we find that
lim (¢ +co,) =0,
which, together with (4.5), implies that there exists T > T such that, for any t > T,
u, =0, v, =0, x € H;.
We complete the proof. O

Lemma 4.4. Assume that B,A;,1; >0 (i=1,2). Let t € R and u; >0,v; >0 in Hy. Then
(i)f Wyt > 0,wy >0 in Hy;
(i1): If uy 0 or vy 0, then we have that
Ju du

uy>0,>0 inHy, and —<0, —<0inT;. (4.6)
8x1 axl

Proof. (i): Since In ( |";7_yyt ‘|> >0 for every x,y € H;, by Lemma 4.1, we find that, for every
teR,

Wy p, Wey >0 in Hy. (4.7)

(ii): Without loss of generality, we assume that u; Z0 in Hy. Then we get that w,,; >0
in Hy by (4.2). So, (4.1) and (4.7) imply that

—Aup+ (A — pw;, — Bwy ) up = (U s+ Bwo ) u' + (pw;f +pwy ) uy >0, in Hy,
and
—Avi+ (Ay — pow, — Pw,, ) v = (Powy,+ Py 1) v + (pow +Pw, ) vy >0, in Hy,

where it :=max{h,0} for any h € X. Hence u; >0, v; >0 in H; by the maximum principle,
and

ou  duy Jdv  Jdu; .
—Zaixl—ﬁ>0, ZTM—ax1>0 lnTt,
by the Hopf Lemma. We complete the proof. O

Lemma 4.5. Assume that B,A;,u; >0(i=1,2). Let u;(x),v¢(x) >0 in Hy, but u; 0 or v, 0 in
H;. Then there exists € >0 such that, for any T € (t—¢,t], ur >0,0¢ >0 in Hx.

Proof. Let Bg:=Bg(0) for R >0. By (2.9) and the fact that u,v decay exponentially, we
may choose R >1 large enough such that, for every T€ R,

wl{ S O, ZUU S O il’l HT\BRI (4.8)
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and for any T € [t—1,t],

2 .
([, -ewa) + ([ o-oma) <ob @9

where Co:=k(p1+p2+28)([[u¥||ro(p,) + |07 || Lo (1,)) and k is defined in Lemma 4.2. By
Lemma 4.4(ii) and u,v € C?(IR?), there exists 0 < ¢ < 1 such that, for any T € (t—¢,t],

ur >0, v: >0 in H:NBg, (4.10)
which means that
u; =0, v; =0 in H:NBg. (4.11)
Using (4.1), (4.3), (4.8) and (4.11), we can get that
e N e e [T | A

=/ - (prwy,u"uy +uywy, (ug )2+ Bwy cuTuy +ﬁwy(u;)z)dx
T R
+/, 5 (FW0ox0 0 it (07 )P+ o 0Tor + o (v )%) dx
T R
< / (prwy, uuy + pwy, uuy +pow, v 07 + B, v vy ) dx
HT\BR ! ! ! !

w2 (a1, <.”1HuT||L°°(HT) HurHLZ(HT)+:B||UTHL°°(HT)HUTHLZ(HT))

T lwge g (ﬁnufummuufHLz<HT>+mHvTHLw(HT>uvf||L2(HT>)
<kcuq|ur |12 (h,) (P‘lH”THL‘”(HT)Hur_’|L2(HT)+ﬁ||UT||L°°(HT)HUT_HLZ(HT))

Tkewellor iz (ﬁuuwrmmuwHL«HT)mvaum(HT)vaHLz(HT))

Sk(]’llcu,TH”THLw(HT)+,BCM,THUT||L°°(HT)+,BCD,TH”T||L°°(HT )IIMT 12211,

+k(/scu,f||vT||Lw(HT>+ﬁcv,f||uT||Lw(HT>+uzcu,r||vf|er(HT ) o7 12(e,)
<Coleurteoe) Iz gy 107 22 ) - (4.12)

Using (4.10) and the definition of HY, we have H¥ ,H? C IRZ\BR, which, combining (4.9)
and the definition of ¢, -, means that

3 :q
2.2 2.2
e ([ =rar) + ([ o) <g
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So [juz H%Z(HT)—i_ vz H%Z(HT) =0, which implies that u; =0, v; =0in H; for any T € (f—¢,t].
We complete the proof. O

Proof of Theorem 1.1: From Lemma 4.3, there exists T >0 such that, for any t > T,

I/lt(X)ZO, Uf(X)ZO in Ht. (413)
Starting from such a £ > T, one can move the plane x; =1 to the left as long as (4.13) holds.
Suppose that there exists a to >0 such that u;,(x),vs,(x) >0 in Hy,, but ug, 0 or vy, Z0 in
H;,. By Lemma 4.5, there exists a ¢ >0 such that, for any T € (ty—¢,to),

ur(x)>0, v¢(x)>0 in Hy.

Using Lemma 4.4(ii), we have 1 =0 in H; if and only if v =0 in Hr. So we obtain that
if the process of moving plane stops at t1, then u;, =0,v;, =0 in Hy, and u; >0,v; >0 in H;
for any t >1t;.

By a translation, we may assume that u#(0) =max, g2 #(x) and v(0) =max, g2 v(x). There-
fore, the process of moving plane from any direction must stop at the origin. So u and v
are radially symmetric and monotone decreasing. We complete the proof. O
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