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Abstract. We construct first- and second-order time semi-discretization numerical
schemes for the Cahn-Hilliard-Navier-Stokes model. This discretization scheme is
based on the energy form of the scalar auxiliary variable approach for the coupling
terms of model and pressure correction in the Navier-Stokes equations, which are
fully decoupled. Then, we apply the fully explicit forms and the two scalar auxiliary
variables to obtain stable unconditional energy over time. At the same time, we
present the error analysis for the first-order scheme and the convergence rate for all
relevant variables in different norms. Finally, numerical examples are presented to

validate the theoretical analysis.
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1. Introduction

In this article, we consider the Cahn-Hilliard-Navier-Stokes (CHNS) system as fol-

lows:
%Jr(u-V)qs—MAM:o
pw+ MG — AG'(¢) =0

ou

—+u-Vu—vAu+Vp—uVep =0

Ot
V-u=0

(1.1)
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where
1

2 2
G(9) = 5" — 1)
is a nonlinear free energy density, where ¢ denotes the interface width and M, \,v > 0,
describes the mobility, mixing coefficient, and fluid viscosity, respectively, then there is
usually an evolution equation for the phase-field variable ¢. We consider the following
no-flux or no-flow boundary and initial conditions of (1.1):
g—ﬁ:g—ﬁzo, u=0 on 99N x (0,71,
#(x,0) = ¢°,  u(x,0)=u’ in Q,

(1.2)

where () is a bounded domain in R? with boundary 9€). The unknowns are the phase
function ¢ and the chemical potential p, the velocity u, the pressure p, and n denotes
the unit outward normal vector on 9{2. We can obtain the energy dissipation law in
above system (1.1) as follows:

dE(¢,u)

o —M|Vul® = v||Vul?, (1.3)
where
Lo A 2
E($,u) = Slul”+ SIVoF +AG(9) ¢ dz
)
is the total energy, and || - || is defined as L? norm.

For the CHNS system, the equations of the phase-field model are derived from the
energy function, so the numerical discretization scheme must satisfy the energy sta-
bility. Moreover, the system (1.1) is a coupling of the Cahn-Hilliard [2] and Navier-
Stokes equations [15], and in order to reduce the computational effort, it is desirable
for the discretization scheme to achieve decoupling of these two equations. There-
fore, in the past decades, many numerical schemes have emerged for CHNS systems
to satisfy the need for energy stabilization or decoupling. The numerical methods
[4-7,9,10,12,13,16-18,23,25,29,32,34] are mainly the linear stabilization method,
the convex splitting method, the invariant energy quadratization method (IEQ) and its
variant version, and the scalar auxiliary variable (SAV) method. Feng [10] proposed
and analyzed a fully discrete mixed finite element method for the CHNS phase-field
model, where the time discretization used an implicit Euler scheme. Kay et al. [18]
presented a finite element discretization of the variable density CHNS system. Subse-
quently, they constructed semi-discrete and practical fully-discrete finite element ap-
proximation schemes for the CHNS system and analyzed the convergence of the fully-
discrete approximation [17]. He et al. [14] used the finite element spatial approxi-
mation with the time discretization by operator-splitting and a least-squares/conjugate
gradient method for the Cahn-Hilliard equation. Shen and Yang [29] constructed sev-
eral effective time discretization schemes for the coupled nonlinear Cahn-Hilliard two-
phase incompressible flows with the matched density case and the variable density case
and established the dissipation energy law. Bao et al. [1] submitted the semi-implicit
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finite element method for the moving contact line problem with coupled Cahn-Hilliard
and Navier-Stokes equations with generalized Navier boundary conditions. Guo et
al. [12] designed a C? finite element method scheme to preserve the energy law at
the discrete level for the variable density two-phase flow model. Han et al. [13] sug-
gested the second-order in time scheme for the Cahn-Hilliard-Navier-Stokes phase field
model with matched density. The scheme combines the second-order convex splitting
and pressure projection methods for the Navier-Stokes equations. Diegel et al. [8]
proposed the mixed finite element method based on convex splitting for a modified
Cahn-Hilliard equation coupled with a nonsteady Darcy-Stokes. Then, to preserve
the energy stability natural to the Cahn-Hilliard equation, Diegel et al. [9] introduced
second-order Adams-Bashforth extrapolations and the trapezoidal norm to present the
second-order in time mixed finite element scheme, which combines a standard second-
order Crank-Nicolson method for the Navier-Stokes equations and a modification to
the Crank-Nicolson method for the Cahn-Hilliard equation. Chen et al. [7] constructed
adaptive mesh, adaptive time and a nonlinear multigrid finite difference method. Cai
et al. [3,4] analyzed the error estimates of semi-discrete and fully discrete energy sta-
bilization schemes for two-phase incompressible flows.

Recently, Yang et al. [34,35] introduced the IEQ method so that a new variable can
modify the energy in the original system. The advantage of the IEQ method is that it
can explicitly handle nonlinear terms in the discretization process. Subsequently, Shen
et al. [26-28] proposed the scalar auxiliary variables method, in which an auxiliary
variable is introduced and defined as the square of the integral of the potential energy.
Lin et al. [24] proposed the scheme for approximating the incompressible Navier-Stokes
equations based on an auxiliary variable associated with the modified system energy,
and the above scheme is unconditionally energy stable with a modified energy. Using
a Lagrange multiplier approach, Jia et al. [16] used implicit-explicit treatments and
constructed the decoupled and unconditionally energy-stabilized time discretization
scheme for the two-phase incompressible flow CHNS model. Li et al. [20,21] proposed
the scalar auxiliary variable approach in time for the CHNS model. Then, the multiple
SAV methods in the first and second-order time discretization for the CHNS system are
proposed in [22].

The main contribution of this article is to construct the first-order and second-order
schemes for the CHNS equation based on the two scalar auxiliary variables (SAVs)
associated with the modified system energy in the time. The schemes are fully de-
coupled and satisfy the energy dissipation law in the time semi-discretization. Mean-
while, we prove the error estimation and convergence rate in the first-order time semi-
discretization. Finally, we provide some numerical examples to validate the theory
result.

The rest of this paper is organized as follows. In Section 2, we describe our no-
tations and our main theoretical results. In Section 3, we introduce the first- and
second-order SAVs approaches in the time. In Section 4, we prove the error estimates
of the first-order SAVs scheme. Numerical experiments are presented in Section 5 to
validate our theoretical analysis.
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2. Preliminaries

Firstly, we introduce some basic notations. Let L™ (2) be the Banach space with the
norm

1/m
oy = ([ pI7d) " lolle = lollm = oo e, 2)
and
(:9) = (£ 9z = | fo45. (2.2
where (-, -) is the inner products of L? and L?. It is shown that || - || be the norms of L?

and L2. Nextly, we denote by W*P(Q) the Sobolev space of functions defined on

1/p
W) = $ g oy = (3 ID%0)) <o, @3)
|| <k

in the case 1 < p < oo, and in the case p = 00, [|g|lyr. (@) = max|qj<k DGl L= (0)-
To be simple, we set H*(Q) = W*2(Q), and || f||x = | f1l x (2, and H*(Q) = [H*(Q))7.
Thus, we define

H{(Q) = {v e H(Q) : v|pg = 0}, 2.4
and )
H={vel(Q):V-v=0¢,
{ 1( : ) (2.5)
V={veHyQ):V -v=0},
and the trilinear form b(-, -, -) by
1
b(u,v,w) = 3 / (w-V)v-w—(u-V)w-v) de. (2.6)
Q
It is obvious that the trilinear form b(-, -, -) is skew-symmetric, i.e.
b(u,v,w) = —b(u,w,v), YucH, v,wcHQ), 2.7)
b(u,v,v) =0, VueH, wvc¢ H(l](Q) (2.8)
Then, we arrive at the result by using Poincaré inequality
o]l < er||Voll, Vo € Hy(Q), (2.9)

where ¢; is a positive constant depending only on 2. Finally, we obtain the results by
using the Holder inequality and the Sobolev inequalities [31]
1/2
b, v,w) < o[ Va2 |ul2[lv ]y %[ Vol 2 |w], d=2,

1/2 1/2
b(w, v,w) < l|uls o]y [lv]y*|w], d=3.

(2.10)
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We also frequently use the following inequalities [31]:

cllullllvllffwll,
cllull2lvllollwl,
b(u,v,w) < { cllulzllvfiwlo, d<4, 2.1D

cllullrfvllz]wllo,

cllullollvllz]wll1,

where c is a positive constant depending only on €. Let Piyu be the projection operator
in L2(Q) onto H. We refer to [30, (1.47)], which follows

| Paulli < C(Q)|Jull;, Yuec HY(Q). (2.12)
We will frequently use the following discrete version of the Gronwall lemma [15].

Lemma 2.1. Let ay, by, ¢, di, Vi, T be nonnegative real numbers such that

k1 — O + Ok 1T 1 + Chp1Tht1 — CkTh < Qi Tk + Vit 1Th41 (2.13)

forall 0 < k < m. Then

m+1 m m+1
i1 + Z b7 < exp (Z dk7k> {ao + (bo + co) 10 + Z yka} . (2.14)

k=0 k=0 k=1

Throughout the paper, we use C, with or without subscript, to denote a positive
constant independent of discretization parameters, which could have uncertainty val-
ues at different places.

3. The SAVs approach

3.1. SAVs reformulation

Let v > 0 be a positive constant, F(¢) = G(¢) — v¢*/2, E1(¢) = [, F(¢)dx and
Es(u) = |lul|?/2, where the term v¢?/2 is to simply the analysis [26]. We introduce
two auxiliary variables

r(t) =V Ei(¢) +C1, C1>, (3.1
q(t) = V/Ba(u) + C3, Co > 0. (3.2)

Then

dq Ou Ou 1, 9
2 _— = _ — _— 2 . . — . — .
o T u /g((?t +2u Vu) u /BQ(H u)2\u] , (3.3)
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where n is the outward-pointing unit vector normal to the boundary 052, and we have
used integration by part, the Eq. (1.2), and the divergence theorem. It should be
emphasized that both ¢(¢) and Es(t) are scalar variables, not field functions. At ¢t = 0,

1

1 9 2
00 = (3 [ wPrca). (34
Q
and reformulate the Eq. (1.1) as
¢ r .
— +——(u-V)p—MAp=0 in Q x (0,77, (3.5a)
ot E1(¢)+Cl( )® I (0,77
T
A+ MG — Ayp — A——r=x=F"(¢) =0 in Q x (0,7, (3.5b)
Ei(9) + C1
dr 1 / PN ) .
e - | Fe)Zdx=0 in Qx (0,77, (3.5¢)
ou q
4+ ——u-Vu—vAu+V
at 2(u) + Cy P
r
e V$=0 in Qx (0,7,  (3.5d)
E(¢) + C4
V-u=0 in Q x (0,7, (3.5¢€)
dq ou .
2qa—ug \/7%-02/11 Vu-udx=0 in Q x (0,7]. (3.50)

Thus, we have the dissipation law

dE(¢,u,r,q)

o = —M|Vpl? - v|Vul?, (3.6)

where )
E(¢,u,r,q) :/ 3 (Jul? + Mv[8]* + A[Ve|?) dx + ¢ + 2Xr2.
Q

3.2. A first-order semi-discrete scheme

We denote

T n _ fn—1
t" = nr, 5Tf”:¢

== — f <N.
N - or n<

This is first-order scheme as follows: Find (¢"*+!, pntl, antl, untt) prtl pntls gndly
such that

¢n+1 _ (bn N 7JLJrl
T Ei(¢™) + Cy

(u"-V)¢" — MAp"™ =0, (3.7
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7JLJrl

n+1 n+1 n+1
Ju! + A — Ao A
Ei(¢") + C1

F'(¢™) =0, (3.8)

prtl _pn 1

T 2B + Oy
ran ¢n+1 —9" l n+l ..n ny l ~n+l n n _

-

~n+1 _ ..n n+1

h h + q u” - Vu" — vAu"t 4+ vpt

T Es(un) + Coy
7,,n—|—1
- "V¢" =0, (3.10)
Ei(¢") + C4
" 50 =0, (3.11)
V-u"t =0, u"".n|sn =0, (3.12)
n+l _ ~n+l
u u LV (p"“ . pn) =0, (3.13)
T

2qn+1 qn+1 — qn B ﬁn—I—l —u” n 2qn+1 u" - vu” ﬁnJrl =0. (3.14)

T T Ey(un) + Oy ’

Note that we added the terms (1/))((u"*!,u™ - Vo) — (@™ u™ - V¢™)) in Eq. (3.9),
which is a first-order approximation to (¢, uV¢) — (u, uV¢) = 0. For continuous case
(3.5d)-(3.5€e), we use the first-order pressure-correction scheme [11] discretization to
obtain (3.10)-(3.13).

Remark 3.1. We note that the (3.14) is a nonlinear quadratic equation for ¢"*!, and
rewrite it in the following form:

7 (u" - Vu", u"t)

EQ(u”) + 02

2(q")? 2 <q” + ) ¢t = (@ ettt =0, (3.19)

The above equation can be simplified as
ar? +br+c=0, (3.16)
where the coefficients are

7 (u" - Vu", u"t)

Eg(u") + CQ

a=2 b=-2 <q" + ) , c=—(@" -—u" ") . (3.17)

According to —2ab > —(a? + b?), we can obtain

(q" N T (u" -Vu”, ﬁ"“))

Eg(u") + Cy

2

b2 — dac = 4 + 8 (||1~1n+1H2 _ ﬁnJrlun)
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—4 (qn 4 T (un -Vu”, ﬁn+1)> i

Es(un) + Cy
HA (a2 a4 ettt - ut)?)
=4 (q" 41 (u" vunvﬁnﬂ)) i

Es(u™) + Cy

+4 (||1~1n+1H2 _ HﬁnJrl _ (ﬁnJrl _ un) ||2 + ||1~1n+1 _ unH2)

n ., n sn+l 2
>4<qn+7(u vu™, u ))

B EQ(u") —|—C2
+ 4 (||1~1n+1H2 _ Hﬁn+1H2 _ HﬁnJrl _ un||2 + ||1~1n+1 _ unH2)
2
VAT ~n+1
o |( gy T TN (3.18)
Eg(u") + Cy

Thus, we obtain that the Eq. (3.14) has real number solutions.

Due to the Remark 3.1, the nonlinear quadratic equation (3.14) has two solu-
tions. Therefore, we need to give how to choose a more desirable root. A similar
approach has been given in [19, 20, 24] and we omit the detailed process here. Since
the exact solution of ¢"*!/\/FEy(u"t1) + Cy is 1, we choose the root ¢"*! such that

"t /\/Es(utl) + Cy is closer to 1.

3.3. Energy stability
Next, we prove that the scheme (3.7)-(3.14) is unconditionally energy stable.
Theorem 3.1. The scheme (3.7)-(3.14) is unconditional energy stable in the sense that
E™H (g, u,1,q) — E™(¢,u,r,q) < —2M7 || Va2 = 27v|| Va1, (3.19)
where
B (6, m,7,0) = AIVE 4+ 67 4 P
+ %2\|Vpn+1\|2 + 27" 4 | (3.20)
Proof. We prove the unconditionally energy stability. Taking the inner products of

(3.7) with 27p"*t, (3.8) with 2(¢"+! — @), respectively, and multiplying (3.9) with
A Tr™t1, we can obtain

¢n+1 _ qbn N ,rn-‘,-l
T Ei(¢n) + Cy

(u” - V)d)n,27',u"+1> = (MAM"+1,2TM"+1) , (3.21)
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and

(1", 2(¢" ! = ¢™))

— (—AA¢"+1 + Ayt

T,nJrl —pn
<7, ArrrH

)\TnJrl

—_F'(¢"),2(¢" T — ") |, 3.22
B T 0 (9"),2(¢ ¢)> (3.22)

-
_ A rrtl <<F/(¢n)7 gt — ¢n>>
2V Ei(¢") + C1 T
4)\T7°n+1 1 n+1 n n 1 ~n+1l n n)
— . - = . 3.23
+ Ew)m( (1 - V") — (5 ) (3.23)

A
Thus, this leads to the following equation:
AV HZ = Ve |* + Ve — Ve |?)

+ X7 (16" = lle" 1P + 1" = ¢"[1%)
>\ (‘rn—I—l‘Q o ‘7“”‘2 + ‘rn—f—l _ 7471’2)

2 n+1
™ (ﬁnJrl’ an¢n)
Ei(¢™) + Cy
= —2MTHVM"+1H2. (3.29)
Taking the inner product of (3.10) with 2ra"*! leads to
~n+1l _ ..n n+1
u u n q u” - vu® — VAﬁnJrl + vp’ 2Tﬁn+1
T Eg(u") + Cy
it +1
= —— "V, 2ra" | (3.25)
Ei(om) + C4

and

[ e I e e

2an+1 n n ~n+l n ~n+tl
+ ————=(u"-Vu",u""") + 27 (Vp", 0"
Eg(u”) + 02
2 n+1
= | == Ve, a | — 2ur Va2, (3.26)
Ei(¢") +Cy

[ HH? = [Ju™]* + @ — )
27’q”+1

e —
Eg(u”) + 02

n+1
(2T g antt ) (3.27)
E(¢™) + C1

(un X vun7 ﬁnJrl)
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Recalling (3.14), we have

" =g+ " = ¢
= ((ﬁ"+1 —u") + _ 2 Vu",ﬁ"“) : (3.28)
Ey(u™) 4+ Csy
For the formula (3.13), we get
I I v TS v/ L (3.29)

Taking the inner product of (3.29) with itself on both sides and noticing that

(Vanrl’unJrl) _ (anrl,v ) un+1) —0,
we have
[ 4 () VP = (@ 4 20 (VP 0 + (1) Ve (3.30)
and then ) ) ) )
§||u”“\|2 + 5(7)2||Vp”“\|2 = §||ﬁ”“\|2 + 5(7)2||Vp”||2- (3.31)

Combining (3.27) with (3.28) and (3.30) results in
(22 = a2 + @ = u)2)
+ ‘qn+1’2 _ ’qn’2 + ‘anrl _ qn’2

1
57 (192 = V)

N |

2rrmt! n n ~n+l 12
= | ———==u"Vo¢",u — 2uT||Va" % (3.32)
Ei(¢") + C4

Thus, we can obtain the desired result by combining (3.24) with (3.32) as follows:
AV = [V 1P + IVt — Vo™ |?)

+ 2y ([l 1P = (16" + 9" = 6™]%)
1 -

+3 (™ = o™ + 2" —u™|?)

+ |qn+1|2 _ |qn|2 + |qn+1 _ qn|2
1

+ 57 (IVp™ 1~ [V5"%)

2\ (‘rn—l—l‘Q o ‘7””‘2 + ‘rn—l—l o 7471’2)

= M| V"2 — 2vr || Va2 <o. (3.33)

This completes the proof. O
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3.4. A second-order semi-discrete scheme

We get the second-order SAVs scheme: Find (¢"t!, pntl antt untl prtl protl)
+1
q""") such that

n+l _ 4™ n—1 n+1 .
5 2¢ S s (@ V)"t - MAE"T =0,  (3.34)
g Ey(¢ntl) + ¢4
7JLJrl R
Mn—i—l + )\A(bn—H _ A7¢n+1 _ - (F/((bn+1)) =0, (3.35)
El((anrl) + Cl
37,,n+1 — 4y T,nfl 1 n 3¢n+1 o 4¢n + n—1
- (@), )

27 2\/E1(¢3”+1) +C

1 . .
B A <(Mn+17 atl .yl - (@t An+1v¢n+1)) =0, (3.36)
20/ E1 (¢t + Oy
3t —du" ?”H L vattl - ARt vt
21 Eg(unJrl) + 02
7nn+1 N
S g <o, 337
Ei(pntl) 4+ C4
ﬁ”“\ag _o, (3.38)
3 n+1l _ 3~n+1
JL_ETE——+V@M4_W+WVWW“):Q (3.39)
) - 3qn+1 _ 4qn + qn—l B 3un+1 — 4u™ + un—l un+1
q 27 27 ’
2qn+1
_ ﬁn+1 . Vfln+1, ﬁn+1 — 0’ (341)
EQ(ﬁn+1) + C2

where ™! = 2u” — u" !, ¢t = 24" — L,

3.5. Energy stability

The second-order semi-discrete scheme is unconditionally energy-stable as we show
below.

Theorem 3.2. Let ¢° = 0, g"™! = vV - a"t!, H" L = pntl 4 g1 > 0. The scheme
(3.34)-(3.41) admits a unique solution, and it is unconditionally energy stable in the sense
that

E" (¢, u,r,q) — E"(¢,u,7,9)
< —u7||V x @2 — pr || Va2 - 2M 7 |Vt (3.42)
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where

E™ g,u,r,q) = S (VO™ TH2 + (291! — ¢™)1?)

A
2

)\7 n T n
+ 2L (g2 + 207 = 7))

2
D\ (’Tn—i—l’Q + ’27471—1—1 o Tn‘Q) + gTQHVHn—iJHQ
i

+ =Nl + g + 120" = g7 (3.43)

Proof. Taking the inner products of (3.34) with 27"+, (3.35) with (3¢" ! —4¢™ +
¢" 1), respectively, and multiplying (3.36) with 4\7r"*1, and using the identity

2a(3a — 4b+ ¢) = |a* + |2a — b|* — |b]* — |20 — c|* + |a — 2b + ¢|?, (3.44)
we can obtain
A _
5 (IVe™ 2 + 112V = Ve ||* — [[V"||* — [[2V¢" — Vo ~]?)
)\7 3 3 3 3 T 70—
+ 5 (1" + l120™ — ™17 = l6"11” — 126" — 6" (1%)
A (|,rn+1|2 + |2rn+1 _ ,rn|2 _ |T,n|2 _ |2T,n _ ,rn—1|2)
A _
+ 5vabn—I—l _ 2V¢n + v¢n 1H2
A
+ 77H¢n+1 _ 2¢n + ¢n—1H2 + )\|T’n+1 — o4 T’n_1|2
2rrntl

= —2Mr||Vu"? - =
E; (¢n+1) +C

(ﬁnJrl’ AnJrlv(%nJrl). (345)

Taking the inner product (3.37) with 2ra"*! leads to

(3ﬁn+1 _ 4un _|_ un+1 ﬁﬂri’l)
217 n+1
L2t
Eg(u") + Cy
—wra" AR 4+ 2r (V)" oY)

9 n+1 .
_ Tr (/fc"“Vqﬁ"H, ﬁn-l-l). (346)

\/E1 (6m+1) + ¢

Recalling (3.39) and (3.44), the first term on the left-hand side of (3.46) can be trans-
formed into

(- var, a"th)

(3f1n+1 — 4u™ + un—l,ﬁn—i—l)

— (3 (ﬁnJrl _ un+1) + 3un+1 —4u” + unfl,ﬁnJrl)
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_ 3( n+l n+1’l~1n+1) + (3un+1 _ 411” + unfl,unJrl)
(3un+1 _ 4un + un—1’ ﬁn-i-l _ un—i—l)

(||~n+1H2 H n+1||2_|_||~n+1 n+1H2)

le

1 1
SR 4 20—
1 1
o 5“21111 o un71H2 + §Hun+1 —ou" + un71H2.
By definition, we rewrite (3.39) as
V3urtl 4+ v H™ = 3ant! 4+ 2 van,
x/§ V3
Taking the inner product of (3.48) with itself on both sides, we have
4
3Hun+1H2 + _7_2HVHn+1H2
= B 4 S VH? 4+ dr (074, V) + 47 (874, 99",
and then

3 2
_||un+1||2 + _7_2HVHn+1||2

H~n+1H2+ 7'2||VHnH2+2’T( n+1 Vp )+2T( n+1 vg )

The last term on the right-hand side can be controlled by
2T
a0 (gnJrl o gn’gn)
14
.
== (lg" > = g™ 17 + llg™** = g"11%)

T T -
= —lg"[I* = ~llg" I + ||V A,
v v

2r (W', V") =

Thanks to the identity
IV x v + [V - VI = [[Vv]?,  ¥v e Hy(Q),

we have

27 (@1, Vg") = Zlg" 2 = Ll + vr| Ga 2 - vV 6,

Multiplying (3.41) by 27 and using (3.44), we get
2qn+1 (3qn+1 _ 4qn + qn—l)
— (3un+1 _ 411” + unfl,unJrl)

+ 27¢" ! artl . vantlogntt
Ep (1) 4 Cy ,

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)
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Then, we have
|qn+1|2 + |2qn+1 _ qn|2 _ |qn|2 _ |2qn _ qn71|2 + |qn+1 _ 2qn + qn71|2

1 1 1 1
= SIS l2um =P = P - 2 - P

1 1 102 27'qn+1 ~n+1 ~n+1 ~n+l
+ S fu" ™ = 2u™ + w7 + = a"tt.vartt antt) . (3.55)
2 EQ(U"'H) + Cy
Next, this is obtained by combining (3.46), (3.47), (3.50), (3.53) with (3.55),
‘qn—i—l‘Q + ‘2qn+1 _ qn‘Q _ ’qn‘Q _ ’2(]” _ qn—1’2 + ’qn—l—l _ Qqn + qn—l‘Q
3. . 2 T
+ §||u”+1 —u" P 4 572 (IVH" P2 = [VH™|]?) + > (g™ M2 = 1lg™117)
2t Antlw int+l  ~n+l ~n+1/2 ~n+1/2
= - (BT ) — vt VAP — vr ||V x @2 (3.56)
E (¢"+1) + C

Nextly, combining (3.56) with (3.45), we have
A _
5 (IVe™ 2+ [2Ve"™ = Vg |2 — |Ve™|* - [[2V¢" — Ve %)
Ay _
+ 5 (e + 120" = 7|2 = 16" 17 = [12¢" — ¢"711%)
D\ (’Tn+1’2 + ‘2Tn+1 o 7411’2 o ’Tn’2 o ’27“” o 741171‘2)
A n+1 n n—1(|2 >"7 n+1 n n—1(2
+ 5 [VerT = 2ven + Vo7 T llem T - 26" 0|
3
+ )\‘rn—l—l — " 4 7m—1’2 + §Hﬁn+1 . un—l—lHQ + ’qn+1’2
+ 12" = "2 = 1g"2 = 124" — "+ | = 2¢" + ")

2 T
+ 572 (IVH™ 2 = [VH™|]?) + > (g™ 1% = Nlg™1?)

= 7|V x a" 2 — vr|| Va2 — 2M 7 || VT2 (3.57)
Thus,
E™ Y (¢,u,1,q) — E"(¢,u,7,q)
< —u7||V x @2 — vr|| Va2 — 2Mr || V2 (3.58)
The proof of the theorem is now complete. O

4. Error analysis

The section provides an error analysis for the first-order semi-discrete scheme (3.7)-
(3.14). The framework and techniques of error analysis for the SAV approach are well
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established in [20,23,26,27,33]. Let (¢, i, u, p, , q) be the exact solution of (3.5), and
(@t pntt, anttantl) pntl prtl s gntl) be the solution of the scheme (3.7)-(3.14),
we denote

entl — gntl — (i tl), entl =yt — gy,

eyt =p" —p(t™), et =g —q(t" ),

= 6 G, e = g — (), @
el — et gt

4.1. Error estimate for u, ¢ and p
The main reslut is stated in Theorem 4.1. We assume that the variables of CHNS
model satisfy the following regularity:
¢ € W (0,T; L*(Q)) nWh> (0, T; H'())
peWhe(0,T; H'(Q)) N L™ (0,T; H*()) ,
ue W (0,7;H HQ)) n W (0,T; H*(Q)),
p € Wh>®(0,T; H () .

Theorem 4.1. Under the assumption of the regularity (4.2), for the first-order scheme
(3.7)-(3.14), forall 0 <n < N — 1, we get

4.2)

m m
Ve 1P+ e |17 + 7 Do (Ve P+ 3 et 1 + e
n=0 n=0

m
et 1P 4o 3NVt + 7l Ve + et

n=0
m m m
+ 2 Vet = vepll + 3 llegt —epl*+ 3 e — il
n=0 n=0 n=0
- n+l _ n|2 - n+l _ n|2 2
+ ) et et + > feptt —en|? < o, 4.3)
n=0 n=0

where the positive constant C' is independent of 7.

We shall follow the steps in the stability proof of Theorem 4.1. The evidence of The-
orem 4.1 is similar to [26, Theorem 4.1], with the difference being the error estimate
of the velocity u, the scalar auxiliary variable ¢ and the pressure p. Therefore, we need
to introduce [22, Lemmas 4.1 and 4.2], which are shown below.

We shall first derive an H?(2) bound for ¢" without assuming the Lipschitz condi-
tion on F'(¢). A key ingredient is the following stability result [22]:

n n
[ R 2 N 1+ e (S W [\ i
k=0 k=0

" N+ P+ 1P < K, (4.4)
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where the positive constant K is dependent on u’ and ¢°, which can be derived from
the unconditionally energy stability (3.19).

Lemma 4.1. For all 0 < n < N — 1, there exists a positive constant Ko independent of T
such that

A" + |u™ | < K. (4.5)

Lemma 4.2. Under the assumption of the regularity (4.2), forall0 < n < N — 1, we
obtain

A n n n n M n
27 (vt = [[Vepl + [Vest - veg|*) + —HW o
Ay +1 " .
+ = (et 1 = el + lleg** = egll*) + H e’
A
£ 2 (| = Jer + e+t~ e )
.
< Clleg|)” + || Vey|* + || Vep || + Clen]|” + Clleit ||

n+1l 2 L n|2 n+1
LoVt — )| +<C+4K1”W H >|e 2

+—H el + 5 HV%HQ+072, (4.6)

where C is a positive constant independent of 7.
For details of the proofs of Lemmas 4.1 and 4.2 the reader is referred to [22].

Lemma 4.3. Under the assumption of the regularity (4.2), forall0 < n < N — 1, we
obtain

n+1

HeﬁJrl”Q — HeﬁHQ He em‘z ~n n n
5 + SIves P+ 2 (Iveg I = [Ivep )
2€n+1 on n n
< - <m -Vu”, H) +C <||uH%°°(O,T;H2(Q)) + ||€u\|§> lewl®
H el + 35 HV%H +O||Vey|* +C lleg|* + ¢ e + Ol
o ([ell v + o7, @)

where the positive constant C'is independent of T.

Proof. The truncation error R is defined as

n+1 n+ly _ n 1 1 2
RE-H _ 6u(t ) u(t ) u(t ) _ / (tn _ t) 0 udt. (48)
t

o T B a2
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Subtracting (3.5d) at t"*! from (3.10), we get

énJrl —en
u u A~n+1
- Vvaey,
q(t™ ) n+1 n+1
u(t -V)u(t
" VB o (M)
n+1
q n n n n+1
——u"-Vu" -V (p" —pt
EQ(u") + C2 ( ( ))
+ LM”VQS” _ (tn—H) ,U(thrl)VQb(thrl) + Rﬁ+1. (4.9)
Ei(¢") + Ch VE1 (")) + Oy

Taking the inner product of (4.9) with é2+!, we get

lea1” = lleql® + llegt! — eqll?
2T
q tn-‘,—l) n+1

( n+1 n+1 q u® u”. " 1
<\/E2 (u(t™t1)) + Co (a5 - Wyue™) - E(um) + Cy e )

_ (V (pn _ p(thrl)) 7éﬁJrl)

+u|vert®

+ Tn+1 an(bn T(tn-H) M(thrl)V(b(thrl) ~n+1
El(gb”) + C1 \/El tn+1 + &
+ (R ety (4.10)

We observe that (3.13) yields
en-l—l _ én—l—l
At 4V (p"t —p") =0, (4.11)

and
éﬁ—H _ en—l—l + TV( n+1 _pn)
= et rV (e = en) 7V (p(tH) — p(t™) | (4.12)
Taking the inner product of (4.11) with (e2*! + ént1) /2, we get

n+1H2

lew at

|le n 1
2T 2

Adding (4.10) and (4.13), we have

(V™ —pm),ertt) =o. (4.13)

len 112 = llenll” + lleat! — enll®
2T

Q(tn+1) n+1 n+1 qn+1 n n ~n+1
((E™) - VyuE™)) - ————u" - Vu", &
\/EQ tn-i—l + Cy Eg(u”) + Oy

+v]| Ve
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1 ~n
_ 5 n+1 +p 2p(tn+1)), equl)
T’(th) 1 1y sn+l
v¢n thr qu thr n+
( VEL(@) + C1 +01“ VB o Ve
R +1 ~n+1 (4.14)

Then, we estimate each term of (4.14). For the first item on the right-hand side of
(4.14), we obtain

q(t"*!) W™ - () — 7* o et
<\/E2(u(t”+1))+02 (( (t ) V) (t )) \/m -vu", ey )

Q(tn-i-l) ((u(thrl) . v)u(thrl)) _ Q(tTH—l) u” - vun, éﬁJrl)

<\/E2 (1)) + Cy VEx(ut) + Cy

enJrl
_ q u” - vun, éﬁJrl
Eg(u") + CQ

Q(tn+1) n+1 n n+1y ~n+1
= e () ) Va6
2 ( 2
q thrl n n n ~n
") (u" -V (u(@) —u"),enth)
\/E2 tn+1 + Cy
tn-l—l tn—l—l
\/E C](tn“) _ q( - ) (un ) vun’éﬁJrl)
2 ( +Cy  /Ex(u) + Oy
enJrl
— | —L——u"-Vu", &, (4.15)
Eg(u”) + Cy

From (2.9) and (2.11), the first term on the right-hand side of (4.15) can be derived
that

q(tn-i—l)
\/E2 tn+1 + Cs
<c(l+o) u@™h) —a|[[lu@E )| Ve

< Sflvertt|* + CllalF oo 0,72y I ill®

((u(thrl) — un) . vu(thrl)’ éﬁ+1)

+ CT [l oo 0 ez 10 0 7222 (4.16)

Using Cauchy-Schwarz inequality and (4.4), the second term on the right-hand side of
(4.15) can be estimated by

q(thrl)
VEx(u(tth)) + Cy

(u"-v (u(t"“) —u") ,éﬁ“)
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q(thrl) n n+1 n+1 ~n+1

\/E2 () + Cy (- V (u{t™) —u(™™), &)
q(tn-i—l)

\/E2 —l—CQ

v sn+1 n|2 n|2

< glver? +0(Hu||m ouirae) + I€al3) ekl

+ CTZHUHWI,OO((),T;H%Q))a 4.17)

(en - Ve —u(t") - Ve, &)

and

n+1 n+1
q(th) _ q(t _ ) (u" - Vu", ~n+1)
\/E2 (t ) + Co Es(un) + Cy

< Cllu™|[[lu™[[1[[Veyll

v -n 2
< g IVET "+ 072l o 1oz 10 0 22000 (4.18)

Then, we estimate the error in the second term on the right-hand side of (4.14), using
(4.4), (4.10), (4.12) and Lemma 4.1

Lunv(w T(thrl) M(tn+1)v¢(tn+1) én+1
n+1
B W (Vo - ﬂ<t"“>w<t”+l>7 et
1 1
1 (") i R
! <\/E1(¢") + 4 \/E1 ) + Q) (™ H Ve ), en)

< Ol = (™) pa 1967 [
+ Ol ooy V6" = V¢><t”+1>H lea* |

VE(@)+C1 Ei(o tnﬂ el X
n+1
e— gl n+1 n+1
t e Ve, &)

v n n
<z lvar|F+ 3 H el + 3 HV WP+ Clvel* +C flegl + ¢ et
+CHeﬁHH +072HV GZH_%)H +CT4HPHW1@°(0,T;H1(Q))

+ 07 (I1alfyr.e o rumr2 0 + Il 02,2200 )
+ CTQ||¢H12/VLOO(O7T;H1(Q))' (4.19)

Next, we estimate the third term on the right-hand side of (4.14). Using (4.12), we
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have
5 (T~ 2p(e)), )
= 5 (VG 4 = pla™ ) + (7)), )
= 5 (VG 4 = pa™ ) + (™)), )
+7 (Vg™ =) + V™) - p(t"))
=2 ([ve | - [vepl) = 7 (Vo <t"+1> p(t"), Vey)

+5 19 () = o) I

<—3 (HV€Z+1H2 - HvegH2) + 72| Vep||* + C + ) p e o @) (4:20)

For the last term on the right-hand side of (4.14), we obtain

(Raaut) < Ve |* + Ol oirr1 (4.21)
Combining (4.10) with (4.13)-(4.21), we obtain
lew™ 12 = llewl” |, llew* = eull” on n n
el 0T LY a4 2 (e - veP)
eZ*l n ~n+1 2 ni2
< —m (u"-V)u ) +C <||uHL<><>(O,T;H2(Q)) + Heu\h) llexll

1o sl + S5 Ivepll + C | ves| + ¢ g
*+[1ve)?)

+ O (72 + 7+ 1) Il 00 0,7 111.0)) T CTNGN100 0750 ()

+CW“\+MMTM+CTWV%
+ O (Il oz oy + Ul o 2,120
+C <”uH12/V2700(0,T;H*1(Q)) + (T)2HuH%/VLOO(O,T;HQ(Q))) ; (4.22)
which implies the desired result. O

Lemma 4.4. Under the assumption of the regularity (4.2), forall0 < n < N — 1, we
obtain
|6n+1|2 |eZ,|2 + |en+1 _ 6:”2

27
6n+1
< | —L——u" -Vu", e”Jrl
EQ(U”)‘FCQ

v ~
+Clu"Flles]® + S IVeR™ |2 + ClIva®|* + Cleg

+ CTQHUH%/V(LOO(O,T;L2(Q)) HuH%OO(QT;H?(Q)) + CTQ‘Q’%A/Zoo(o,T), (4.23)
where the positive constant C' is independent of T.
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Proof. Recalling (3.5f) and (3.14), we have

dq 1 Ou 1 /
—=—u—+—— [ u-Vu-udx, (4.24)
ot 2q Ot VEs(u) + Cy Jo
and
n+l _ . n ~n+1 _ ..n
q q _ u ;1 n 1 u" - Vlln, ﬁn-i-l ) (4.25)
T 2rg"t Ey(u”) + Cy
Subtracting (4.24) at t"*! from (4.25) leads to
n+1 n
€q+ - eq _ ;un . vun’ ﬁn+1
T Es(un) + Co
1
- (u("*") - Vu(" ), u(" !
T (U V) u)
1 (ﬁn—i-l _ un, ﬁn—i—l) 1 8u(tn+1) il 1
+ gt - T gr TR, (4.26)
where R~ B
R+ = (™) q(t"") —q(t") 4.27)

ot T
Multiplying both sides of (4.26) by eZ‘H together, we get the following:

eyt = e+ leg ! = e

2T
et ~nt1
= | —————=u"-Vu",u"
Eg(u”) + Cy
n+1
- JE qu @) (u@™™h) - Va@E ), u@E )
2(u(?"
1o~ N +1
+ et (@t —un At _ eq 8u(t"+1)u(tn+1) 4 Rtlentt
2¢nt1 T 2q(t 1) ot 7
enJrl en+1
= | —t—-=—u"-vVu", """ | 4+ | ——L——u"- Vu",ut"")
Ez(lln) + Cy EQ(u") + Cy
en—l—l
q

. 4qa tn-l—l v/ tn—l—l 7 tn—l—l
oy (W)Y, )
eZLJrl (ﬁn—i-l _ un, ﬁn—f—l) B ngrl 8U(tn+1)
Qanrl T 2q(tn+1) Ot

u(t"t) + Rttt (4.28)

Nextly, we estimate the error in each item of (4.28) separately and obtain the last term
on the right-hand side of (4.28)

RZL-HB;L—H <C <|eg+1|2 + 7—2|Q|12/V2,0<>(0,T)) . (4.29)



SAV Schemes for the CHNS Model 87

From the principle of energy dissipation, the second and third terms on the right-hand
side of (4.28) can be recast into

gt 1 egt! 1 1 1
e (u - V' u(t™) - = (u(t™) - Va(t) ()
»(u) + Cy E(u(t™*1))
en—l—l
= e (W T ) Ve u )
2 2
ngrl n+1 " " "
+ t" SVu(t" ), u(t"
BTG By T T )
n+1
- \/E tqn+1 )+ C! (u" -V (u(™*) —u") ,u(t))
2 2
n+1
VB (u tqn+1 + C (@) —u™) - Vu@E™ ), u @)
2 2
6n—l—l 26n+1
+ q - ( (tn—i—l) i Vu(t”“),u(t"“))
EQ(lln) + 02 \/ E2 thr

< Clegt| - a1 flu(™*) - u"\|||u(t”“)\| + Clu™ ™) —u|[lu@ ) 1 u ||
n 2 n n
< Cleg™ "+ Cllu™|2legl” + CTzHUH%/VOm(oj;m(Q))HuH%oo(o,T;m(Q))
n 2 n
+Cleg™ "+ Clleil? + O l[ullfyo.se o ;2 Il 075112052 - (4.30)

Then, we estimate the error in the fourth term and observe from (3.13) that u"*! =
Pgu"tl. Using the Cauchy-Scwarz inequality and (2.12) implies that ||u"*!|; <
C(Q)[[a" 1|1, we obtain

+1 (= +1
egb (un+1 u” un+1) B 6:11 au(tn+1)u(tn+1)
Qqn-i—l T Qq(tn-l—l) Ot
1 ~ 1
— (& tu(t) - g+ — e au(twl)u(tnﬂ)
2qn+1 T ’ 2q(tn+1) ot

<C\6”“\|Iu”“\| (Ve + a(™*h) —u™|]) + C [eg ™| [ )| Vu"|
<Clet P42 Hv~"+lu + C||Vu" |2+ Cllum |3 ]|e]?
+ CTQHUHWO’OO(O,T;LQ(Q)) HuHLoo(o,T;m(Q))- (4.31)
Combining (4.31) and (4.28)-(4.30) yields
g 2~ legl? tley ! — ep?
2T

enJrl
< | ——e——u" v, @t ) Ol B2 + S Ve + O [Vur?
Eg(u") + Cs 2

nal)2
+C ey ™"+ C72ullfyo. o 7520 1010 0,7 200) + CT2ldlip200 07y (4-32)
The proof is complete. O
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Now, we prove Theorem 4.1 in conjunction with the above lemmas.
Proof of Theorem 4.1. Using Lemmas 4.2-4.4 leads to

A M
5 (VeI = IVEIP + Vet = VegI?) + = || ver

Ay +1 M 2
+ 5 (e 12 = Nepll? + e = epll?) + = [[vep!|

A T
+ (lef* ' = lef P + et — er[?) + B) (Ve 1> = IVepll?)

P L NP U — el v
2T 2 u
et = Jegl? + gt — epP

q
+ 2T
1
< (C+ g IVAI?) [ 4 C (Il + 1 13) et P
n n n n 2
+C[[ Ve P + ClIVey]* + o lleg]|* + ¢ fleit|
e 2l + Sar|venlP + el
+Cr (|Vep|? + IVerth?) + o (4.33)
Multiplying (4.33) by 27 and summing overn, n = 0,1,2,...,m < N —1, and applying

Lemma 2.1, we can obtain

m m
Ve P+ fleg 1+ 7 DVt 17 7 3 e P+ et
n=0 n=0

m
e | v 3T + e 4 et

n=0

m m m
+ Y [IVeptt = vl 4+ D (et = e’ + D [ vertt - Ve
n=0 n=0 n=0

m m
3| Vertt = ver P+ Y leptt — e ||* < or?, (4.34)
n=0 n=0
where we use the fact that
2T 2 T 2 1 2
i 2 VIR < g [P 2V < g e @439)
Since
‘e,’fmrl‘ = max ‘GTH‘ forall 0<m <N -1,
0<m<N-—1

the Eq. (4.34) also implies

m m
[Veg 7+ leg P+ 7 3o 9™ I+ 7 3 e 17+ e[
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m
e P+ o S IVET + ey + 7l Vet

n=0

m m m
+ Y Vet = vep| + 3 llept —enl” + > [ vertt - Ve’
n=0 n=0 n=0

+ 3 | Vertt = ver|F + 3 [fentt —en|® < o7, (4.36)
n=0 n=0
which implies the desired result in Theorem 4.1. O

4.2. Error estimate for p

Theorem 4.1 cannot lead to an error estimate on the pressure p. As with the error
analysis of the projective scheme, the pressure error must be obtained through the
inf-sup condition

(p,V-v) —(Vp,v)

IPlr2@ymr < sup ~———= = sup

(4.37)
veH}(Q) [Vl veH}(Q) (AalF8

This is clearly true in the spatially continuous case. Therefore, we need to estimate
(Vept!, v), which requires additional estimates. We assume that the variables satisfy
the following regularity:

6 € W (0,T; LA(Q)) N W2 (0,T; HA(%2)),
pe Whe (0,7 H' () N L™ (0,73 H*(2))

w e W (0,T; L*(Q)) n W2 (0,T; H'(Q)) N L™ (0, T; H*(2))
peWwre (0, T Hl(Q)) :

(4.38)

Theorem 4.2. Under the assumption of the regularity (4.38), then for the first-order
scheme (3.7)-(3.14), we can obtain

> len ey < O YOSm< N -1, (4.39)
n=0

where C'is a positive constant independent of .

The proof of Theorem 4.2 needs to be accomplished by a series of intermediate
lemmas.

Lemma 4.5. Under the assumption of the regularity (4.38), forall0 < m < N — 1, we

obtain

T Z ‘6Teg+1|2 < O72. (4.40)

n=0
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Proof. Multiplying both sides of (4.26) with 5.} ™! leads to

5 n+112 _ 5Teg+1 n.yu ~n+1
[o-¢; VB () + G (u" - v, 57)
5763“

(u(tn-i-l) i Vu(t"H), u(tn-i-l))

 VEQ) 1 6

67_63-1-1 ﬁn-‘rl —u” 1) 5T€ZL+1 all(tn+1)
T ’ 2q(tntl)y ot

+ RZ+15762+1, (4.41)

u(thrl)

2qn+1

and we derive that
5763“
Eg(u") + C2
N 5Teg+1
E2 (u”) + 02

(57'62+1 ﬁn+1 —u” ~ 41
a
2q¢ntl T ’

‘5Teg+1‘2 = (u" - Vu”, éﬁ“)

(u" - Vu", u(t”“))

5r€g+1 ou(t™+!)
() ot

u(t") + Ry en (4.42)

and then
5T€ZL+1
Eg(u") + Cy
5T63+1

+
Eg(u") + Cy

|6rem | = (u" - Vu", &ty

(u”- Vu™ —u("th) - va ), u@¢"th)

n ~n n n+1 n
+ 57—6q+1 u"t —u ot — 6Teq+ au(t +1)u(tn+1)
2qnt1 T ’ 2q(tntl)y ot
+ Ry ept (4.43)
From Theorem 4.1, we obtain
S| vertf < or?, (4.44)
u
n=0
which implies that
1
[u™ ™ < Cla™™|; < Cr2 < K. (4.45)

Then, the first term on the right-hand side of (4.43) can be bounded by

1
67'63-"_

A v n7 sn+1
EQ(u") —|—C2 (u " eu )
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< C|oregtH[u[|[u 1| Vet
1
< glep |+l ver .
The second term on the right-hand side of (4.43) can be estimated by
5Teg+1
E5 (u") + Cy
5763“ +1 1
(g v (u(t) — ) u(eth)

\/EQ(u") + 02

6T6n+1
A (u(t"“) -V (u(t”“) — u”) ,u(t”“))

\/Eg(u”) + 02

< é|576"+1|2 +Cllezt | + o2

(u" - vu" —u(t"t) . vu@ ), u(t”“))

q
The third term on the right-hand side of (4.43) can be estimated by

(57—63+1 ﬁn—l—l_un 1) 57_6(7114-1 au(tn—i—l)
2gn+1 ’ 2 ) ot

- u(i+)

n+1 ~n+1 n
_ Oreg (u —u én+1>
’yua

2¢nt1 T
+ 5Teg+1 fln+1 —u” _ 6u(tn+1) u(thrl)
2qntl T ot

5rentl 5rentl n+1
+ q _ q au(t ) ) u(tn—i—l)
2qn+1 2q(tn+1) Ot
Lo g2 nt1))2 7
< Sloreg T+ Vet + Cllat | + O

The fourth term on the right-hand side of (4.43) can be estimated by
1
8
Combining (4.46)-(4.49) with (4.43) results in

2
Rytlorept < —|6rep ™ + Or2llallfy2e 0,112

et < 2be [P+ OV 4+ Cllet] + Ol o mscy,

q
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(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

Multiplying (4.50) by 7 and summing up for n from 0 to m, and recalling Theorem 4.1,

we obtain

TZ {6T€Z+1‘2 < C’TZ HVéﬁHHZ + C’TZ HeﬁHZ + o2 <o

n=0 n=0 n=0

The proof is complete.

(4.51)

O
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Lemma 4.6. Under the assumption of the regularity (4.38), forall0 < m < N — 1, we
obtain

18- 11”4 D7 [18rey ™ = are|* - 3 f[ore |
n=1

n=1

DI e D L R LA e

n=1 n=1

<Cr > |drenl? + Cr (4.52)
n=1

The proof of this result is quite similar to that given in [22, Appendix A] and is not
complicated but is too long to give here, and so is omitted.

Lemma 4.7. Under the assumption of the regularity (4.38), forall0 < m < N — 1, we
obtain

8-t + v S | Vaentt | + 72 || Vot < o7, (4.53)

n=1

Proof. We now establish an estimate on ||6Teﬁ+1||. Adding (4.9) and (4.11) results

in
T —vAent!
-
Q(tnﬂ) +1 +1
u(t” -Viu(t"
~ T () V)
n+1
— q—u" -Vu" — Vngr1 + Rﬁ“
EQ(u") + C2
4 TnJrl an¢n o (thrl) u(t”“)th(t”“) (4 54)
Ei(o") + O VEL($(t D)) + C ' '

For n > 1, then the n + 1 and n terms of (4.54) are differenced to obtain
SrreTt — pAS e

=6, Ryt — Ve ept!

Q(thrl) ((u(tn—l—l) . V)u(t”“)) _ q”Jrl u” - vu”
\/EQ tn+1 + Cy Eg(u”) + Cy
) T'nJrl nv¢n _ (thrl) (tn+1)v¢(tn+1) (4 55)
4 Ei(om) + C’1‘u \/El (tn 1)) + C’fu . ’

Taking the inner product of (4.55) with §,é27!, we obtain

(8-l 5,80 + v || Vs et
= (deRy™ 6601 — (Vdep ™, 5,801
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n+1
< <\/E2 q(;;) )+ Cs ((u(tn+1) . V)u(t"“))

n+1
_q—un . vVu” ’57_&34—1
Eg(u") + Cy

7erl
+ 67— —,u"Vqﬁ"
E(¢p™) + Cy
(thrl)
\/E1 tn—i—l + C,

The first term on the left-hand side of (4.56) can be rewritten as

M(t"+1)V¢(t"+1)> ,5ng+1> - (4-56)

n+1(2 _ n|2 n+1 _ n|(2
(57_76714—1 5Té3+1) _ H(S’Feu H H(STeuH + H(STeu 5TeuH ) (457)
2T
Now, the first term on the right-hand side of (4.56) can be bounded by
(6, Rt 5,8ty < = Hw ~"+1H + Cllullfys.c0 0.7 22 (02))- (4.58)

For the second term on the right-hand side of (4.56) can be recast into
— (V(STeZ“,éTéﬁ“) =— (V&Tez,éTéﬁ“) — (V((STe;LH —6rey), s-ept). (4.59)
Since we can derive from (4.11) that
Sreptt = 5eptt 4 v (p" T = 2p" 4 p" ) (4.60)
The first term on the right-hand side of (4.59) can be estimated by
— (Vérel,6:6nh) = — (Ve V(p" ™ — 2p" +p" 1))
= -7 (V&Tep, V(éTeZ'H — 576;,‘))
— (Vorep, V (p(t"") = 2p(t") + p(t" 7))
< =5 (IVare | = [Vo,ep > — IVorep ! = Vep )
+72|Vérep 12 + Cr2pll 2o .11 () (4.61)
The second term on the right-hand side of (4.59) can be transformed by
(V(0rep™™ — dpep), 0,01
— (V((STegH -0 e") Srett L v (pntt — 2pn +p”71))
(V(6rep™ = 0rep), V(" — 2p" +p" 1))
(V6™ = 606, Vo) — 29(6%) + ple" )
— 7 (V(6reptt = 6,e),V(6rep™ — bre))
< —guv(;e;:“ = V&-el|* + CrIplE e o1 @) (4.62)
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The third term on the right-hand side of (4.56) can be bounded by using the similar
procedure as in Theorem 4.1

n+1

qn+1
—————u"-Vu" | 6"
Eg(u”) + 02

< GIVa | + Cllorei]* + Clledll” + e

+CH6”

o2+ Clorent P+ et P+ O, (4.63)

where we used the fact that

Ivs,a?< LverP< S, vi<n<n (4.64)
T T

Next the fourth term on the right-hand side of (4.56) can be recast into

S Tn+1 an(bn T(tn—H) M(thrl)V(b(thrl) 5 énJrl
Ei(¢") + C4 VE1L (")) + Oy T

n+1
— 57_ T— nv n o__ thrl v tn+1 ’57_ ~ﬁ+1
< ( E o WV Vel ))> ¢ )

N 5 7“"+1 T‘(tn+1)
! \/El(qb") + C \/El tn+1 + Ch

xu(t”Jrl)V(b(t”“),éTéﬁH). (4.65)

Thus, we bounded the (4.65) as follows:

7anrl
<5T <E— (M”V¢n . M(tn—H)V(b(tn—H))) 757é3+1>
1

(o) + Ch

TnJrl (thrl) n n ~n
! <5T (\/W \/El tn+1 _|_ Cl) ,LL(t +1)v¢(t +1)75T€u+1>

< Y|ws, eI + Cls,enlP + Cls acy + o, Ve

+Clles]|” + Cllen|* + Clo-ep P + Clep|* + Cr2. (4.66)
Combining (4.56) with (4.57)-(4.66) gets

[o-entI” = [l0-enl? N [6-ent! = 5r€ﬁ\|2
2T 2T

HV5 n+1H2
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+ 5 (IV8eg1° ~ | varey*)
< 72 ||V& el | + C lbrenl* + Cllen|* + Cllex|t + ¢ ||6- Ve
+ C ot P et P+ o |oer|? + C s A
+C et + Cler? + C ||es|) + Cllen | + o7 (4.67)
Multiplying (4.67) by 27, summing up for n from 1 to m, and using Lemmas 4.5 and

4.6, we obtain

oz v 308,254+ 12 Ve

n=1

<ol + 7 Ve |[* 4+ 3 [ Varep||” + 7 3 flo-eif

n=1 n=1

+Or Y e P+ O S0 ve|* + o S ol

n=1 n=1 n=1

+ CTZ H(STegHZ + CTZ |5Tef+1|2 +Cr?
n=1 n=1
< ||6rel]|® + 72| Vorel|® + 33 (| Voren|P + o S |lbrel |+ Crt (4.68)
n=1 n=1
Next we estimate the ||d-e},[|* + 72[|Vdre,||* terms on the right-hand side of (4.68).
Recalling (4.9), we can get

~1 ~1 Q(tl) u 1y . u 1
€y —VTEy =T ) G ((u(t") - V)u(th)) (4.69)
ql vl — 0 1
_ T—EQ(UO) . AV v (p p(t ))
PO v r(t) u(tYVe(t) + TRL.
Ei(¢°) + G Ei(o(th)) + Cq !

Taking the inner product of (4.69) with é&., leads to

[l +or [ vei)

_ q(t') a(th) - V() — q' R VAR
- ( () V() — et )

,LLOV(bO

T PR r( tl tHVe(th), é
VE1(¢%) + Cy VE +Cl
=7 (V" —pth), &) +7 (Ry, ~u)
<5 el +ort (4.70)
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Hence, we have

[6-eL]|” < ||8-84]% = 72 ||eL||* < o7 (4.71)
Using (4.11) with n = 1 results in
1
7 |[Voreyl|” < =5 (llebl” + llek]*) +7* | Varp (1) |* < €72 (4.72)

Substituting the above estimates into (4.68) and applying the discrete Gronwall lem-
ma 2.1, we finally obtain

|6t —|—VTZHV5 ertl|® 4 72| Vo et < or?. (4.73)

The proof is complete. O
Next, we apply Lemmas 4.5-4.7 to prove Theorem 4.2.

Proof. We now give the pressure estimates (Vept! v) in v € Hj(Q). Taking the
inner product of (4.54) with v, we can obtain

(verH.v)
enJrl —en
= — (u,v> +v (Aéﬁ“,v) + (Rﬁ“,v)
-
n+1 n+1
a(t"”) ((u(t”“) . V)u(t”“)) B — vu',v
\/EQ tn-i—l + Cy EQ(U") + Co
Y "Vt — () (V™) v | . (4.74)
Ei(¢™) +C1M VE1 (1) —i—Clu 7 S
For (4.74), we can obtain
n+1 n+1
< alf 1) (™) - Vyu(Et)) — —— - Vu",v)
\/EQ( tn+ + Cy Eg(u”) + Cy
\/E2 uEtn—H)) + Cy ((u(t ) —u") - Va(t +1)’V)
T e -
2 ( 2
n+1 n+1
L +1) - ) (u" - Vu”,v)
\/E2 tn —|— (s \/Eg(u") + s

enJrl
R R E——u vu", v
Eg(u") + Cy
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By using the similar procedure in (4.19), the last term on the right-hand side of (4.74)
can be transformed into

( yntl V" — r (tn+1) [ (tn-l—l) Vo (tn—i—l) V)
Ey (¢") + Ch VEL (¢ (") + C 7

Ei(¢n) + C1

+ Tn+1 _ T (tn+1) (tn+1) vgb (tn+1) y
VEL (@001 C JVE ) ro )" ’
< O (|lepl| + Verll + 17epll + [legl] + ler ™| + Irlwre o) 19V

+ C7 (llpllwree o111 0)) + N0llwree 0,11 0))) IVV- (4.76)

7JLJrl
= (— (1"Vo" — p(t"TH Ve (")) 7V>

Thus, by using the above estimates and the fact that

(Vertt v)

n+1 )
e HL?(Q)/R Sveﬁﬁg) v 4.77)
we finally derive that
m . )
TZ HeerluLQ(Q)/R
n=0
<ory (o + 91 + ealP + fey
n=0
n n n n n 2
+ HeMH2 + HV@HH2 + HV%H2 + He¢H2 + et )
+ 07 (Il ooz zzcay + Ialfisce o ey )
+ CTQH(?H%/VLOO(O,T;Hl(Q))' (4.78)
The proof is complete. O

5. Numerical experiments

In this section, three numerical experiments are performed for the corresponding
purposes:

1. Validating convergence rates in Theorems 4.1 and 4.2.
2. Simulating the coarsening dynamics with a random, initial phase function.

3. Showing numerically the unconditional stability of our scheme.

In all tests, P! element is chosen for phase function ¢} and chemical potential s}, P2
for a7, and the inf-sup stable pair (P2, P') for (u}, p}).
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5.1. Convergence tests

The first test is performed on Q = [0, 1] x [0, 1] and time 7" = 0.1, and the physical
parameters are selected as M = 0.1, A = 0.001, ¢ = 0.1 and v = 0.01, two constants
in SAVs are C; = 0 and Cy = 0.1, and v = 1. The time-step 7 is set up as 7 = 0.1h?
in the first-order scheme and 7 = 0.05h in the second-order scheme to balance the
convergence rates between time and space. The initial conditions are

¢ () = cos(ma) cos(ry).
Pz, y) = —AA° + AG'(4°)
= 2\1? cos(mz) cos(my) + 1/€2\ cos(mz) cos(my) .1)
X (COSQ(T(l')Q cos(my) — 1), ’
u®(z,y) = [sin(rz)? sin(2my), — sin(ry)? sin(27z)]7,
p’(z,y) = 0.
We measure the Cauchy error since we do not have an exact solution. Specifically, the
errors we computed are defined as the errors between two successive grids with spatial
length h and h/2, i.e., [le¢||« == [|En — &p/2ll« Where € denotes some variable and || - || is
the L2-norm or H'-norm. Considering the previous settings of 7, we have the following
theoretical convergence rates:

16" = @il e ~ O®), |67 = &7 | o = Oh),
o0 = 7 002, = 7 0 O
™ = o~ OR), [ = iy~ O,
" = e = O®), " =y = OCR).
The errors and convergence rates illustrated in Tables 1 and 2 for first-order scheme

and in Tables 3 and 4 for second-order scheme are consistent with the above a prior
rates.

(5.2)

Table 1: L? Errors and convergence orders for first-order scheme.

P Y e P 7 PP O A PP I A0 P
error rate error rate error rate error rate
1/4 | 1/8 |5.0819e—02| - 7.1315e—03 - 14.4180e—-02| - 5.1038e—-02| -
1/8 {1/16]1.5372e—02|1.73|2.4467e—03 | 1.54 | 9.9959e—03 | 2.14 | 1.2065e—02 | 2.08
1/16|1/32|3.8458e—03 | 2.00 | 6.9875e—04 | 1.81 | 6.6334e—04 | 3.91 | 2.5614e—03 | 2.24
1/32(1/64]9.5963e—04 | 2.00 | 1.7946e—04 | 1.96 | 5.7945e—05 | 3.52 | 6.1613e—04 | 2.06

Table 2: H! Errors and convergence orders for first-order scheme.

P I Ol S N T P2 I A P I P 2

error rate error rate error rate error rate
1/411/8 |83731e—01| - |1.2795e—01| - |9.7682e—01| - |9.7374e—01| -
1/8 11/16|5.0831e—01 | 0.72|7.0683e—02 | 0.86 | 4.5073e—01 | 1.12 | 6.0342e—01 | 0.69
1/16{1/32|2.6015e—01 | 0.97 | 3.6548e—02 | 0.95 | 7.3778e—02 | 2.61 | 2.8647e—01 | 1.07
1/32]1/64|1.3037e—02 | 1.00 | 1.8357e—02 | 0.99 | 1.3226e—02 | 2.48 | 1.4118e—01 | 1.02
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Table 3: L? Errors and convergence orders for second-order scheme.

P Y PP 7 PP O A PP I A P
error rate error rate error rate error rate
1/4 | 1/8 |4.8444e—02| - |6.4454e—03 - |2.6722e—-02| - |5.5861e—-02| -
1/8 11/16|1.3211e—02{1.87|1.7992e—03 | 1.84 | 7.9763e—03 | 1.73 | 1.3001e—02 | 2.10
1/16|1/32|3.4479e—03 | 1.94 | 4.9464e—04 | 1.86 | 7.1216e—04 | 3.49 | 2.7217e—03 | 2.26
1/32(1/64|9.4911e—04 | 1.86 | 1.2306e—04 | 2.00 | 1.1908e—04 | 2.58 | 6.6224e—04 | 2.04

Table 4: H' Errors and convergence orders for second-order scheme.

n e |18 = | ™ = | o™ = | 0" =0 Lo
error rate error rate error rate error rate
1/4 | 1/8 | 7.6376e—01 - 1.0661e—01 - | 6.8707e—-01 - 19.9117e—-01 -
1/8 11/16|4.1387e—01|0.88|5.3378¢—02 | 1.00 | 3.6927e—01 | 0.89 | 6.2954e—01 | 0.65
1/16(1/32(2.1091e—01 | 0.97 | 2.9851e—02 | 0.84 | 7.6916e—02 | 2.26 | 3.0385e—01 | 1.05
1/32(1/64|1.0591e—01 | 0.99 | 1.5419e—02 | 0.95 | 1.3754e—02 | 2.48 | 1.4963e—01 | 1.02

5.2. Coarsening dynamics

In this example, we choose Q@ = [0,1] x [0,1], and M = 0.0001, A = 0.02, ¢ =
001, v =1,Cy =1, Cy = 0.1, and v = 1, with a random initial condition for the
phase function with values in [—0.1,0.1], the initial chemical potential takes the same
random values as phase function. The spatial length » = 1/64, and 7 = 0.001. We
run this test up to final time 7" = 5, and record the snapshots of phase function at
t = 0.001,0.05,0.1,0.15,0.3, 1, 3, 5, respectively, in Fig. 1.

i
a2
A 4

Figure 1: Snapshots of phase function at difference times from left to right row by row with ¢t =
0.001,0.05,0.1,0.15,0.3, 1, 3, 5, respectively.



100 H. Gao, X. Li and M. Feng

5.3. Verification of unconditional stability

In this final test, we aim to verify the property of unconditional stability of the
new scheme here. The same settings as the one in the above coarsening dynamics are
chosen but with varying time-step 7. From Fig. 2 we observe that our scheme is indeed
unconditionally stable in the sense of energy dissipation.

120

—7 =25
—7 =1
100 T=01 H
—7 = 0.01
7 =0.001
80 b
>
>
o 60 ]
c
L
40 *
20 - =
0 )
0 1 2 3 4 5

Time

Figure 2: Evolution of the energy with different time-step .

6. Conclusions

The CHNS model of two-phase incompressible flows is a highly coupled nonlin-
ear system based on the energy dissipation law. In this article, we constructed an
efficient time semi-discretization scheme based on the SAVs methods for the Cahn-
Hilliard-Navier-Stokes model of two-phase incompressible flows, which deals with the
nonlinear terms of the CHNS and combines with the pressure correction methods or
rotational-pressure correction methods to deal with the coupling of pressure and ve-
locity. The nonlinear terms in the equations are treated by the SAV method, and the
coupling terms are treated explicitly to prove that our schemes are unconditionally en-
ergy stable. We also give error estimates for the first-order time semi-discrete scheme.
Finally, numerical experiments show that our discrete format meets the theoretical re-
quirements.
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