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Abstract. A class of efficient multistep methods for forward backward stochastic dif-
ferential equations (FBSDEs) are proposed and studied in this paper. According to
the characteristic of our multistep methods and replacing the corresponding Brow-
nian motion increments with appropriate two-point distributed random variables,
we obtain a very efficient algorithm to approximate the conditional expectations
involved in the multistep methods. It is thanks to this efficient algorithm that we
can obtain a class of efficient fully discrete form of high-order methods for the FBS-
DEs. Finally, some numerical results are presented to illustrate the efficiency of our
multistep methods.
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1. Introduction

In this paper, we consider the forward backward stochastic differential equation
(FBSDE) of the integral form

X(t) = X(0) +/0 b(s, X(s)) ds —i—/o o(s,X(s)) dW (s),
(1.1)

T T
y(t) = gp(X(T)) —|—/t f(s,X(s),y(s),z(s)) ds —/t z(s) dW(s), te€]0,T],
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where T is a given positive number, X (0) € RY, W (t) = (W(t), W2(t),--- ,W™(t))"
is a standard m-dimensional Wiener process supported by a filtered probability space
(Q, F,P,{F}o<i<r), the functions b : R x R? — R% o : R x R? — R f : R x
R? x RY x R™*™ — R4 and ¢ : R? — R%. Since the study of the regularity of the
solution is not at all the aim of this paper. We assume that the functions b, o, f,  satisfy
some appropriate assumptions (e.g., Lipschitz condition, smoothness and boundedness
conditions, etc.) so that the solution of (1.1) has good regularity (see, e.g., [4,7, 16,
171).

The existence of a unique solution of FBSDE (1.1) was first addressed in [15].
Moreover, we know from [16, 17] that

y(t) =u(t, X(t), =(t)=Vu(t,X(t))o(t, X(t)), tel0,T], (1.2)

where Vu denotes the gradient of u(t,z) € CY%([0,7] x RY) with respect to z, and
u(t, x) is the classical solution of the following Cauchy problem:

LOw(t, z) = — f (t, z,u(t,x), Vu(t,z)o(t, ), = €RI, te0,T), -
u(T,x) = p(z), e R .
with
0 I 0 1 k! 62
©_9 ERE T I
L ot + ZZ; bz 8£CZ + 5 ijz:l Vij 8£Claxj s 12 oo, (14)

where b; denotes the i-th element of b and v;; is the element in i-th row and j-th column
of v. The smoothness of the solution u depends on the smoothness of functions b, o, f
and ¢ (see, e.g., [7,10,26]). Specifically, if b, € C’f’%, fe Cf’zk’zk’zk, Y€ ka“, ke
Z*,e € (0,1), then we have u € Cf’%, where Cf’zk’zk’zk denotes the set of contin-
uously differentiable functions ¢(t, z,y, z) with uniformly bounded partial derivatives
AL 92013 ¢ for 20o + Iy + lo + I3 < 2k, Cp"** denotes the set of functions ¢(t, ) with
uniformly bounded partial derivatives 9184 ¢ for 21y + I; < 2k, and CZMF denotes the
set of functions ¢(x) such that 8L¢,! < 2k are uniformly bounded and 92¢ is Holder
continuous with index e.

As we all know, FBSDEs play an important role in many practical applications.
Unfortunately, it is difficult to obtain the analytical solution to most FBSDEs. Therefore,
it is very meaningful to find the approximate solution of FBSDE (1.1) by constructing
the numerical methods. Up to now, many works on the numerical methods of FBSDEs
have been done. For example, some methods based on the relation between the FBSDEs
and the corresponding Cauchy problems can be found in [4,11-14], and some methods
developed directly based on FBSDEs can be found in [3,18,19,23,25].

The linear multistep methods, as a type of important numerical methods for the
ordinary differential equations (ODEs), have been successfully extended to solving the
FBSDEs (see, e.g., [1,5,6,20-22,24,27,28]). Typically, a high-order weak convergence
method for solving forward stochastic differential equations (SDEs) are required for



