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Abstract. In this paper we will study the existence of one, two and three weak solu-
tions for a class of variable exponent elliptic equations under appropriate growth con-
ditions on the nonlinearity. Our technical approach is based on the existence theorems
obtained by G. Bonanno.

AMS Subject Classifications: 35D30, 35J70

Chinese Library Classifications: O175.25

Key Words: Weak solutions; p(x)-Laplacian; weighted variable exponent Sobolev spaces.

1 Introduction

In this paper, we will consider existence and multiplicity of weak solutions of the follow-
ing variable exponent equation{

−divA(x,∇u)+a(x)|u|p(x)−2 u+h(x)|u|r(x)−2 u=λ f (x,u), in Ω,
u=0, on ∂Ω,

(Pλ)

where Ω ⊂RN is an open bounded domain with smooth boundary, λ ∈R and A : Ω×
RN → RN admits a potential A , with respect to its second variable ξ. We denote by
v1(x)≪v2(x) if

essinf
x∈Ω

[v2(x)−v1(x)]>0.

Next we will state some hypotheses on (Pλ).
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(A1) The potential A =A (x,ξ) is a continuous function in Ω×RN , with continuous deriva-
tive with respect to ξ, A=∂ξA (x,ξ), and satisfies

(i) A (x,0)=0 and A (x,ξ)=A (x,−ξ) for all (x,ξ)∈Ω×RN ;
(ii) A (x,·) is strictly convex in RN for all x∈RN ;
(iii) There exist constants k1,k2>0 and an exponent p(x)∈P log(RN) such that

k1 |ξ|p(x)≤A(x,ξ)·ξ, |A(x,ξ)|≤ k2 |ξ|p(x)−1 (1.1)

for all (x,ξ)∈Ω×RN , where 1≪ p(x)≪N, and p(x)∈P log(Ω) means that p(·) is log–Hölder
continuous in Ω, i.e., there exists a constant p∞ satisfying

|p(x)−p(y)|≤ k3

ln
(

e+ 1
|x−y|

) for all x,y∈Ω,

|p(x)−p∞|≤
k4

ln(e+|x|) for all x∈Ω.

(A2) A is uniformly convex, i.e., for any ε∈ (0,1), there exists a δ= δ(ε)∈ (0,1) such that
either |u−v|≤ εmax{|u|,|v|}, or A (x,(ξ+η)/2)≤ 1

2 (1−δ)[A (x,ξ)+A (x,η)] for any x, ξ,
η∈Ω.

(H1) (i) a(x)∈L∞(Ω), and for some constant k5∈ (0,1] the coefficient a(x) satisfies

a(x)≥ k5(1+|x|)−p(x) for all x∈Ω; (1.2)

(ii) 0<h(x)∈L1(Ω) and the exponent r(x) is continuous in Ω.
( f1) f : Ω×R→R is a Carathéodory function satisfying

| f (x,t)|≤ k6+k7|t|q(x)−1, for all (x,t)∈Ω×R, (1.3)

here k6, k7 are two positive constants, q(x)∈C(Ω) and q(x)≪ p(x), q(x)≪ r(x).
By condition (A1), we have

k1

p(x)
|ξ|p(x)≤A (x,ξ)≤A(x,ξ)·ξ≤ k2|ξ|p(x). (1.4)

A typical example of elliptic operator A is A(x,∇u)=|∇u|p(x)−2∇u, so that

−divA(x,∇u)=−div(|∇u|p(x)−2∇u)=−△p(x)u,

which is called the p(x)-Laplacian and satisfies (A1) and (A2) if p ∈P log(RN) and 1<
p−≤ p+<N. Here

p+=esssup
x∈Ω

p(x), p−=essinf
x∈Ω

p(x).

Eq.(Pλ) has been studied in many papers, for example [1–10]. They proved exis-
tence, nonexistence and multiplicity results in bounded domain [1] and unbounded do-
mains [9] respectively. The study of the existence of entire solutions of (Pλ) with f (x,u)=


