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Abstract. In this paper, we propose an integral-averaged interpolation operator I,
in a bounded domain 2 C R"™ by using (;-element. The interpolation coefficient is
defined by the average integral value of the interpolation function « on the interval
formed by the midpoints of the neighboring elements. The operator I, reduces the
regularity requirement for the function v while maintaining standard convergence.
Moreover, it possesses an important property of || I ullo,o < |ullo,o. We conduct
stability analysis and error estimation for the operator I.. Finally, we present several
numerical examples to test the efficiency and high accuracy of the operator.
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1. Introduction

The interpolation theory of functions is an important part of the theoretical analysis
of the finite element method. It is used to estimate the value of the function at other
points from the values at known data points [1-3,6-8]. In practical applications, the
selection of an appropriate interpolation operator is crucial to ensure computational
accuracy and stability in the numerical methods for partial differential equations.

He and Feng [4] introduced a new basis function @§-element and used interval
integration as one of the interpolation coefficients of the interpolation operator, which
improved the convergence rate of the H'-error of the interpolation function u € H?()
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to the second order. However, the main focus of this article is on the properties of
the basis function (){-element, and no analysis was conducted to determine whether
average integration, as an interpolation coefficient, possesses superior properties.

In this study, we propose a new interpolation operator: the integral-averaged inter-
polation operator. This operator relaxes the regularity requirements for the interpola-
tion function while preserving the convergence order. Assume that Q = [[;",(0,L;) C

R™ is a bounded domain and L; € (0,00) with i = 1,...,n, while n is a positive integer.
We consider J; be a mesh of (0,L;) with 0 = ;0 < ;1 < -+ < @j;,—1 < %y, = L;
and 7; = L;/l;, where [; is an even positive integer with i = 1,...,n. Also, we let

7 = (300, 72)Y/2. Then, we define the following finite element (FE) space basis on

(Q1-element:

Xr, = span{¢; p(z:), k= 0,..., L},
Xr=X X X7y X oo xXTZ. X ---XTn,

where ¢; ;(x;) is the linear basis function related to the nodal point (z;) in (0, L;)
satisfying
Gik(wig) =1, @in(xig) =0 for k#1
withl =0,...,1[;.
Now define the single-variable integral-averaged interpolation operator I: X —
X, such that for each u € X = H}() as follows:

li

T,L :Z U\Tq,k szkxl),
k

=0
where
_ 1 [Tik+d T k-1 + Tik
u(x ) = — W@, Ty )Ty, X1 =
TiJz Ty 2
z,kfj
withk =1,...,l; —1and @(z; ) = w(z1,..., Tk, ..., xn) for k=0,;jandi=1,...,n

And, define the n-variable integral-averaged interpolation operator I, : X — X, such
that for each u € X = H}(Q) as follows:

Lu=1;1; ,.. Iu.

This paper presents a theoretical analysis of the stability and convergence of the
single-variable integral-averaged interpolation operator and the n-variable integral-
averaged interpolation operator. The analysis is conducted where the interpolation
function u € H™(2) N HY(2), with m = 1,2.

The paper is organized as follows. Section 2 presents the stability and convergence
analysis of the single-variable integral-averaged interpolation operator. Section 3 pro-
vides the stability and convergence analysis of the n-variable integral-averaged inter-
polation operator. In Section 4, we present numerical examples to validate the corre-
sponding theoretical results.



