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Abstract. The incompressible limit of nonisentropic ideal magnetohydrodynamic equ-
ations with general initial data in the whole space R® is proved in this paper. The uni-
form estimates of solutions with respect to the Mach number are obtained by using
energy estimate. Strong convergence results of the smooth solutions are established
by using Strichartz’s estimates in the whole space.
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1 Introduction

1.1 The model

We write the three-demensional nonisentropic compressible magnetohydrodynamic equa-
tions in R? in the following form:

9ip+V-(pu) =0,
p(Qiu+u-Vu)+Vp+Hx (VxH)=0,
o0tH—V x (uxH)=0, V-H=0,
0;S+u-VS=0,

(1.1)
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where p >0 is the density of the fliud, u = (uy,uz,u3)T is the velocity, H= (H;,Hy,H3)T is
the magnetic field, and S is the entropy of the fluid. p=p(p,S) >0 is the pressure, which
is a smooth function of the density and the entropy:.

We begin to choose the entropy S and the pressure p as independent thermodynamic
variables and let the density p be a well-defined function p=p(/;;), where p(-,-) satisfies
p>0and g—‘; > 0. Then we rewrite the Egs. (1.1) in an appropriate nondimensional form

a(op+u-Vp)+V-u=0,
p(afu+u-Vu)+§2Vp+H>< (VxH)=0,

otH+u-VH—H-Vu+HV-u=0, V-H=0,
0:S+u-VS=0,

(1.2)

where a(p,S)= % g—z and >0 denotes the scaled Mach number for the entity of the slightly

compressible fluid. Next, we introduce the following scalings,
p=1+er, S=1+¢0O, (1.3)

and rewrite the system (1.2) as
1
a (0t +ut-Vrf)+ EV ut=0,

p(atu8+uS-Vu€)+%Vr€+H£ x (VxH)=0, (1.4)
otH +ut - VH*—H* Vu*+H*V-u*=0, V-H!=0,
0;0°+u*- VO =0.

Here we notice that 4 and p are dependent on both er® and £®°.

Setting U* = (r¢,u®,H®,©%), we can rewrite the system (1.4) into the following compact
symmetric form

3

1

AgdiU*+) <Aj+€c]-> o;U° =0, (1.5)
=1

where
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au! 0 0 0 0O 0 0 0
0 puj O 0 0 H5 Hf 0
0 0 puf 0 0 —H 0 0
A_|0 0 0 s 0 0 -H O
o o o 0o «¥ 0o 0 0]}
0 H, -H 0 0 ¥ 0 0
0 H, 0 —-H 0 0 « 0
o 0 0 0 0 0 0 u
auy, 0 0 0 0 0 0 0
0 puy 0 0O —H5 0 0 0
0 0 pous 0O H 0 H, 0
4_| 0 0O 0 w5 0 0 —H; O
>l o —-H, H 0 w5 0 0 0]
o 0 0 0 0 u 0 0
0 0 H -H5 0 0 u 0
o 0 0 0 0 0 0 u
auy 0 0 0O 0O 0 0 0
0 puy 0O 0O —H5 0 0 0
0 0 pu5 0O 0 —H; 0 0
A 0 0 0 pu5 H  Hy 0 0
"l o -H, 0o H w5 0 0 0]
0 0 —H{ H 0 u§5 0 0
o 0 0 0 0 0 u5 0
o 0 0 0 0 0 0 u
0 e 0
] s
Ci=|¢ 0 0>/ ej=(01),02,03)", 51‘1‘:{(1)' iﬁi;ﬁ
0 0 0 ’ ‘

We notice that the coefficient matrices have the special structures
(1) AO = A() (S LIS) .
(2) Forj=1,2,3,
A] = A] (UE,SUS) .
(3) Forj=1,2,3,
Ag=(Ao)", Aj=(A)T, and Cj=(C)".

We will consider the incompressible limit of the ideal nonisentropic MHD Eq. (1.5) with
the general initial data

(r%,uf, HE,0°) |1—0 = (r§,u, H5,05) in R, (1.6)
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Assuming that as ¢ — 0, the solution (r¢,u%,H¢,0°) converges to a limit function uo =
(ro,uo,HO,GO) in some sense, we expect that the limit function satisfies the following
incompressible system:

p (0’ +u’ - Vu') +Vr—H’- VH’=0,
0:H+u’-VH—H®. Vi’ =0, (1.7)
V-u’=0, V-H’°=0,

for some function 7r, where p=p(1,1).

1.2 Previous results

There are plenty of works on the low Mach number limit to MHD equations in different
settings. We shall just mention a few of them.

For the isentropic MHD equations, Klainerman-Majda [1] first studied the incom-
pressible limit of the ideal compressible MHD equations with well-prepared initial data
in the spatially periodic case. By the convergence-stability principle, Li [2] obtained the
combined incompressible and inviscid limit of the compressible viscous MHD equations
with well-prepared initial data. The incompressible limit of the compressible viscous
MHD equations with general initial data was studied in [3-5]. For more extended re-
sults, we can refer to [4-7].

For the non-isentropic equations, Jiang et al. [8] carried out the work on the incom-
pressible limit of the full compressible MHD equations with well-prepared initial data,
where the effect of small temperature variation is taken into consideration, and Cui [9]
and Ou [10] also created progress in some extensions on bounded domain. Shortly af-
terwards, cooperated with Jiang et al. investigated in [11] the low Mach number limit
of the full compressible MHD equations with general initial data in the whole space,
when the heat conductivity and large temperature variations are present. For the ideal
compressible MHD equations, Jiang et al. [12] studied the convergence of solutions with
general initial data in the whole space, where they added some additional restrictions
to obtain the uniform estimates of solutions. Recently, Li-Zhang [13] studied the incom-
pressible limit of nonisentropic ideal MHD equations with well-prepared initial data in
both the whole space and the torus in case of removing additional restrictions mentioned

n [12]. By using the original ideas of Schochet [14], Meng-Wang [15] condsidered the
incompressible limit of nonisentropic ideal MHD equations with general initial data in
the periodic domain, where the effect of small temperature variation is taken into consid-
eration.

1.3 Notations

In this part, we give some notations used throughout this paper. The symbols C or K de-
note generic positive constants independent of ¢, and f(-) and F(-) denote the continuous
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nondecreasing functions on [0,00), which may vary from line to line. L¥ (R3) (1< p <o0)
denotes the space of measurable functions whose p-powers are integrable with the norm
| -||r, and L®(IR?) is the space of bounded measurable functions with the norm ||| .
We also denote ||- |2 by ||-||. We denote by (,-) the standard inner product in L?(R3)
with the norm ||u||> = (u,u), and by H the usual Sobolev space W*?(R3) with the norm
Il |x- The notation ||(A1, -, A)| means the summation of ||A;]| (i=1,---,k), and it also
applies to other norms. For a multi-index a = (a7,a2,43), we define D* = 93105205 and
|| =[a1]+[az|+|az|. We also denote 9y, by 9; for convenience.
Consider the orthogonal decompostion L?(R%) = H,® G, with

Hy,={ucl*(R%:V-u=0inR®}, G,={Vy:pcH (R} (1.8)

Let P be the projection onto H, and Q =I—7P. It is widely known that P € £ (H™,H™)
for any m > 0.

1.4 Owur results

We have the following uniform stability and convergence result.

Theorem 1.1 (Uniform existence). Assume that the initial data U§= (r5,u§, H5,05) € H3(R3)
satisfies that for all e € (0,1],

| UGl3 < Mo (1.9)

for some constant Mo > 0. Then there exist constants T >0 and M > 0 independent of € such
that for each € € (0,1] the initial value problem (1.4), (1.6) has a classical solution U® on [0,T]
satisfying the following uniform estimate

sup [|UE ()| < M. (1.10)
t€[0,T]

Next, we state the convergence result. We will prove that the fast parts r* and Qu®
converge to 0 by using the dispersive properties of the fast equations.

Theorem 1.2 (Incompressible limit in the whole space). Let the assumption of Theorem 1.1
holds. We assume that the intitial data (r§,us, HS,©§) converge to (7,u,H,©) in H3(R3) as e—0.
Then there exists a function U°= (r°,u®,H,@"), such that the solution of problem (1.4) and (1.6)
satisfies

(rf,uf,H¢,0%) — (ro,uO,HO,G)O)
weakly-* in L ([0, T); H3(R3)) and strongly in Cj,c((0,T] xR3) as e — 0. Moreover, (u°,H°) is

the solution in C([0,T];H3(IR®)) of the incompressible MHD Egs. (1.7) with initial data (P, H)
and p=p(1,1).
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In the present paper, the incompressible limit of ideal nonisentropic MHD equations
with general initial data in R® will be considered. It needs to be admitted that the problem
becomes even more complex when considering the case of large entropy variation. To be
precise, it is difficult to show this cancelation due to the strong coupling of hydrodynamic
motion and magnetic field for the large entropy variation case since the coefficients a and
p depend on (er¢,5¢). In order to overcome the above difficulty, Jiang et al. [12] added
some additional restrictions to obtain the uniform estimates and used the original ideas
of Métivier and Schochet [16] to prove the convergence of solutions. Moreover, Li and
Zhang [13] obtained the stronger convergence result than [12] where they considered the
well-prepared initial data. Compared with [12,13], we no longer need additional restric-
tions of function space and well-prepared initial data, when we consider small variation
of entropy in the sense of (1.3). Moreover, we get a stronger convergence result than [15].
Thanks to the fact that Ap only depends on eUf, we can perform energy estimates to
(1.4) as in [1,17]. However, the general initial data will lead to ||0;U¢||» being O(¢1),
which implies that we haven’t got any uniform bounds for some norm of the first order
time derivative of solution which is important for the convergence theory. To prove the
convergence of solution, we need to use the original ideas of Ukai [18].

This paper is arranged as follows. In Section 2, we shall perform energy estimates
to (1.4), and then give the proof Theorem 1.1. Finally, we shall prove Theorems 1.2 in
Section 3.

2 Uniform estimates

For fixed € > 0, there exists a local in time unique classical solution of (1.4) and (1.6) (see
[19, Theorem 2.1]). The key point in the proof of Theorem 1.1 is to establish the uniform
estimate (1.10). Throughout this section U* will be denoted by U, and the corresponding
superscript € used in other notation is omitted for simplicity of presentation.

We can perform energy estimates to (1.4) as follows. For any multi-index a=(a1,a2,a3),
applying D* with |a| <3 to (1.4), we deduce that

a(atD”‘r—i—u-VD”‘r)—l—%V-D“u =%,

1 1
p(atD"‘u—kaD"‘u)—i—gVD”‘r—f— EVD"‘|H]2—H~VD"‘H:<€”, 2.1)
0:D*H+u-VD*H—-H-VD"u+HV-D*u=%y,
0;:D*®@+u-VD"O=%p,
where the commutators are given by

%, =—|D*,a]or—[D*,au-Vlr,
%.=—|D*,p0]0su—[D*,ou-V]u—[D*,Hx](V x H),
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i =—[D" - V]H-+[D*,H- V]u—[DY HIV
o =—[D"u-V]®.

Multiplying (2.1) by D*U, integrating over IR?, and integrating by parts give that
1d
2dt JRr3

=3 [ (G V(@) | D2 4V | D* P+ 9 D0 dx
R

(a|D*r|*+p|D*u|*+|D“H|*+|D*®|*) dx

+/]R3 <;VD"‘|H|2-D“u+(H-D“H)V-D“u> dx
+/1Rs((H‘VD”‘M).D“H+(H-VD“H)-D"‘u)dx
+/}RB(D”‘r%+D“u-%M+D“H-%H+D“®-%@)dx

=i+t 3+]s, (2.2)

where the singular terms vanish by Stokes formula. Next, we will control each term on
the RHS of (2.2). Since a is smooth functions of (er,e®), by the Sobolev inequality, we
have

10¢a]| L= +[|V - (au) || = <F([[Ul|3).

Thus, it is easy to find that J; can be bounded from above by
1
Rl <5 (10wl =+ [V (aw) [ = [V -] ) DU < F([UL5).

For J; and J3, integrating by parts, one obtains

]2:/ —H-D*H— Y CugDPH-D* PH+H-D*H | V-D*udx <F(||U]|3),
R p<alpl>1

Js= [ (~(H-VD*)-D*H-+(H-VD*u)- D* H)dx=0.

Finally, we study the commutator estimate J;. We just give the estimate of 4, here, and
the other terms can be controlled in the same manner. Recalling the expression of the
commutator %,, one sees

1| <[ [D*,alosr || + || [D*,au-V]r|
< Y |DPa-DFar|+ Y ||DP(au)-D*FVr|

~

p<a,|p|=1 p<a,|p|=1
=R1+Ry. (2.3)
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We can use standard commutator estimates to bound R as follows:
Ro < F(|[ulls). 4

We use the first equation in (1.4) to replace d;r in Ry by d;r = —iV-u—u-Vr, where,
clearly, the singular term appears. Fortunately, considering that a is a smooth solution of
(er,e®) and |B| > 1, we can deduce that

Ry <e! ) DFfa.-D¥ P <1V'u> H
p<a,lp|>1 @
+ ¥ HDﬁu-D“—ﬁ(u-w)H <E(||U]). (2.5)
B<ajtIpl>1

Summing up (2.3)-(2.5), we conclude
/]RSD“V‘@dXSIID“rIIH%HSF(IIUIIB))- (2.6)

Since the other terms in J; can be estimated in a similar fashion, actually we find that
J4 enjoys an estimate similar to (2.6). Substituting the estimates for J;-J4 into (2.2) and
taking summation with respect to a, we obtain

d
3 U3 <FE(IUll3).

Thus, we can choose sufficiently small T >0 satisfying

sup [[U(t)]|53<C(Mo). 2.7)
te[0,T]

Then, the uniform estimate (1.10) follows from (2.7).

3 Convergence results in the whole space
In this section, we introduce new variables by 7 = (g) 27¢, and we still denote 7 by r¢ for
convenience. Then we can rewrite Eq. (1.4) into the following form
9!

0.7 € Y74

i +ut-Vrt 4 ca(er,e0°)
(0?2 e 1
goert,e@) " p(ert,e®¢)
oH +u*-VH* =H-Vut—HV -1, V-H*=0,

0;0°+uf- VO =0.

V-ut=0,

Ot +ut-Vul + Hx (V x Hf), (3.1)
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We set p(1,1) =p, a(1,1) =a. Then we have the compact form:

QUE — BUE = J (U, VUF), (3.2)

1/71\3( 0 Vo Oy
Bi=——(— V  03x3 O3x4 |,
e \ap

O4x1 Os4x3 Ogxs

where

_us'vrs_i_(%)% Tl;WlV'ug
J(UE,VUE) = p 1V x HE) x Hg—u‘“'-VuSﬁL(g)%@VrS
Het-Vu*—H*V -ut—ut-VH*
—ut-VO*

We will study the group etB generated by operator B. Using the Fourier transform

(Fu)(@) =) =m0} [

3e_"x'éru(x)dx,
R

we readily find the solution operator e'8 in the form e = F~1¢t8 F, where B is defined

by
i 1 0 C O1><4
B::—€<ﬁ_) ¢ 03x3 0O3x4]-
P O4x1 Os4x3 Ogxs

3.1 Spectral analysis of the solution operator

N|—

The eigenvalue problem for the operator B reduces to the algebraic eigenvalue problem
for BB that we summarize below:

e Eigenvalue problem:

* Eigenvlues:
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Then we have

where

Moreover, it is easy to verify that P defined by Pu = F~! <]§]‘2§L (CL)TQ(Q‘)) is the
projection onto H,.. Using spectral analysis, we obtain

5 « o &) * 3 («) o &) *
B:;Aé)wé)(wé)) , etB:;eAé twé)(wé)) ,

— * _ (’X) *
et6:3<;<8}" 1(wé‘x) (ng)) .7-"-) +a§2.7-" 1<€A§ twé‘x) (wé“)) .7-"-) (3.3)
=:Up +U5(t), (3.4)

where

o O O

0
P
0 a=1,2

=

X

and Uy Uy =U5U; =0.
The L*® decay property of U5(t) has been studied by [18], in which the author used
Strichartz’s estimates.

0
O) , Us(H)U = Z F1 (e/\éa)twé“) <wé“))*a(l§)> ’

Lemma 3.1 ([18]). For any ¢ > %, there is a constant C >0 such that for all e € (0,1), t >0 and
U € HY(R3)NLY(R3) such that

s (U <Cle e~ Ul U]y, (3.5)
with 6§ =1— 5. Moreover if U € H*(R3), then for any t* >0,
sup ||Us5(t)U|| -~ —0as e—0. (3.6)
£t

3.2 Convergence theorem

The uniform estimate (1.10) implies, after extracting a subsequence, the following con-

vergence:
Ut —U°  weakly-*in L*([0,T]; H3(R%)), (3.7)
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where U° = (r%,u%, H,@%) € L~ ([0, T]; H*(IR?)). Recalling (3.2), we have
t
Us(t) :etBUS—i—/ e =9)B¢(5)ds,
0

where J¢(s) =J(U(s), VU(s)).

111

(3.8)

Lemma 3.2. There is a constant K> 0 independent of e € (0,1) and t € [0,T|, and it holds that

T+ 1T () |l < K.
Proof. Recall that

£ —1_ -1
J(ue,vu) = 0 N (V x H) x HE —u-Vus  (£) s P e
H®-Vut—H!V - -u*—ut-VHE*
—ut-VO*

—us-Vr£+(%)%7ﬁ71*”71 V-ut

and the facts
al-a1=0(), pt—pt1=0(e).

By Schwarz inequality

g-1_g-1 ‘p—l -1

HFHUSK(HUE\H

+‘ —P
&

JIvu <k

Further, by Moser-type calculus inequalities ([19]), we have
1712 < KU+ [JUF[l2)? U |3 < K.
This completes the proof of this lemma.
We decompose U* according to the decomposition (3.4):
Uf =t U +UUF,
0
Pus+ [ PG(s)ds

H¢ ’
@E

UL UE () =

U (DU () =Us () UG-+ [ Us(t—9)1°(5)ds,

where

G () =—U'(s) Vur(s)+(5)?

Q|

€ p(s)

We will prove the following estimate, in order to get the convergence of U/, U*.

PP g () - HE(s) % (V % HE(S)).

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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Lemma 3.3. There is a constant K >0 independent of e € (0,1) and t € [0,T|, such that it holds
that
UL UE |5+ ||Uh 0 U ||, < K. (3.15)

Proof. Since the decomposition (3.11) is orthogonal, we obtain
U = e L5+ 5L .
Then by uniform estimate of U,
LU ||, <[JU|ls<K. (3.16)
Applying d; to (3.12), we have

€ € NT1E_ LJENT .1€ 1€, e
U0 =PGF, U13t<H>:<H Vut —H*V - -uf—u VH>.

e —ut-VOo*
Then by Lemma 3.2, and uniform estimate of U¢, we have
[Lho 2 <[[PGH 2 <[[Gll2 < IFFl2<K,  [[LhoeHE |2+ [|t410:0°[|2 < K.
This completes the proof of the lemma. O
Furthermore, by Lemma 3.1, we will prove U3 (¢)U*(t) has the L* decay.
Lemma 3.4. For any t* >0, it holds that

sup |[U;US(t)|| 1> —0 as e—0. (3.17)

t>t*

Proof. Lemma 3.1 can be applied to (3.13) with /=2 and § = % By Lemma 3.2 we have

LU () || < ||u§u5||Lw+K€5/O't [t=s[=° 17 (&) 11T () I~ dls
<||USU|| L+ Ke°. (3.18)
Let e =0 and use Lemma 3.1 again, we finally complete the proof. O
By Lemma 3.3 and Arzela-Ascoli theorem, up to a subsequence
UHus—u*=(0,u*,H*,0") strongly in Cjo([0, T|;H® (R%)), s’ <3. (3.19)
Taking account of Lemma 3.4, we then conclude that

Ut —U*  strongly in Co((0,T] xR®). (3.20)
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By weak convergence (3.7) we have
(ro,uO,H0,®O) =(0,u*,H*,®")

and Pu®=u°. This proves
V-ul=0.

Passing to the limit in the equations for H¢, we see that the limits H? satisfy
otH +u’-VH =H"-Vu’+H’V-u°,  V-H’=0.
Passing to the limit in G* we see that
Gt — —uO-VuO+;HO-VHO weakly-* in L%([0,T]; H*(IR?)).
Then we can take the limit on both sides of the second equation in (3.12), i.e.,
Pus () = Pul+ /0 "PGH(s)ds,

and get
uo(t) :Pu—I—/Ot (—uo(s)-VuO(s)—k:jHo(s) -VHO(S)> ds.

Hence 1
atuO:P(—uO-Vu0+pHO-VHO>, uy="Pu.

113

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

Now, by (3.22), (3.23) and (3.25), (u?,H") is the solution in C([0,T];H*(IR?)) of following
incompressible MHD equations for a suitable pressure fuction V7t € L*([0,T]; H>(IR?)).

p(0u°+u-Vu®) + V- H®. VH’ =0,
0;H ' +u°. VH—H°. vu’ =0,
v-u’=0, V-H°=0,

(u®,H®) (t=0) = (Pu,H).

(3.26)

Moreover, the uniqueness of the limit function implies that the convergence holds as e—0

without restricting to a subsequence. This completes the proof of Theorem 1.2.
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