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Abstract. This paper is devoted to study the existence and multiplicity of nontrivial
solutions for the following boundary value problem

{—div ()| Vu@)N2Vu(x)) = f(xu)+ehn(x),  inB;

u=0, on dB,

where B is the unit ball in RY, the radial positive weight w(x) is of logarithmic type
function, the functional f(x,u) is continuous in B xR and has double exponential crit-
ical growth, which behaves like exp {e"““‘% } as |u| — co for some a >0. Moreover,
€ >0, and the radial function / belongs to the dual space of W(},’f;] 4(B), h#0.
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1 Introduction

In this paper, we deal with the existence and multiplicity of nontrivial solutions for the
following nonhomogeneous problem

{ _div (w(x)qu(x)lN‘ZW(x)) =f(xu)+eh(x),  inB; (1.1)

u=0, on dB,
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where B is the unit ball in RN, the radial positive weight w(x) is of logarithmic type
function, the functional f(x,u) is continuous in B xR and has double exponential critical

N
growth, which behaves like exp {e”"”‘ N } as |u| — oo for some a >0. Moreover, ¢ >0, and

the radial function h belongs to the dual space of Wg’N (B), h#0.

Elliptic equations with exponential growth nonlinearities are motivated by the Trudinger-
Moser inequality. Let () be a bounded domain in RY, and denote with W&'N (Q)) the
standard first order Sobolev space given by

1

1,N _ 00 . N _ N N
W (Q)—cl{ueco (Q)./Q\Vu] dx<oo}, |\uuW3,N(0)_(/Q|Vu| dx)".

This space is a limiting case for the Sobolev embedding theorem, which yields W&’N (Q)—
LP(Q) for all 1 <p < oo, but one knows by easy examples that Wé’N (Q) ZL=®(Q)). Hence,
one is led to look for a function g(s):R — R* with maximal growth such that

sup /g(u)dx<oo.
<170

ueWg™ (@)l ) <

It was shown that by Trudinger [1] and Moser [2] that the maximal growth is of exponen-
tial type. More precisely,

exp(zx|u|%)eLl(Q), YuewWy,N(Q), Ya>0,

and N
sup exp(tx|u|ﬁ>dx§C(N)€]R, ifa<ay,
lll g ) <1 0

1

where ay = Nwy '} and wy_1 is the (N —1)-dimensional surface of the unit sphere.

Recently, the influence of weights on limiting inequalities of Trudinger-Moser type
has been studied, for example, see [3-5]. Let B=B;(0) be the unit ball in R, if we L' (Q)
is a non-negative function, we introduce the weighted Sobolev space

W&’N(Q,w):cl{uecg"(ﬂ): /Q\Vu]Nw(x)dx<oo}. (1.2)

A general embedding theory for such weighted Sobolev spaces has been developed in
Kufner [6]. It turns out that for weighted Sobolev spaces of form (1.2) logarithmic weights
have a particular significance, since they concern limiting situations of such embeddings.
However, to obtain interesting results, one needs to restrict attention to radial functions.
So let us consider the subspace of radial functions, i.e.,

Wér’gd(B,w):cl{ueCSf’rad(B): HuH::/Q|Vu|Nw(x)dx<oo},
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with the specific weight

e \N-1
w=|log— . (1.3)
(o873
Calanchi and Ruf [5] showed the following double exponential: setting N’ = X,
u N,
/BeeH dr<oo,  Vue W, (Bw), (1.4)
where w is given by (1.3), and
1
Wl TN
sup /656 dx<co <= B<N. (1.5)
B

1N
UEW g (Bw), [[u]|<1

The problems of type (1.1) with double exponential growth nonlinearities are motivated
from logarithminc weights Trudinger-Moser type inequalities (1.4) and (1.5). If N =2,
in the semilinear case, the results of Trudinger-Moser type inequalities with logarithmic
weights has been obtained in [3,4], and we refer to [7] for some applications about the
existence and multiplicity of solutions for elliptic problems. If ¢ =0, the existence of
solutions for problem (1.1) with double critical exponential nonlinearity at infinity has
been studied in [8]. However, as far as we know, there are no results on the existence
of solutions for a nonhomogeneous N-Laplacian problem with critical growth of double
exponential type.

Motivated by the above results, in the present paper, we study the existence and mul-
tiplicity of solutions for a nonhomogeneous N-Laplacian problem with double critical
exponential nonlinearity. The main purpose of this paper is to establish the result of
multiplicity solutions to problem (1.1) when & > 0 small enough by using the Ekeland’s
variational principle and mountain pass theorem.

In view of inequality (1.5), we say that f has double exponential subcritical growth at 4o
if for all « >0,

|f (x5)] (1.6)

lim —————=0,

_N_
5—00 exp {e{xm N-1 }

and f has double exponential critical growth at 4o if there exists ag >0 such that

feol

lim Vo> wg;
5—00 exp{Nealslﬁ}

(1.7)
lim f(xs)] =400, Va <ag.

5—00 exp {N€“|s|% }
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We assume the following conditions on the nonlinearity f(x,u):
(F;) f:BxR— R is continuous radial in x, and f(x,u) =0 for all (x,u) € Bx (—00,0].
(F) There exist constants Ry, My >0 such that for all x € B and u > Ry,

F(x,u) <Myf(x,u).
(F3) There exists u > N such that for all x€ B and u >0,
O<wuF(x,u)<uf(x,u),

where F(x,u) = [; f(x,t)dt.

(Fy) limsup,, 4+ NFu(ﬁ’”) < Ay, uniformly in x € B, where A1 >0 is the first eigenvalue

associated to the operator —div(w(x)|V-|N71) in Wé’r]zd(B,w).
Since we are only concerned with the nonnegative solution, the condition (F;) is nat-
ural. Our results state as follows.

Theorem 1.1. Suppose f has critical growth at 400 with ag >0 given by (1.7), and (F;) — (Fy)
hold. Then there exists e1 >0 such that for each 0 <e <e1, problem (1.1) has a nontrivial solution
with negative energy.

Theorem 1.2. Suppose f has critical growth at 400 with ag >0 given by (1.7), and (F;) — (Fy)
hold. Moreover, assume f satisfies the following condition:
(Fs) there exists constant vy with o > ﬁ such that
0

lim fxbt R
e exp{Ne“0|t|m}

>0, uniformly in x.

Then there exists €5 > 0 such that for each 0 < e < €5, problem (1.1) has at least two nontrivial
weak solutions.

The existence of solutions for critical exponential problems was studied in [9-13] and
references therein. Moreover, the existence of solutions for elliptic equations involving
critical exponential nonlinearities and a small nonhomogeneous term was considered by
many authors, for example, we refer to [14-20]. Here we extend some of these works to
consider the nonlinear term has double exponential critical growth at infinity given by (1.7).

Since the nonlinearity f has critical growth, the Euler-Lagrange functional does not
satisfy the Palais-Smale condition at all level, we will use a logarithmic concentrating
sequence (Moser sequence) to show that the functional satisfies the Palais-Smale at a
certain level.

The paper is organized as follows: we give some preliminaries results in Section 2.
Section 3 is devoted to study the geometry of the Lagrange-Euler function of problem.
We give a more precise information about the minimax level obtained by the mountain
pass theorem in Section 4. Section 5 is devoted to analyze the compactness of Palais-
Smale sequence, and we prove the existence of solutions for problem (1.1) in Section 6.
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2 Preliminaries results

Let us consider the space H:= W&’r];] 4(B,w) endowed with the norm

|ul| = </B|Vu\Nw(x)dx)hlj with w(x)= <log‘i’>N_l.

The functional I.: H —+ R is given by

Ig(u):i{||u||N—/BP(x,u)dx—s/Bhudx.

The functional is of class C!, since the hypothesis on the growth of f ensures the existence
of positive constants c and C such that

N
x,t)| <Cexpsedf™ L vxeB, VteR. 2.1)
p

A straightforward calculation shows

Ié(u)(p:/ |VulN"2VuVe w(x)dx—/f(x,u)gbdx—s/ h¢dx,
B B B
for all ¢ € H. Hence, a weak solution of (1.1) is a critical point of I.

Definition 2.1. Let (X, ||-||x) be a real Banach space with its dual space (X*,||||x~) and 1 €
CY(X,R). For c€R, we say that I satisfies the (PS) condition if for any sequence {uy} C X with
I(ur) —c, I'(ux) = 0 in X*, there is a subsequence {uy,} such that {uy,} converges strongly in
X.

We conclude this section with a technical result which we shall use later, whose proof
can be seen [8, Lemma 2.1], we give the proof here for the convenience of readers.

Lemma 2.1 (Lions-type Lemma). Let {uy}x C H be such that ||uy||=1. If uy — u in H and
u#0, then

TN
po N | N-T
sup/eNE dx < 400
k B

forany 1 <p <P, where

-

— 1 iffu) <1
P:={ (- fu¥)%
oo, if [Juf =1.

Proof. From the Brézis-Lieb Lemma ( [21]), it holds that

o — ][N =1 ||| +0 (1), (22)
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where 0k (1) —0 as k — oco. For every x € B, it is not difficult to see that
ot 7 < (1) — | ¥5 4-Clu| 751

for some positive constant C depending only on N and ¢, where ¢ is a small positive
number to be chosen later. This together with Young inequality, implies that

1

1 N
N-T,, |N-T
PWN_1 ‘”k'
/eNe dx
B
1

NET e N=T P
B

1 ol T T
</exp N | Zefpwn (1+€)|ug—ul el PN Clul dx
B q q

1 N i 1 P .
< [ exp{ Newedt T 10Nt gy - [ SNerrelT Y e, (23)
- q/B q /B

where ;+ . =1. When p < (1 |u||N)~ 5T and p is fixed, we can choose some g > 1

and ¢ >0 such that gp(1+¢) < (1— ||u||N)’ﬁ. Then Lemma follows from (1.5), (2.2) and
2.3). O

3 The geometry of the function

In this section, we show that the energy functional J, satisfies geometric conditions of the
mountain pass theorem. Then, we are going to use the mountain-pass theorem without
a compactness condition such as the one of the (PS) type to prove the existence of the
solution. This version of the mountain-pass theorem is a consequence of the Ekeland’s
variational principle.

Lemma 3.1. Suppose (F;)—(Fy) hold, f has a critical growth at +oo, then there exists €1 >0
such that for 0 <e <ey, there exists pe >0 such that

L(u) >0 if ||ul|=pe.
Furthermore, p, can be chosen such that p, —0 as e = 0.

Proof. From (Fy), there exist 7,09 >0 such that
F(x,u)g)‘leyu\N, for u] <o, x€B. (3.1)

On the other hand, from (2.1), we have that for 4 > N, there exists a constant C; >0 such
that

_N
F(x,u) gCl\u|"exp{eC|”“\'71 }, Y |u|>éy, x€B.
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Thus

_ N
Is<u)2}1[||u”N_AleT/B‘L”Ndx_Cl/B|u’0/exp{ecu|N1 }dx—e/Bhudx

N—-1 1
N N—j R / c\u\% N
_NA ullN -y (/B|uyN 1dx> < Bexp{Ne JER

=[Pl

Now, we choose p >0 such that c,ONL wﬁ’] , using (1.5), we find

N N =
/exp{Ne“"N1}dx:/exp{NeC””N1(“) }dXSCz, vV ue H with [|ul| =p.
B B

Moreover, since
N-1

N
(/B|u|NN‘ﬂdx> < C]Jul]7.

We get

L(u >z[N7|\u\\N L Cluft el ] (32

for p > 0 satisfying cpN 1 <wy . Since g > N, we may choose p > 0 such that SpN~1—

Cp9~1>0 Thus, if ¢ is suff1c1ent1y small then there exists some p. >0 such that I.(«) >0 if
||u|| =pe and pe — 0 as e —0. O

Lemma 3.2. Suppose (Fy) and (F,) hold. There exists e € H with ||e|| > p, such that I.(e) <
ianu\l:pg Ig(u).

Proof. Let ug € HNL®(B) such that |||/ =1. From (F;) and (F), there exists a constant
C >0 such that X
F(x,u)ZCeWO‘”‘, V|u| >Ry, x€B.

In particular, for p > N, there exists C such that
F(x,u)>Clu|P —C, VueR, x€B.
Since p > N, for t >0, we have
Ig(tuo)gi\;Hu0||N—Ct”/B\uglpdx+C—ts/Ighuodx—>—oo

as t — oo. Setting e = tug with t sufficiently large, the proof of the lemma follows. O
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Lemma 3.3. Suppose (Fy) holds. Then there exist 1 >0 and v € H with ||v|| =1 such that
I(tv) <0 for all 0 <t <. In particular,

inf I(u)<0.
[[ul|<n

Proof. Let v € H be the unique solution of the problem
—div(w(x)|Vo|N"2Vo)=h inB, ©v=0 ondB.

It follows from h #0 that
/hvdx: o) N >o0.
B

For t >0, we have
dlg(tv):tN_lHUHN—/f(x tv)vdx—s/hvdx.
dt B B

Since f(x,0) =0, we have £ I(tv) |,_o <0. By continuity, it follows that there exists 77 >0
such that forall 0 <t <7,

d
alg(tv) <0.

Notice that I.(0) =0, we arrive at I.(tv) <0 for all 0 <t <. O

4 The minimax level

In order to get a more precise information about the minimax level obtained by the moun-
tain pass theorem, let us consider the function ¢; = (x) defined by means of the identity

1

() :=wl_¢r(x), with [x]|= et

where {{ } is the Moser-type sequence introduced in [5]. More precisely

Jog(+t) gy,
Pi(f)=1 log™(1+k) (4.1)
log ¥ (1+k), t>k
Then
e — o0 _
locl¥ = [[19 ol log 5" de= [ o) 140N =1,
and

T P s =
/exp Ne®“N-1 19% dx:wN_l/ exp Ne¥s  —Nt sdt.
B 0
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Lemma 4.1. We have

N
© N-T N+1
li Ne¥i ' — Nt bdt=—"—¢VN. 42
tim [“exp{ e N “2)
Proof. The proof can be seen in [8, Lemma 4.1]. O

Lemma 4.2. Suppose that (Fy) and (Fs) hold. Then there exists k € N such that

1 N-1
tN 1 [ wyh
IPEOX{N—/BF(x,t(pk(x))dx} <N ( 2 ,

_1
where @(x) = wy NP (t) with |x| =e™" and ¢y is defined in (4.1), wy_1 is the (N—1)-
dimensional surface of the unit sphere, and w is given in (1.7).

Proof. Suppose, by contradiction, that for all k we have

1 N-1
tN 1 [ wyh
R > — .
m{ /BF<xff¢k<x>>dx}N( ,xo

Then for any k > 1, there exists t; > 0 satisfying

1 N-1
L9 comad S [ Plotpuarh = [ Faotgix)a
N | ag <maxy 37— [ F(utee(x))dx =5 = [ Fxtegi(x))dx.

Thus

tN
oo [ Flotige(x)dx >
N Js

z|=

~
2 ZEZ

S ‘L‘H

N~ —
T

and using the fact that F(x,u) >0, we obtain

1 N-1
wal
N> (Dml) . (4.3)
d

d <3i\]]_/BF(x,t(pk(x))dx) 0,

Since at t =t;, we have

it follows that

t,l(\’:/Bf(x,tkgok)tkq)kdx. (44)
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Using hypothesis (F5), given T > 0, there exists R; > 0 such that for all u > R;, we get
g nhyp g g
_N
flx,t)t> (’m—’r)exp{Ne"‘“MN*1 }, V|t| > R+, uniformly in x. (4.5)

By (4.4) and the definition of ¢y,

N_ °° . Py Yr N
by —/Bf(x/fk(Pk)tqukdewN_l/k f<e S’tkwl/N ) tkwl/Ne sds.

N-1 N-1

By the definition of ¢, and (4.3), for s >k, we have

" Vi _, (10g(11—|—k)) N > (log(l—kk))NNl.

1
N-1 X0
WN-1

N
WN_1

Therefore, for any k >k with k=k(7) > 1 sufficiently large, from (4.5), we get

(o]
f]I(\]Zwal/ f(es,tk l’fk )tk l[le e Nods
k N w
1

N N
WN- N-1
N-1T
Pre
b~ /N
wN/7] e—NSdS

o] 4
sz,l(’yo—T)/k exp{Ne ’

<) N -
:a)Nfl(’)/()—T)/k exp{l\letxotkl\l1(4;NN1 1log(1+k)_NS}dS

WN-1 & wiﬁ\t \%lo (14k)
== (Yo T)expq Nt Bl o8 — Nk 6. (4.6)
So 1
WN-1 0wy N, 1 [t N log(1+) .
1= N (v0—T)exp< Nefo“n-1 I 8 —Nk—Nlogty ¢, Vk>k,
and thus {# } is bounded. Now, if

1\ N-1
wN—l

lim ¢ > | 2= . 4.7)

k*)OOk X

Then (4.6) would yield a contradiction with the boundedness of {f;}. Hence (4.7) can
not hold, it follows from (4.3) that

1\ N-1

wN—l
lim Y = [ ==L . 4.8
k;ﬂ;k ( L% ( )
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In order to estimate (4.4) more precisely, we consider the sets
Ak:{XEBIth)kZRT}, Ck:B\Ak,
where R; >0 is given by (4.5). By construction,

tllj:/Bf(x/tngk)tk(PkdX
N
2(’)’0—’()/[\ exp{Neﬂé0|fk(Pk|N—1 }dx+/c f(xrtk(Pk)tkql)kdX
k "
T N
Z(')’O—T)/eXP{Neaotkq’kNl }dx—('yo—r)/ exp{Ne"‘Oth"kNl }dx
B e,

+/C f(x,tkq)k)tkgokdx.
k

Since @ — 0 and the characteristic functions xc, — 1 for almost every x in B. Therefore,
the Lebesgue’s dominated convergence theorem implies

_N
/exp{Ne"‘Ot“"kNl}dxﬁleeN and/f(x,tkgok)tk(pkdx—>0.
Gy N G

Then, we have
1 N-1

N-1
WN_1

NN
20 :klggot,l(\] z(yo—r)klggo/Bexp{Ne%tkN—llﬁoklN_l }dx—('yo—’r) w%_leN.

By (4.3) and Lemma 4.1, we have

NN
lim exp{Ne"‘“t”Nl'q’kNl}dx

k—ooJB

© N - N
=wN-1 lim/ exp{Ne”‘O'ka1 Iy (DN —Nt}dt
k—00.J0

[e3) _N_
>WN_1 lim/ exp{Ne'l/’k(t)N_1 —Nt}dt
k—00.J0

N+1
=WN-1 N eN.

Thus, we get

which implies that

Y0~
aé\] 1eN

a contradiction with (Fs), thus the proof is complete. O
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Lemma 4.3. Suppose that (Fy)— (Fs) hold, if € >0 is sufficiently small, then

N-1
L(tgy) = Ay d theyd (i)
iy e Gok)—f?zaox N_/B (x, g (x)) x—e/B Prax 0 <7 a0
Proof. Since
’/sh(pkdx <el||hl|«.
B

Then taking ¢ sufficiently small and using Lemma 4.2, the result follows. O
We can conclude by inequality (3.2) and Lemma 3.3 that

—oo<cg:= inf I(u)<O0. (4.9)

l[ull <n

In the next section, we prove that this infimum is achieved and generate a solution. In
order to obtain convergence results, we need to improve the estimate of Lemma 4.2.

Lemma 4.4. Suppose that (F;)— (Fs) hold, then there exist ¢, € (0,€1] and u € H such that for
all 0<e< ey,

1 N-1
1 (/L)N71
Ig(tu) <C0+N % for all t20

Proof. 1t is possible to increase the infimum cy by reducing e. By Lemma 3.1, p. — 0 as
e — 0. Consequently, co — 0 as e — 0. Thus there exists £, >0 such that of 0 <& <e¢y, then
by Lemma 4.3, we have

1 N-1
1 [ wyh
I (t —
fepllion) <cot g | T,
Taking u = ¢y, the result follows. ]

5 Palais-Smale sequences

In this section, we are going to prove some properties on the Palais-Smale sequences of
IE.

Lemma 5.1. Any Palais-Smale sequence for I, is bounded and weakly convergent to a weak
solution of (1.1).
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Proof. In view of Lemmas 3.1 and 3.2, we can apply the mountain pass theorem to obtain
a sequence {uy } C H such that I (1) — ¢ >0 and I](u) —0 as k — oo, that is

1HukHN—/F(x,uk)dx—/ehukdx%c as k— oo, (5.1)
N B B
[T (ug)o| <or (1) ||| forallve H, (5.2)
1||uk||N—/1—"(x,uk)dx—/>3hukdx—>c as k— oo, (5.3)
N B B
| (ug)v| < or(1) 0]  forallveH, (5.4)

where 0y (1) — 0 as k— co. Furthermore, by Lemma 4.3, we have that

1y N-1
1 [ wyh
c< — .
N L4

Using (5.3), (5.4) and (F3), we have

H® N
(% =1) el ¥ < 1),

and hence ||uy|| is bounded and thus

/Bf(xz”k)dxﬁc, /BF(x,uk)dng.

The embedding H <— L9(B) is compact for all 4 > N, by extracting a subsequence, we can
assume that uy—u weakly in H and u;— u for almost all x€ B as k— co. Thanks to Lemma
2.1in [9], we have

f(x,up) = f(x,u) in L'(B) as k— co. (5.5)

Since
0<F(x,t) <Myf(x,t) for all |t| > Ry, uniformly in B.

We may apply the Lebesgue’s dominated convergence theorem to conclude that
F(x,u) — F(x,u) in L'(B) as k— co.
Thus by (5.4) passing to the limit, we have

VulN"2Vo w(x)dx— x,u)vdx—e | huvdx =0, Y veC3(B),
B B B 0

and u is a weak solution of (1.1). Moreover, u # 0 because ¢ # 0. O



On a Nonhomogeneous N-Laplacian Problem with Double Exponential Critical Growth 93

Lemma 5.2. If {uy }y is a (PS) sequence for I, at any level with
1 N-1
wﬁ
liminf||u||N < <Nl> , (5.6)
k—oco0 i)
then {uy }y possesses a subsequence which converges strongly to a weak solution ug of (1.1).

Proof. Up to a subsequence, we can assume

1\ N-1
) (UN:1
Tim || < (gj(j) : (5.7)

Thanks to Lemma 5.1, there is a subsequence of {1 }x, denoted by itself, such that u; —u
weakly in H, where ug is a weak solution of (1.1). Let u; = uo+wy. It follows that w; —0
weakly in H. Hence wy — 0 strongly in L7(B) for any g > 1. The Brezis-Lieb Lemma [21]
implies

i [ = Nt |1 + o | + 0k (1). (5.8)

Now we are proving the following

lim /Bf(x,uk)uodx:/Bf(x,uo)uodx. (5.9)

k—roc0

In fact, since ug € H, given 7 >0, there exists ¢ € Cj, 4(B) such that || —uo[| <T. We have
that

‘/l;f(x’uk)uodx_/Bf(x/uO)u()dx
<| [ 7o) o= 1| gl [ 17 =l
NI T—r

. (5.10)

Since | I (ug) (10— )| < || uo — || with 1, — 0 as k— co, we find

[ ) =)t

<tilluo—gll+ [ VNV (=) w(x)dx-+el ] o — g

<Ti|luo— ||+ [[ux [0 — @[ el |« |10 — ||
<Cllup—9¢| <Cr1, (5.11)

where C is a positive constant which is independent of k and 7. Similarly, by using the
fact I/ (1) (uo—¢) =0, we have

‘ /B F(x,110) (it — 9)dx| < C. (5.12)
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Thus, from (5.10)-(5.12) and (5.5), we obtain that (5.9) holds. From (5.8) and (5.9), we can
write

I (gt =g N — /B F(xu)updx—e /B hitgdx
:HuoHN—/Bf(x,uo)uodx—e/Bhuodx%—HwkHN—/Bf(x,uk)(uk—uo)dx
- [ /B F(x ) ttpdx — /B f(x,uo)uodx} +o(1)
=L o)+ eV = [ Fxm)ndx-+o (1),
that is
g |N = /B F(x,ug)wpdx+og (1). (5.13)

Since f has a critical growth, for every 7 >0 and g >1, there exist R; >0 and C ;>0 such
that

N
|f(x,6)]T< Crqexp {Ne"‘o(l”)t e }, V |t| > Ry, uniformly in x.

Therefore,

JIfGmltdr= [ 1S dres [F el

{lux|=R<}

N
< $)|1+C Ne"‘O(”T)'”k'Nl}dx.
<, max [f(xs)1+Cry [ exp

From (5.7), there exists ks such that

1
N-1

N-1
|V < (1=8)N (le) for all k> k;,

Xo
that is X
N 1
o (147) lug | ¥ < (1+7) (1-5)wy Ty,

for all k> ks. Now, choosing 7 > 0 sufficiently small, such that

1
w0 (14+7) || 7 <wF 7T

Then

N\ N
/ exp {Neao(1+r>|ukNN1 }dx: / exp{ N0 D)l ¥ () ¥ }dx
B B



On a Nonhomogeneous N-Laplacian Problem with Double Exponential Critical Growth 95

1 N
—1

N-T ( |l \ N-1
S/exp{Newl\A’I1 (ﬁ)N l}dx,
B

which is uniformly bounded in view of the weight Trudinger-Moser inequality. Thus

1
q ’ /
‘/Bf<x/”k>wkdx‘ < (/B\f(xfuk)!qu> [[w||T < Cllwge|T =0, (5.14)

as k— oo, where ¢’ is the the conjugate exponent of 4. It follows from (5.13) and (5.14) that
uy converges to ug strongly in H. O

6 Existence results

6.1 Proof of Theorem 1.1

The proof of the existence of the first solution to (1.1) follows by a minimization argument
and the Ekeland’s variational principle.

Proposition 6.1. For each € with 0 <e <eq, problem (1.1) has a minimum type solution uy with
I (1) = co <0, where ¢ is defined in (4.9).

Proof. Let p, be as in Lemma 3.1. We can choose &1 > 0 sufficiently small such that

N-1
J N

N-1
WN_1

<
Pe a0

Since B,, is a complete metric space with the metric given by the norm of H, convex and
the functional I, is of class C! and bounded below on Bps, by the Ekeland’s variational
principle, there exists a sequence {uy } in B, such that

Ie(uy) —co= inf L(u), and ||I.(ux)| —0,

l[ull<pe
as k — co. Observing that
L\ W
WN
[l < pe <
&

By Lemma 5.2, it follows that there exists a subsequence of {uy} which converges to a
solution ug of (1.1). Therefore, I (1y) =co <O0. O
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6.2 Proof of Theorem 1.2

The proof of the existence of the second solution to (1.1) by the mountain pass theorem.

Proposition 6.2. Suppose that (Fy)— (Fs) hold, if ¢ <ey, the problem (1.1) has a solution u; via
mountain pass theorem.

Proof. From Lemmas 3.1 and 3.2, |, satisfies the hypotheses of the mountain pass theorem
except possibly for the Palais-Smale condition. Thus, using the mountain pass theorem
without the Palais-Smale condition (see [22]), there exists a sequence {uy } in H satisfying

L(ug)—cy>0 and | L(u)| —0,

where ¢, is the mountain pass level of I.. Now, by Lemma 5.1, the sequence {uy} con-
verges weakly to a solution u; of (1.1). O

Remark 6.1. By Lemma 4.3, we have

1 N-1
1 (U]I\V]:ll
O<cy < — .
Cm CO+N ( o

Proposition 6.3. If e, >0 is enough small, then the solutions of (1.1) obtained in Propositions
6.1 and 6.2 are distinct.

Proof. By Propositions 6.1 and 6.2, there exist sequence {1}, {vx} in H such that

up—ug and v —uypy,
L(ug) —co<0 and I (vg) —cm>0,
Is/(uk)uk—>0 and Ié(Uk)Z)k—>0.

Suppose by contradiction that ug=1uy;. As the proof in Lemma 5.1, applying Lemma 2.1
in [9], we have
f(x,00) = f(x,up) in L'(B) as k— co.

Since
0<F(x,t) <Myf(x,t) for all || > Ry, uniformly in B.

We may apply the Lebesgue’s dominated convergence Theorem to conclude that
F(x,0;) — F(x,ug) in L}(B) as k— co. (6.1)
Therefore,

lim HkaN:Ncm—l—N/F(x,uo)dx—i—Ns/huodx.
k—o0 B B
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Setting
Uk

okl

Up

and zpg=—-1—,
lim [|o |
k— o0

Zk

we have that ||zx||=1 for all k and zy — zp in H, and ||zo]| <1.

Now, the following two possibilities would have to occur.
Case 1. ||zo|| =1. In this case, we have vy — up in H. Thus, we can find g € H, such
that |vx(x)| <g(x) a.e. in B. It follows from (1.7) and Lebesgue’s dominated convergence
theorem that

/f(x,vk)vkdx%/f(x,uo)uodX-
B B
Similarly, we have
[ feemur— [ £ uopuod.
B B
Then, from I/ (uy)ur — 0 and I}(vg)vx — 0, we find
lim [ || = lim [Jue]| = [[uo -
k—o0 k—o0
Noting that vy — 1 in H, and using (6.1), we get

k—o0

which is a contradiction.

Case 2. ||z9|| <1. Using Remark 6.1, we have

Cm_Is(MO)

which implies that

o < -
[N (cm—Ie(uo) )| ™1

Choosing T > 0 sufficiently close to 0 and setting

L(q)):cm+/F(x,(p)dx—i—s/hgodx.
B B

We obtain for some 6 >0 that

(140 aol|ox | 77 < ol led ™1 N (L)) ()
~ [N(ew—Ie(uo))] ¥ [N(cm—Ie(u))] 71
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Notice that
L(Uk):Cm+/F(x/uo)dX+€/hUQdX+Ok(1),
B B

and
<cm—|—/BF(x,u0)dx—|—£/Bhu0dx) (1—1zo|I™) < —ILe(uo),
where we have used the definition of zy and
1
/ F(x,uo)dx—l—s/ h(x)uodx = — I (itg) + = || o ||
B B N
Thus, for k > 0 sufficiently large, we get
1 1
wN_1 =

N
(I Dag|[op| ¥ < ———— =6 < ——————.
(1—[lzo[IN) ™= (1= lzo[| V)~

(6.2)

Since f has critical growth, for every 7>0 and g >1, there exist R; >0 and C ;>0
such that

_N_
|f(x,1)]7< Crrqexp{Ne"‘U(l”)t o }, V |t| > R¢, uniformly in x.
Therefore,
X,0 qu:/ X,0 ”’dx—}—/ x,0,) [1dx
Jfoorde= [ fCaglider [ fGa]
N
< 14C Neo(+D)[oe V=T L 4,0
_nBX[r?IagRT]|f(x,s)| +Cry Bexp{ e x

Using Lemma 2.1 and (6.2), we find
e (1) o | V7T () ¥
/ exp { Neto(+T)lexd dx= / exps Ne o ok dx<C. (6.3)
B B

Thus, we get

/B 1f (x,0)]dx < C.

By the Holder inequality,

[ @) < ( [ 17xonlidr) ool 0,

as k — oo, where g’ = % From this convergence and by I/(vg) (v —ug) — 0, we have

/w(x)\Vvk|N’2Vka(vk—u0)dx—>0 as k— oo.
B
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Moreover, since v — ug in H, we have
/w(x)|Vu0|N’2VuOV(vk—uo)dx—>0 as k— oo.
B

Using the elementary inequality that (see [23]), for a,b € RY,

—p|? N=2:
(|a‘N72a_’b‘N72b)‘(a_b)Z ‘ul ’ ’ N Y
s=rla—b|v, N2=>3,
we get
/]Vvk—Vuo|N w(x)dx
B
SC/ (VOR[N 72V 0, — Vo N2V ug) (Vox — Viug) w(x)dx.
B
This implies that

|lox—upl| =0 ask— oo,

99

i.e.,, vy = up in H. Thus It(vx) — I.(19) = co, which is a contradiction. Therefore g #

and the proof is complete.
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